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Preface

This book presents the most common and useful mathematical transforms for students
and practicing engineers. It can be considered as a companion for students and a handy
reference for practicing engineers who will need to use transforms in their work.

The Laplace transform, which undoubtedly is the most familiar example, is basic to the
solution of initial value problems. The Fourier transform, being suited to solving bound-
ary-value problems, is basic to the frequency spectrum analysis of time-varying signals.
For discrete signals, we develop the z-transform and its uses. The purpose of this book is
to develop the most important integral transforms and present numerous examples
elucidating their use. Laplace and Fourier transforms are by far the most widely and
most useful of all integral transforms. For this reason, they have been given a more
extensive treatment in this book when compared to other books on the same subject.

This book is primarily written for seniors, first-year graduate students, and practicing
engineers and scientists. To comprehend some of the topics, the reader should have a
basic knowledge of complex variable theory. Advanced topics are indicated by a star (*).

The book contains several appendices to complement the main subjects. The extensive
tables of the transforms are the most important contributions in this book. Another
important contribution is the inclusion of an ample number of examples drawn from
several disciplines. The included examples help the readers understand any of the trans-
forms and give them the confidence to use it. Furthermore, it includes, wherever needed,
MATLAB®™ functions and Book MATLAB functions developed by the author, which are
included in the text.

MATLARB is a registered trademark of The MathWorks, Inc. For product information,
please contact:

The MathWorks, Inc.

3 Apple Hill Drive Natick, MA 01760-2098 USA
Tel: 508 647 7000

Fax: 508-647-7001

E-mail: info@mathworks.com

Web: www.mathworks.com
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Signals and Systems

1.1 Introduction

The term systems, in general, has many meanings such as electronic systems, biological
systems, communication systems, etc. The same is true for the term signals, since we talk
about optical signals, intelligence signals, radio signals, bio-signals, etc.

The two terms mentioned above can have the following three interpretations: (1) An
electric system is considered to be made of resistors, inductors, capacitors, and energy
sources. Signals are the currents and voltages in the electric system. The signals are a
function of time and they are related by a set of equations that are the product of physical
laws (Kirchhoff’s voltage and current laws). (2) We interpret the system based on the
mathematical function it performs. For example, a resistor is a multiplier, an inductor is a
differentiator, and a capacitor is an integrator. The signals are the result of the rules of the
interconnected elements of the system. (3) If the operations can be performed digitally
and in real time, then the analog system can be substituted by a computer. The system,
under these circumstances, is a digital device (computer) whose input and output are
sequences of numbers. Figure 1.1 illustrates three systems and their responses. The top
part of the figure represents the ability of a filter to clear a signal from a superimposed
noise. The middle part of the figure shows how a feedback configuration affects an input
pulse. This is known as the step response of systems. The bottom part of the figure shows
how a rectifier and a filter can produce a DC (direct current) source when the input is a
sinusoidal signal as the one present in power transmission lines.

In addition to analog systems, we also have digital ones. These systems deal only with
discrete signals and are presented later on in the book. A basic, but sophisticated, instrument
is the analog-to-digital (A/D) converter, which most instruments nowadays contain.

1.2 Signals

A signal is a function representing a physical quantity. This can be a current, a voltage,
heart signals (EKG), velocities of motion, music signals, economic time series, etc. In this
chapter, we will concentrate only on one-dimensional signals, although images, for
example, are two-dimensional signals.

A continuous-time signal is a function whose domain is every point in a specified
interval.

1-1
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A discrete-time signal is a function whose domain is a set of integers. Therefore, this
type of signal is a sequence of numbers denoted by {x(n)}. It is understood that the
discrete-time signal is often formed by sampling a continuous-time signal x(f). In this
case and for equidistance samples, we write

x(n) = x(nT) T = sampling interval (1.1)

Figure 1.2 shows a transformation from a continuous-time signal to a discrete-time
signal.

Some important and useful functions are given in Table 1.1.

If the above analog signals are sampled every T seconds, then we will obtain the
corresponding discrete ones.

Approximation of a derivative

From Figure 1.3, we observe that we can approximate the samples y(nT) of the derivative
() =x'(t) of the signal x(t) for a sufficiently small T as follows:

X (t) = MTU_T) (1.2)
Ty = K (n7y = XD = ’;(”T -D_ %Ax(nT) (1.3)

We observe that as T — 0, the approximate derivative of x(f), indicated by the inclination
of line A, comes closer and closer to the exact one, indicated by the inclination of line B.
Approximation of an integral

The approximation of an integral with its discrete form is shown in Figure 1.4. Therefore,
we write

nT-T nT

y(nT) = J x(t)dt + J x(t)dt (1.4)

0 nT—T
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TABLE 1.1 Some Useful Mathematical Functions in Analog and Discrete Format

1. Signum function

1 t>0 1 nT >0

sgn(t) =4 0 t=0; sgn(nT)=<0 nT =0

-1 t<1 -1 nT <0

2. Step function
1

u(t) = 3 +%sgn(t) = {

1 nT >0
0 nT <0

1 t>0,
0 t<0’

u(nT) = {
3. Ramp function
t
r(t) = J u(x)dx = tu(t); r(nT) = nTu(nT)
4. Pulse function

1 [t <a.

pa() =u(t+a)—u(t—a)= {O it > a’ pa(nT) =u(nT +mT) —u(nT —mT)

5. Triangular pulse

It |nT]|
Aa(t)_{1_; it < a, Aa(”T)_{l—W InT| < mT
0 [t| > a 0 [nT| > mT

6. Sinc function

which becomes

inat i T
sinc,(t) = sna —o00 < t<oo; sinc(nT) = sman
nT
7. Gaussian function
L= —xo<t<oo
8. Error function
2 (" . 2 o (=1)"n
f(t)=—= | e* [ =V
erf(®) \/ELe =2 Do wln D)
properties: erf(co) = 1,erf(0) = 0, erf(—t) = —erf(¢)
2 B 2
erfc(t) = complementary error function = 1 — erf(t) = —— J e dx
P v V7,
9. Exponential and double exponential
fO=etut) >0 f=ell —co<t<oo
f(nT) = e " u(nT) nT >0; f(nT)= e InT! —oo < nT < o0
Note: T, sampling time; n, integer.
nT
y(nT) = y(nT — T) + j x(t)dt (1.5)

nT—T
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x(nT)

x(nT-T)

FIGURE 1.3

Error

FIGURE 1.4

Approximating the integral in the above equation by the rectangle shown in Figure 1.4,
we obtain its approximate discrete form:

y(nT) = y(nT —T) + Tx(nT) n=0,1,2,.. ] (1.6)

Trigonometric functions

Of special interest in the study of linear systems is the class of sine and cosine functions:
acoswt bsinwt rcos(wt+ @)

These functions are periodic with a period 27m/w and a frequency f=w/27
cycles/s or Hz.
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Complex signals

Signals representing physical quantities are, in general, real. However, in many cases it is
convenient to consider complex signals and to use their real or imaginary parts to

represent physical quantities. One of these signals is the complex exponential e/*".

This function can be defined by its power series (¢* =1+ x + ’g + ’éi, + )

. 2 . 3 . n
+(]wt) +(]wt) +“.+(]wt) .

e =1+ jot 50 30 o (1.7)
The sum of two sine functions with the same frequency is also a sine function:
acoswt + bsin wt = rcos (wt + @) (1.8)
The discrete form of a sine function is
x(nT) = coswnT
By separating the real and the imaginary parts of (1.7), we obtain
e/ = cos wt + jsin wt‘ (1.9)

This fundamental identity can also be used to define the complex exponential exp( jwt)
and to derive all its properties in terms of the properties of trigonometric functions.

We observe that exp(jwt) is a complex number with unity amplitude and phase wt.
The sample value of the complex exponential is

x(nT) = eI’

This function is a geometric series whose ratio ¢/*” is a complex number of unit
amplitude.
From (1.9), it follows that

et — e ( cos wt + jsin wt) (1.10)

Therefore, if s = a + jw is a complex number, then e is a complex signal whose real part
" cos wt and imaginary part e* sin wf are exponentially decreasing (a < 0) and increas-
ing (a > 0) sine functions.

From (1.9), we obtain

e 7" = coswt — jsin wt
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Adding and subtracting the last equation from (1.9), we find Euler’s formula:

ejwt + efjwt ejwt _ e*jwt
coswt = ——— sin wf ————— (1.11)
2 2j

A general complex signal x(f) is a function of the form

x(t) = x1(t) + jxa(t)

where x;(t) and x,(t) are the real functions of the real variable ¢. The derivative of x(t) is a
complex signal given by

dx(t) _dxl(t)+ .dx,(t)
a7 ar

and, in general, for any s, real or complex, we have

= s (1.12)

Impulse (delta) function

An important function in science and engineering is the impulse function also known as
Dirac’s delta function. The signal is represented graphically in Figure 1.5. The delta
function is not an ordinary one. Therefore, some fundamental properties of these types of
functions, and specifically those of the delta function are presented so that the reader uses
it appropriately.

Property 1.1  The impulse function 8(¢) is a signal with a unit area and is zero outside
the point at the origin:

T s(tdt =1
_z[o (ndt (1.13)

S(H)=0 t#0

&(2)

Property 1.2  The impulse function is the derivative of 1
the step function u():

0 t

du(?) (1.14)

8(t) =
®) dt FIGURE 1.5
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Property 1.3 The area of the product ¢(1)8(¢) equals ¢(0) for any regular function
that is continuous at the origin:

[ (O8()dt = ¢(0) (1.15)

Property 1.4 The delta function can be written as a limit:
6(t) =limv,(t) €—0 (1.16)
where v.(f) is a family of functions with the unit area vanishing outside the interval
e ¢
(-33)
/2

Jve(t)dtzl V() =0 fort<f§ and t>§ (1.17)

—&/2

Figure 1.6 shows the approximation of the delta function by the pulse and the sufficiently
small ¢.
We can show (see Prob) that the impulse function is even. Hence,

o(t) = 6(—t) (1.18)

The impulse function (¢ — f,) is centered at f, of area one. Therefore, from (1.18), we
obtain

O(t —ty) =6(tg — t) (1.19)
t
Pet) 0
1
1] e
1 L
2 s
—¢ € t - -€/2 ¢€l2¢ t
—&/2
e/2

FIGURE 1.6
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x'(£)
x(t)
2
1
3 1) f3
5 4 l t
1 -1
-2
(a) 0 4 ty t3 t (b)
FIGURE 1.7
Using Property 1.2 above, we write
du(t — ty)
ot —t) =——— 1.20
(t—to) i (1.20)

Based on the above, the derivative of the function shown in Figure 1.7a is that shown in
Figure 1.7b.

Considering Property 1.3, and taking into consideration the evenness of the delta
function, we write

J Y(x)8(t — x)dx = y(t) (1.21)

The above integral is also known as the convolution integral. Therefore, we state that
the convolution of a function with a delta function reproduces the function. Let us
consider the function y(t — t,) to be convolved with the shifted delta function (¢t — a).
From (1.21), we write

j y(x — 1)0(t —x —a)dx = y(t — ty — a)

The identity (1.21) is basic. We can use it, for example, to define the derivative of the
delta function. Because the two sides of the equation are functions of ¢, we can differen-
tiate with respect to t to obtain
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J Y(x)8'(t — x)dx = y/(¢) (1.22)

Thus, the derivative of the delta function is such that the area of the product y(x)6'(t - x),
considered as a function of x, equals y/(¢). With =0, (1.22) yields

J )8 (—x)dx = ¥/(0) (1.23)

From calculus we know that when a function is even its derivative is an odd function.
Hence,

§(—t)=-8'() (1.24)

Inserting (1.24) in (1.23) and changing the dummy variable from x to ¢, we find

oo

J‘ Y1) (®)dt = —y'(0) (1.25)

—00

Additional delta functional properties are given in Table 1.2.

TABLE 1.2 Delta Functional Properties

1. é(at) = i3(t)
lal
t—t

2. 5( - ") = |a3(t — to)

3. S(at — ty) :ﬁ8<t7%)

4, S(—t + 1) = 8(t — to)

5. 8(—t) = 68(t); O(t) = even function

6. [ 8w (t)dt = f(0)

7. 75 8t — t0)f (1) = f(t0)

8. F(18(t) = f(0)8(t)

9. F@8(t — to) = f(t)d(t — 1)
10. t8(t) =0
11. 7 AS(t)dt = [ AS(t — to)dt = A
12. f(#)*8(t) = convolution = Jf;f(t —7)3(r)d7 = f(t)
13. 8t —1)*8(t — 1) = [ 8(r — 1)8(t — 7 — L)dT = 8[t — (1 + 1))

m SN B —aT)x N8t —nT) =2 LN 41— |n|)8(t — nT)
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TABLE 1.2 (continued) Delta Functional Properties

ds(t) _df(0)
15. I — Jode=—=—
o dS(t—t0), . dft)
16. I oWt = =
d”S(t _ 2 d"f(0)
17. P a0t = 0=
1s. f(t)ﬁ =T Os0) 1 0 ®0
ds(t)
19. == —8(t)
(=1)"n!(¢), m=n
IO . oml d"TS(t)
20. e =) G T T EE, m
0, m<n
21. Loc di(tt) =0, % = odd function
) _
22. f® dt =
d"s PR d* £(0) d"*5(t)
23 @ dt” =2 YV e a a
oG 1
24. oy yzé(t)
_ du(t)
25. a(H) = T
26. d”i( ) =(-D" d"S(t) {d;(jit) is even if n is even,and odd if » is odd.}
s
27. (sin at) T —ad(t)
ds(t)  dPu(t)
2. o e
_ du(—t)
29. —o(t) = T
_du(t — t)
30. ot —ty) = i
dsgn(t)
31. T 26(t)
32. s[rnl=3%, §$r;‘:)n)’ t, = zeros of r(t), drc(;,,) #0
dt
ds(t —t,)
ds(r(t)] _ it _ dr(ty) ﬂ
33. TR Zn a0 il t, = zeros of r(t), I #0, #0
dt | dt
34, S(sint) =" 8(t—nm)
35. St —1)=18(t—1)+18(t+1)
36. 8( —a?) =L [8(t +a) + 8(t — a)]

(continued)
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TABLE 1.2 (continued) Delta Functional Properties

—12/e
37. 8(t) = lim
&—0 ETT
38, 8(t) = lim sin wt
8(¢) = lim
= |1 _——
39. e—0 77 12 + &%
40. 8(t) = 1 J cos wt dw
27 )
df(t) -~ d
41, TR [tu(t) — (t — Du(t — 1) — u(t — 1)]

= t8() + u(t) — (t — 1)8(t — 1) — u(t — 1) — 8(t — 1)
combr(t) =Y " 8(t—nT), f(t)ombr(t) = " f(nT)5(t—nT)

2m
T

42.
COMB,,, (w) = F{combr(t)} = wo Z:“}w 3w — nwy), wo =

d d
E([Z —u(t)] cost) = a(z cost — u(t) cost)

= —2sint — 8(t) cost + u(t) sint
= (u(t) — 2)sint — 6(t)

%([u(tfg) 7u(t777)} sint) - [8<tf§) fﬁ(tfv'r)] sint

+ {u(t—%) — u(t—'n)} cost

:6<t7g> + {u(tfg) 7u(t777)} cost

Example
The values of the following integrals are
o0 a0 d? )
L@ e’ sin 4t g = (71)2E[ezrsm4r]\[:0 =2x2x4=16
o0 ast—1) a*8(t —2) o0 as(t—1)
3 _ 3
J% (t +2r+3)< i +2 e )d[, J,% (t+2t+3) e dt
o0 a8t —2) -
2 42 ——dt
+ Jm(r +2A+3)— 5 d
= (=G + 2|,y + (=1)72(60)]—,
=-54+24=19
Example

The values of the following integrals are

re‘“ﬁ(zt 3)dt*J4e4r62t 3 dt*lre‘”ﬁt §dr*le"%*le6
o ) 2 “2) 2)7 T2 T2
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Combr (t)

-3T 2T -T O T 2T 3T t

FIGURE 1.8

The comb function

The comb function is represented mathematically as follows:

o0

combr(t) = Y 8(t —nT) (1.26)

n=—00

This function is used extensively for studying the sampling of signals. Figure 1.8 shows
the comb function pictorially.

1.3 Circuit Elements and Equation

In this text, we use the idealized model of physical devices, passive or active, which is
specified in terms of its terminal properties. In Figure 1.9, we show the passive and active
elements of electrical circuits.

A circuit or network is a combination of connected elements and external sources.
The inputs are the sources (voltage or current) and the outputs are voltages or currents
across elements and through elements, respectively. A network is a special form of an
analog system since its inputs and outputs are continuous signals.

FIGURE 1.9
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The state of a network at a certain time (taking the time t =0 for simplicity) is the set
of all the voltages across the capacitors and all the currents through the inductors. If we
know the initial state of a network at t=0 and all its inputs at +=0, then we can
determine all its responses for an all-time t > 0. If all the currents through the inductors
and all the voltages across the capacitors are zero, the network is at a zero initial state. If
the network is at a zero initial state, then its response is known as the zero-state
response. If all the sources are zero, then its response is called the zero-input response.
The zero-input response is due to the energy stored in the network.

The voltages and the currents of the passive elements are

Resistor
v(t) = Ri(t) i(t)=Gv(t) G= % (1.27)
Inductor
t
Codiy 1 .
v(t) = LW i(t) = I Jv(x)dx +i(0) (1.28)
0
Capacitor
a1
i(t)y=C o v(t) = c Jz(x)dx + v(0) (1.29)

0

Voltage source

e(t) = known, independent of i(t)

Current source

is(f) = known, independent of v(¢)

Initial conditions

Knowing the initial conditions of a network (voltages across the capacitors and the currents
through the inductors) it is sufficient to find its response for ¢ > 0. In this text we assume that
there is a continuation of the initial conditions which means that the currents through the
inductors or the voltages across the capacitors are the same at #(0—) and #(0+).

Impulse response

The following simple example will elucidate how a network responds to an impulse input
source. Let the input voltage of a simple RL series circuit be a delta function as shown in
Figure 1.10. Kirchhoff’s voltage law of a network loop is

ity o
L=+ Ri(t) = 8() (1.30)
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i(t)= L L

T4 b= |

FIGURE 1.10

Integrating the above equation from (0—) to (0+), and taking into consideration that i(¢)
is a continuous function, we obtain

o+ 0+ 0
L J %dt +R J i(t)dt = J o8(t)dt or L[i(0+)—i(0—)]+RO=1
or L[i(0+)—i(0—)] =1 (1.31)

Since the input impulse function is a discontinuous one, the current is also a discon-
tinuous function with a discontinuity such that L[i(0+) —i(0—)] is equal to 1. If, in
addition, the system (here the network) is causal, i(0—) =0 and hence i(0+)=1/L.
Therefore, if the circuit is in the zero state and it is connected to a delta function source,
the current i(¢) changes instantly from zero to 1/L.

Derived initial conditions

Derived initial conditions are determined from the circuit equations, and, in general,
depend also on the sources. Let us assume that there is an initial current, i(0) = iy, in the
RL circuit shown in Figure 1.10. In addition, let the voltage source be a constant, v(f) = V.
In this case, the solution of (1.30) with a constant voltage is the function

v
i) =—=(1 —e Ry 4 jpeRUL (1.32)
R N——
— zero-input response

zero-state response

This result will be derived in Chapter 7.
For an RC series circuit, Kirchhoff’s mesh voltage law results in

0 t
Ri(t) +v.(t) = v(t) or Ri(t) —&—é J i(x)dx +—= Jz(x)dx =v(t) or
0

—00

Ri(t) +é Ji(x)dx + v.(0) = v(t) (1.33)
0
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where v,(f) is the voltage across the capacitor. This equation can be cast into an ordinary
differential equation by differentiating both sides. Hence,

dity 1. dv(p)
R T 0=

(1.34)

To solve (1.34), we must find the initial value of the current, i(0). Setting t =0, we obtain

v(0) — v (0
Ri(0) + v.(0) = v(0) or i0) = %
This is the derived initial condition, and it depends not only on the initial (state) voltage
across the capacitor but also on the initial value of the voltage source.
As another example, Kirchhoft’s mesh equation for a series RLC circuit with an initial
current i(0) through the inductor and the initial voltage v.(0) across the capacitor is

dity 1. o
LW -+ Ri(t) + C Jz(x)dx +v.(0) = v(t) i(0) (1.35)

0

Taking the derivative with respect to the independent variable ¢, we find

2. .
d l(t)—l—R@—l— 1 o :dv(t)

L —
dr? dt Cl dt

(1.36)

Since the above equation is a second-order differential equation of the dependent variable
i, we must find, in addition to its initial value i(0), the initial value of its derivative i(0).
Setting t=0 in (1.35) and assuming that v(f) does not have a discontinuity at =0, we
obtain

Li'(0) + Ri(0) + v.(0) = v(0) or i(0)= % [v(0) — v.(0) — Ri(0)]

which is a derived initial condition.

State equations of an RLC series circuit

The state variables are the current i(f) through the inductor and the voltage v.(f) across
the capacitor and they satisfy the following two first-order differential equations:

dv () .
C I =i(t) v:(0)

L% + Ri(t) + v.(t) = v(t) i(0)

(1.37)
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L
v1(9) vy()

@
i0) —cC R

FIGURE 1.11

Node and state equations of the circuit in Figure 1.11

The circuit in Figure 1.11 has two variables: the voltage v;(t) across the capacitor and the
current i(t) through the inductor. The initial voltage across the capacitor is v;(0) and
the initial current through the inductor is i(0).

Node equations (the algebraic sum of currents at a node should be equal to zero)
For the node equation we use as primary unknowns, the node voltages v;(f) and v,(%).
Hence,

oM@ +V2_(t): i(t)  v1(0)

di(ig A L dvy (1) (1.38)
L=+ RO —v() =0 or o ;t T uy(t) — () =0 1,(0) = Ri(0)

State equations

dvi (1)

C 7 +i(t) = is(t) v1(0)
d_(tg (1.39)
L% YR - =0  i0)

State equations for the circuit in Figure 1.12

State equations

L % R + 7o) = (D)
L, di;it) + Roir() —v(t) =0 (1.40)

dvi(t) _

dt 0

() —i(t)—C

Block diagrams of systems

Circuit diagrams describe the structure of a network. However, the block diagrams
describe the terminal properties of the network (system). Inside the block we present
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R L, Ly
1 o~ M
. +
o) C = vt R,
i1(2) ir(t)
FIGURE 1.12
Differentiator
A 7 yO) =00} (1) dx(
o \ = s » y(t) = 7
> t
Int t
Multiplier et
£ t) = ax(z x(Z (
x(t) a (#) ( ). L» 11 . y(t)=fx(r)dr
> s
0
Pick-off point
x(t)
x(t) (1)
x(t)
FIGURE 1.13

different identifiers that will characterize the system operation. In general, we introduce
in the block a script © to represent a general operator that operates on the input to the
block to produce the output. In Figure 1.13, we show the block-diagram representation
of, a general system, a differentiator, a multiplier, an integrator, and a pick-off point.
The significance of s is given later in Chapter 7. Note that at the pick-off point the input
quantity appears in all the branches without any variation of its magnitude.

Figure 1.14a depicts three basic ways that systems can be configured. It is assumed that
the terminal properties of each system remain unchanged (no loading effect takes place).
Figure 1.14b shows the equivalent input-output of the cascade and the parallel and
the feedback configurations. In Figure 1.14a and for the first system, we obtain
y1(t) = 01x(t) or y(t) = Ox1(t) = 0,0,x(t). The second expression characterizes the
first system of part (b) of the figure. For the second system of part (a) of the figure, we find

y1() =01x(t) and y,(t) = O,x(t), and, therefore, y(t) = y1(t) + y2(t) = [01 + O2]x(¢)

which characterizes the second system of part (b) of the figure. For the feedback system of
part (a), we obtain: y;(t) = x(t) & O,y(t) or y(t) = O1[x(t) £ O,¥(t)]. Solving y(t), and
keeping in mind that we do not perform divisions with the operators but only use their
inverse form, we find y(t) = [1 F ©,0,]'0,x(¢). This expression characterizes the third
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710

®(2) - l -y(t)

(@

FIGURE 1.14

system of part (b) of the figure. If we substitute the two operators with constants a and b,
the transfer functions of the three systems are

H.=ab, Hy,=a+b, Hf= (1.41)

1Fab

Table 1.3 represents block-diagram transformations.

TABLE 1.3 Block-Diagram Transformations of Systems

x y x y Two blocks in
n n ﬂ cascade

« -
+ C Summation point

—>
X 0x Pick-off point
X
L

(continued)
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TABLE 1.3 (continued) Block-Diagram Transformations of Systems

N } LY, Feedback loop
1%a
X a y Special case of unit
1Fa feedback loop
(e
X a y Complete feedback
N iFab [ loop
(®)
X : y
] Moving a pick-off
x point ahead
.
(®
y
X Y _X"_’Ia" Moving a pick-off
point behind
y |z| y

(h)
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TABLE 1.3 (continued) Block-Diagram Transformations of Systems

\4

Moving a summing
point ahead

X +~ Y + Yy . .
n (+) () ﬂ Moving a summing

+ '[ t point behind
v 1/afe

1.4 Linear Mechanical and Rotational
Mechanical Elements

The linear mechanical systems with their equivalent circuit characterizations are shown
in Figure 1.15. The rotating fundamental mechanical systems and their equivalent circuit
characterizations are shown in Figure 1.16. The terminal properties of these signals are
given below.

1.4.1 Linear Mechanical Systems

Damper

1 .
f(®) = Dv(®), v(t) = 5f(©), D = damping constant (N -s/m) (1.42)

f(t) = force (N), v(t) = velocity (m/s)

V1 12 12
2 . v p)
1 1 Physical !

v(t)

AT R R P
: : - f@) ;
M|I1T SO AN oil > %:
S i } o W e B T
+ — | |
ON©) V=V1—Vy +‘\__/‘
_ {Reference V=vi—Vy

v,=0=
(@) ¢ velocity(ground) (b) ()

FIGURE 1.15
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1w + + ©
e [ 1 [P ST
- 01, @ 0y, @y =017
@ by =010
+ 0] + 1)
Wy T
s— ) )X ) N— 3—»—ﬂ—
\
(c) Viscous fluid
FIGURE 1.16
Spring
B _1df(y) L
f(t) =RKx(t), v(t) = AT x(t) = displacement (m)
(1.43)
K = spring constant (N/m)
Mass
dv(t) d>x(t) . )
fy=M I =M In Newton = kg - m - s “(N)
o (1.44)
v(t) = i J fx)dx M = mass(kg)

From the above equations, we observe the following analogies between the circuit
elements and the linear mechanical elements: the mass and the capacitor, the spring
and the inductor, and the damper and the resistor.

1.4.2 Rotational Mechanical Systems
Damper

3(t) = Dw(t), D = damping costant (N - s - m/rad)

. (1.45)
w(t) = Bé}(t); d = torque (N - m)
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Spring

t
8(t) = KO(t) =K J w(x)dx, K = spring constant (N - m/rad)

(1.46)
- 1.d8()
w(t)_D dt
Moment of inertia
_do(t) 46 N 2
St)=7] T ] R J = polar moment of inertia (kg - m*“)
1 ‘ (1.47)
w(t) :7 J F(x)dx

For the rotation elements, we observe the following analogies between these elements
and the circuit elements: the damper and the resistor, the inductor and the spring, and
the mass and the moment of inertia. The current in circuits, the force in linear mech-
anical systems, and the torque in rotational mechanical elements are the through
variables. The voltage in circuits, the velocity in linear mechanical systems, and the
angular velocity in rotational mechanical systems are the across variables.

1.5 Discrete Equations and Systems

A discrete system is a process that relates the input discrete-time signal x(n) (or x(nT))

with the discrete-time output signal y(n) (or y(nT)). The elements with which we create

discrete systems are shown in Figure 1.17. The special symbol z ' indicates the delay

which we discuss in Chapter 8. The delay element has a memory. This means that the

output at any particular time depends on the value of the input one unit earlier. In the

discrete systems, we also have pick-off points as we have defined them in the circuits case.
A simple first-order system is defined by the following discrete equation:

y(n) = =2y(n — 1) + x(n) (1.48)

Its block-type representation and its solution is shown in Figure 1.18. This is a recursive
equation, and its solution is found by iteration, assuming (or defining), of course, its

Digital system Multiplier Delay element

x(n) y(n) x(n) E x(n) x(n) = x(n-1)

FIGURE 1.17
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FIGURE 1.18

initial conditions. If we set y(—1) =0 and the input function to be a delta function,
we obtain

y(0) = =2y(—-1) +6(0) =0+1=1

y(1) = =2y(0) +6(1) = -2 +0= -2
y(2) = —-2y(1) +8(2) = —2(-2) +0=14
y(3) = —2y(2) +8(3) = —2(4) + 0 = —8

The state of a discrete system at a certain time #, is the set of values of the outputs
qi(n — 1) of all delay elements at n = n,. Therefore, if we know the state of the system at
n=ng and all its sources for n > n,, then we can determine all its responses for any
n>ng.

The initial state of a system is its state at n =0, where this time of origin is taken for
convenience. Hence, the initial state of a system is the set of values g;,(—1) of the inputs
qi(n) to all delay elements at n = —1. If the system is at the zero state, then its responses
for n>0 are called zero-state responses. We therefore conclude that its responses are
due only to its inputs (external sources). On the other hand, if all external sources are
zero, its responses are only due to the energy sources of the system and they are called
zero-input responses.

State equations

State variables are the inputs g;(n) to all the delay elements (or any linear transformation
of these signals). The state variables are determined from the state equations resulting
from the rules of the interconnected elementary systems. The state equations become a
system of a specific number of equations equal to the number of the delay elements
present in the system. To find the solution, besides the input sources, we need the initial
conditions which are the values of the state variables at n=—1. It is apparent, for
example, that the second-order discrete system

y(n) =3.59(n — 1) + 5y(n — 2) + x(n) (1.49)
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FIGURE 1.19

which is shown in the block-diagrammatic form in Figure 1.19, has the following state
variables representation:

q1(n) — 3.5g2(n) — 5g2(n — 1) = x(n)
@n) —q(n—1)=0

q1(=1) = y(-1)
q2(=1) = y(=2)

(1.50)

}initial conditions

Recursive and non-recursive systems

If a discrete (difference) equation, which represents the system, has one input and an
output with additional delayed outputs, it is called a recursive one. We also call these
systems infinite impulse systems (IIR). The difference equation of (1.49) represents a
recursive system and it is shown in Figure 1.19.

If, however, we have the discrete system representation by the equation

y(n) = box(n) + bix(n — 1) + byx(n — 2) (1.51)

we say that the system is not recursive. This type of system is also called the finite
impulse response system (FIR). Figure 1.20 shows such a system. Note the feedback
configuration of the IIR systems and the forward configuration of the FIR systems.

+

x(n) by m y(n)

FIGURE 1.20
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1.6 Digital Simulation of Analog Systems

Since the physical systems are represented mathematically by differential and integro-
differential equations, we must approximate derivatives and integrals (see (1.3) and (1.6)).
The approximations are derived by interrogating Figures 1.3 and 1.4. A second-order
derivative is approximated in the form

da*y(t) o ynT) = 2y(nT —T) + y(nT — 2T)

e = (1.52)

To have the solution of a second-order differential equation, we must have the value of
the derivative at t=0. Therefore, we must substitute the analog derivative with an
equivalent discrete one. Hence, we write

dy()| _ dy(0) _ y(0T) — y(0T — T)
at |,_, dt T

t=0
or

AU

” (1.53)

y(=T)=y0)-T

1.7 Convolution of Analog Signals

The convolution operation on functions is one of the most useful operations encountered
in the study of signals and systems. The importance of the convolution integral in
systems studies stems from the fact that a knowledge of the output of the system to an
impulse (delta) function excitation allows us to find its output to any input function
(subject to some mild restrictions).

To help us develop the convolution integral, let us begin with the properties of the
delta function. Based on the delta properties, we write

) = J F@(t — 1)dr (1.54)

—00

Observe that, as far as the integral is concerned, the time t is a parameter (constant for
the integral although it can take any value) and the integration is with respect to 7. Our
next step is to represent the integral with its equivalent approximate form, the summa-
tion form, by dividing the 7 axis into intervals of AT, then the above integral is
represented approximately by the sum

fal) = Jim :ZOC F(nAT)S(t — nAT)AT (1.55)
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As AT goes to zero and n increases to infinity, the product nAT takes the value of 7, AT
becomes dr and the summation becomes integral, thus recapturing (1.54).

Note: The function f(t) has been approximated with an infinite sum of shifted delta
functions equal to nAT and their area is equal to f(nAT)AT.

We define the response of a causal (system that reacts after being excited) and an LTI
system to a delta function excitation by h(f), known as the impulse response of the
system. If the input to the system is 6(¢) the output is h(f), and when the input is 8(t—t,)
then the output is h(t - t,). Further, we define the output of a system by g(#) if its input is
f(#). Based on the definitions discussed so far, it is obvious that if the input to the system
is f,(#), the output is a sum of impulse functions shifted identically to the shifts of the
input delta functions of the summation, and, therefore, the output is equal to

g(t) = lim ;x F(nAT)h(t — nAT)AT

In the limit, as AT approaches zero, the summation becomes an integral of the form
gy = [ ront - s (1.56)

This is the convolution integral for any two functions f(t) and h(f).

Convolution is a general mathematical operation, and for any two real-valued func-
tions, their convolution, indicated mathematically by the asterisk between the functions,
is given by

g(t) éf(t) *h(t) = J f(Dh(t — 7)dr = J f(t — Dh(1)dT (1.57)

Note: Equation 1.57 tells us the following: given two functions in the time domain t, we
find their convolution g(t) by doing the following steps: (1) rewrite one of the functions in
the T domain by just setting wherever there is t, the variable 7; the shape of the function is
identical to that in the t domain; (2) to the second function substitute t-T wherever there is t;
this produces a function in the T domain which is flipped (the minus sign in front of T) and
shifted by t (positive values of t shift the function to the right and negative values shift the
function to the left); (3) multiply these two functions and find another function of 7, since t is
a parameter and a constant as far as the integration is concerned; and (4) next find the area
under the product function whose value is equal to the output of the convolution at t (in our
case it is g(t)). By introducing the infinite values of t’s, from minus infinity to infinity, we
obtain the output function g(t).
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f(@) h(t-1) = e e O Dy(Du(t -1)

e

=
|

2,(t) =—2¢u(t)

(c)

FIGURE 1.21
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From the convolution integral, we observe that one of the functions does not change
when it is mapped from the ¢ to 7 domain. The second function is reversed or folded over
(mirrored with respect to the vertical axis) in the 7 domain and it is shifted by an amount ¢,
which is just a parameter in the integrand. Figure 1.21a and b shows two functions in the ¢
and 7 domains, respectively. We now write

00 t
g(t) = f() xh(t) = J e Tu(r)e Uyt — r)dr = Je*e%“*f)m
0 0
t
— e*O.St Jefo.STdT — 2(670.5t _ eft)
0

Figure 1.21c shows the results of the convolution.

1.8 Convolution of Discrete Signals

As we have indicated in the above section, the convolution of continuous signals is
defined as follows:

o0

gt) = J fh(t — x)dx (1.58)

—00
The above equation is approximated as follows:

mT

g(t) = J fh(t —x)dx = J f@h(t = x)dx = > " Tf(mT)h(t — mT)
—00 m=-00 mT—T m==09
or
gnT) =T > f(mDh(nT —mT) n=0,+1,42,... m=0,+1,42,...| (1.59)
For T=1, the above convolution equation becomes
gn) = Z fmh(n—m) n=0,%£1,£2,... m=0,£1,+2,... (1.60)
If the input function to the system is the delta function
1 n=0 1 n=m
8(nT):{0 n#0 8(nT—mT):{0 ntm (1.61)

then, (1.60) gives g(n) = h(n).
Additional properties of the convolution process are shown in Table 1.4.
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TABLE 1.4 Convolution Properties

1. Commutative
“”:fo“W“*TMT:JmfufﬂMﬂm

2. Distributive
g(t) = f@)* [ (£) + ha()] = f(£) * by () + £ () * ha(2)
3. Associative
[f(6) * hi (O] * ha(£) = f () * [ (£) * ha(8)]
4. Shift invariance
() =f(®)*h(?)
gt —to) = f(t —to)*h(t) = J% f(r —to)h(t — 7)dr
5. Area property -
Ay = area of f(f),
my = r tf (t)dt = first moment

—00

K = % = center of gravity

f
Ag = AfAh, Kg = Kf + Kj,
6. Scaling
8(t) = f(&)*h(t)
t t t
7@ n(G) = lake(})
7. Complex valued functions
&) = f(B)*h(t) = [fr() * he(£) — fi(t) * hi()] + j{fr () * hi(0) + £i(£) * by (£)]
8. Derivative

ds(r) _ df(r)

) = f(t)» —L =
g =S~ dt dt
9. Moment expansion
my, (="' _
g(t) = myof (1) — mhlf(l)(t) + zf(1> -+ m mh(n—l)f(n 1>(l‘) + E,
o0
My = [ *h(r)dr
eSS
(- 1) mhn (y,) _ . . . .
E,=——F-f —79), To = constant in the interval of integration

10. Fourier transform

Fif(#)xh(D)} = F(w) H(w)

(continued)



Signals and Systems 1-31

TABLE 1.4 (continued) Convolution Properties

11. Inverse Fourier transform

00

% JOC F(w)H(w)e” dw = J f(Dh(t — 7)dr

—00 —00

12. Band-limited function
gt = J f@h(t —7)dr =3 """ Tf(nT)hy(t — nT)

ho(t) = Zi J H(w)é*' dw, f(t) = o — band limited = 0, |t| > o
™ -0

13. Cyclical convolution
x(n) @ y(n) = ZZ;; x((n — m) mod N)y(m)

14. Discrete-time

x(n)ey(n) =" x(n— m)y(m)

15. Sampled
x(nT)*y(nT) = TZ::—OQ x(nT — mT)y(mT)
where

H(e/) = Z”“ h(n)e in,

n=-—00

Examples

Example 1.1

It is desired to plot the functions x(t)=—2u2—1t), x(t)=u(t—1)—2u(t—3), and

x(t)=28(t—1)—8(t+1). These functions are plotted in Figure E.1.1. |
x(t) = —2u(2-t) x(t) =u(t-1)-2u(t-3) x(t) =26(t) - 5(¢t +2)
2
2 ' -2
t L1 3 t l 1 ¢
-1
-2

FIGURE E.1.1



1-32 Transforms and Applications Primer for Engineers with Examples and MATLAB®

Example 1.2

The evaluation of integrals, involving delta functions, is shown in the equations below:

5 5 5

J (4 2)I8(t) + 36(t — 2)ldt = J (> +2)8(t)dt + J 32 +2)8(t—2)dt=2+18=20

—4 —4 —4

3 3 3 3

J 2[8(t+2)+6(t) +8(t — 5)ldt = J £28(t +2)dt + J £28(0dt + J t28(t —5)dt=44+0+0=4
—4 —4 —4 —4

Example 1.3

A series RLC circuit is shown in Figure E.1.2 driven by the voltage source v(t). The circuit
has two state variables: the capacitor voltage v.(t) and the inductor current i(t), with the
initial conditions v.(0) and (0). The circuit has one mesh and one mesh current that
satisfies Kirchhoff's voltage law:

Ldi—(;) + RO + J"(X)dx +ve(0) = () i(0) (1.62

We next, reduce the above integrodifferential equation into a differential equation by
differentiation:

2 ,
T | g0 + i) = o

L dt " CcV T dr

(1.63)

To solve (1.63), we need the initial conditions i(0) and its derivative at zero time (0)
since this is an equation of the second order. The i(0) is the given initial state of the

FIGURE E.1.2
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system. To find the second initial condition, we must set t=0 in (1.62). The substitution
gives

[

0
Li'(0) + Ri(0) + Ji(x)dx + v 0) =v() or Li'0)+ Ri0) + v.(0) = v(0)
0

The above equation gives the desired initial condition:

7(0) = + [v(0) — vc(0) — RI(0)]

~—

State equations

The current through the capacitor based on Kirchhoff’s law is equal to the current i(t).
Second, the algebraic sum of the voltages in the mesh should be equal to zero. Hence,

O i o
dt
dict) (1.64)
L? + Ri(t) + vc(t) = v(t) i0)
and this is a system of two first-order differential equations. |

Example 1.4

Let the circuit (system) shown in Figure E.1.3 have the initial conditions v/(0), i;(0), and
i»(0) of its state variables. To find the state equations, we sum algebraically the voltages
in the two loops and the currents at the node. Hence,

State equations

p
L 'jjf) + RO + veld) = v(0)
Lz% + Rair(t) = ve(H) =0 (1.65)
dvilt
”m—bm—czp:o

FIGURE E.1.3
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Mesh equations

t t
Riin(©) + Ly d’cf) + 15 Jh () — % sz(x)dx + 10 = vi0)
r 0 0 [ (1.66)
1 di 1
- Jﬁ 0)dx + Ly Zit) + Raix(t) + ¢ sz(X)dX —v(0) =
0 0
|

Example 1.5

It is desired to create the block-diagram representation of the following differential
equation and its equivalent discrete representation. The equation is

dytty

Its discrete representation is

y(nT) = %y(nT -N+ v(nT) (1.68)
1 ——

7
7

3 3 (1 a §)

The block-diagram representation of the above two equations are given in Figure E.1.4.

|

Example 1.6

It is required to find the differential equation of the linear mechanical system shown in
Figure E.1.5a with respect to the distance traveled by the mass. This system is a rough
representation, for example, of the spring-shock absorber system of a car. From the
figure, the motion of the mass that is subjected to a spring and a damping force is
described by the equation

—F(O) + ) + () + o(t) =0 (1.69)
T
v(nT) y(nT)
— T +
1-3)

1

T
1-3

FIGURE E.1.4
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or
/\/I% + KJv(t)dt + Dv(t) = f(t) (1.70)

Since the velocity is related to the displacement x by the relation w(t) = dx(t)/dt, this
equation takes the form

d’x(t) D dx(t) K 1
a2 +M7+MX(F) = Mf

(t) (1.71)

Because the velocity is an across variable, the velocity of the mass with respect to the
ground, Figure E.1.5b represents the circuit representation of the system. We observe that
the force is a through variable and the system is a node equivalent type circuit. |

Example 1.7

The system shown in Figure E.1.6 represents an idealized model of a stiff human limb as
a step in assessing the passive control process of locomotive action. We try to find the
movement of the system if the input torque is an exponential function. During the
movement, we characterize the friction by the friction constant D. Furthermore, we
assume that the initial conditions are zero, 8(0) = df(0)/dt = 0.

Applying D’Alembert’s principle, which requires that the algebraic sum of the
torques must be equal to zero at a node, we write

[8(6) = 8,4(t) + p(t) + 3,00)] (1.72)

where
§(t) = input torque
J4(t) = gravity torque = Mgl sin 6(1)

§p(t) = frictional torque = Dw(t) = D——

R _do(t)  d?60()
§,() = inertial torque = JT =)=

1-35



1-36  Transforms and Applications Primer for Engineers with Examples and MATLAB®

3(¢)
BI0) 0(2)
—» System
Input Output

0.25 T T T T T

Continuous case

0.2 Discrete case T=0.1

Discrete case T=0.5
o 0.15

0(t); 6(n

0.1

0.05

FIGURE E.1.6

Therefore, the equation that describes the system is

2
d e(r)+9@+/wg/sin0(t)=3(t) (1.73)

J
dt? dt

The above equation is nonlinear owing to the presence of the sin 6(t) term in the
expression of the gravity torque. To create a linear equation, we must assume that
the system does not deflect much and the deflection angle stays below 30°. Under

these conditions, (1.73) becomes

2
0w , 9o | Mgle = 5(0) (1.74)

J dt? dt
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This is a second-order differential equation and, hence, its solution must contain two
arbitrary constants, the values of which are determined from specified initial conditions.
For the specific constants J=1, D=2, and Mgl = 2, the above equation becomes

da*e)  _do) L
S T2 2000 =€ Ul (1.75)

We must first find the homogeneous solution from the homogeneous equation (the
above equation equal to zero). If we assume a solution of the form @,(t) = Ce”, the
solution requirements is

S +254+2=0
from which we find the roots s; = —14jand s, = —1 — j. Therefore, the homogeneous
solution is
0n(0) = Gt + Gt (1.76)

where C/'s are arbitrary unknown constants to be found by the initial conditions.
To find the particular solution, we assume a trial solution of the form 6,,(t) = Ae™" for
t > 0. Introducing the assumed solution in (1.75), we find
Aot —2Ae 4246 =t or A=
The total solution is

0(0) = 0n() + 0,() = G + G +et >0

Applying, next, the initial conditions in the above equation, we find the following
system of equations:

000=CG+G+1=0

de(0)

—— =51+ Gs;,—1=0
a 151 + %2

Solving the unknown constants, we obtain C; = (1 +5,5)/(s1 — 52), G = (14 5))/(57 — 52).
Introducing, next, these constants into the total solution and the two roots, we find

o ,
ot) = ——e ‘el — ze’fe’ﬂ +e =0 —costle”! t>0 (1.77)

The digital simulation of (1.75) is deduced by employing (1.3), (1.52), and (1.53). Hence,

0(nT) —20(nT —T) + O(nT — 2T) n 29(nT) —0nT—T)

= +20nT) =€ n=012...

(1.78)
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After rearranging the above equation, we obtain

OnT) = a2 + 2NOINT — T) — ab(nT — 2T) + aT?e™""
1 (1.79)

— . n=012...
iy

Using (1.53), we obtain that (—T7)=0. Next, introducing this value and the initial
condition 9(0T)=0 in (1.78), we find §(—27) = T2 The following m-file produces the
desired output for the continuous case and for the two different sampling values,
T=05and T=0.1.

Book MATLAB® m-file for the Example 1.7: ex_1_5_1
%Book m-file for the Example 1.7: ex 1 5 1
t=0:0.1:5.5;
th= (1-cos(t)) .*exp(—t);
T1=0.5;N1=5.5/T1;T2=0.1;N2=5.5/T2;
al=1/(1+2*T14+2*T1"2) ;a2 =1/(1+2*T24+2+T2"2) ;
thdl(2) =0;thdl (1) =T1"2;thd2(2) =0;thd2 (1) =T2"2;
forn=0:N1
thdl (n+3) =al* (2+2*T1) *thdl (n+2) —al*thdl (n+1) +T1"2*al*exp (—n*T1) ;
end;
forn=0:N2
thd2 (n+3) =a2* (2+2*T2) *thd2 (n+2) —a2*thd2 (n+1) +T2"2*a2*exp (—n*T2) ;

end;
plot ([0:55],th,'k") ;hold on;stem([0:5:N1*5],thdl(1,3:14),'%") ;
hold on;stem([0:N2],thd2(1,3:58),'k') ; |

Example 1.8

It is desired to write the state equations for the system shown in Figure E.1.7 and
express the output y(n) in terms of the state variables. From the figure, we obtain

g1(n) = 3g2(n) + 2g2(n — 1) 4+ x(n)
g =qgi(n—1)
y(n) = 5g:(n) + 4g,(n) [

Example 1.9

The convolution of the exponential function f(t) = exp(—t)u(t) and the pulse symmetric
function p(t) of width 4 is given by
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x(n) y(n)

FIGURE E.1.7

g() = J ulx + 2) — ulx — 20le”"Pu(t — x)dx

=e ! J ulx + 2)eult — x)dx —e™" J ulx — 2)e“ult — x)dx

g1(t) + ga(t)

For t < —2, the exponential function and the step function u(x + 2) in the x-domain do
not overlap and thus the integrand is zero in this range and the integral is also zero.
Hence, g;(t) =0 for t < —2. For t > —2, there is an overlap from —2 to t for all ts from —2
to infinity. The integration gives

t
gw(t)ze"Jexdx:1 —e %! —2< 1< 00

-2
For the function g,(t), the exponential function overlaps the step function —u(x — 2)
from 2 to infinity. Hence,

t
g2(t)=7€_tJede:71 + et 2<t<
2

Therefore, the function g(t) is



1-40 Transforms and Applications Primer for Engineers with Examples and MATLAB®

Example 1.10

The convolution of the two discrete functions f(n) =0.99"u(n) and h(n)=u(n —2) is
given by

Zo99”m(n myu(m —2) = 2099”’“ 099”2099m

m=-—o0
=0.99"(0.9972+0.997> +---+0.997") = 0.9970.997%(1 +0.99~" +0.9972 4 --- 4+0.997"+?)
1—(0.997 1! 1-0.99"*!
=0.99"" ¢ - 0.99"? 2<n< oo [

1—0.99"" 1—0.997"



Fourier Series

2.1 Introduction

A periodic function is defined by the relation

f@&)=f@t+T) T =period

fO) =f(t+nT) n==+1,42,... (2.1)

The above relation is true for all £, and the smallest T which satisfies (2.1) is called the period.
Knowing the function within a period f,(t), the above equation can also be written in
the form

f@&y="Y" ft—nT) (22)

n=-—00

An important feature of a general periodic function is that it can be presented in terms of
an infinite sum of sine and cosine functions. The functions that can be expressed by sine
or cosine functions must at least obey the Dirichlet conditions, which are (a) only a finite
number of maximums and minimums can be present, (b) the number of discontinuities
must be finite, and (c) the discontinuities must be bounded, which implies that the
function must be absolutely integrable with a value less than infinity.

2.2 Fourier Series in a Complex Exponential Form

Any periodic signal f () that satisfies the Dirichlet conditions can be expressed as follows:

[ee] o0
f) = Z a, et = Z |at,[e/motten) oo <t < 00
n=00 n=00

a+T

_ —jnwot 3. — b
U = J f®)e " dt = complex constant = |a,|e’ (2.3)

a

= |ay| cos P, + jlan| sin ¢,

ZTW, ¢, = tan"! (Im{a,}/Re{a,})

wy —

2-1
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If the function is discontinuous at t=a, the function f(¢) will converge to f(a)=
[f(a+)+f(a—)]/2, the mean value at the point of discontinuity (the arithmetic mean
of the left-hand and right-hand limits). If f(¢) is real, then

a+T a+T *
1 ; 1 .
Wy = J f(t)etds = o J f(t)e "t dt| = o (2.4)

This result, when combined with (2.3), yields

flt)=ap+ i [(an + ) cos nwpt + j(a, — ay) sin nwgt] (2.5)

n=1

2.3 Fourier Series in Trigonometric Form

The trigonometric form of the Fourier series is given by

A o0
ft) = 704— Z (A, cos nwot + B, sin nwgt) —oo < t < 00
n=1

f() —7+ C, cos (nwot + ¢,,)
! a+T
Ay =2 _2 (t)dt
0 = 40y = T f

a

5 atT (2.6)
A, = (a, +ay) = T J f(t) cos nwot dt = C, cos d,,
a
a+T
2
B, =jla, —ay) = T J f@) sinnwotdt = —C, sin¢,

¢n = _tan71 (Bn/An)
G = (4 +8)"

The coefficients C,, are known as the amplitude spectrum and the phase ¢, is the phase
spectrum. Therefore, the frequency spectrum of a periodic function is discrete.

2.3.1 Differentiation of the Fourier Series

If f(¢) is continuous in —T/2 < t < T/2 with f(—T/2) =f(T/2), and if its derivative f'(¢)
is piecewise continuous and differentiable, then the trigonometric form of the Fourier
series can be differentiated term by term to yield

o0
@)= Z nwy(—A, sin nwgt + B, cos nwyt) (2.7)

n=1
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2.3.2 Integration of the Fourier Series

If f(t) is piecewise continuous in -T/2 < t< T/2, then the trigonometric form of the
Fourier series can be integrated term by term to yield

[}

[ 1 = 1
Jf(t)dt = ~Ag(ty — 1) + Y ——[—By(cos nwot, — cos nwot,)
2 =1 nwg
ty
+ A, (sin nwyt, — sin nwyty)] (2.8)

2.4 Waveform Symmetries

Even function [f(f) = f(—1)]
If f(t) is an even periodic function with a period T, then the trigonometric form of the
Fourier series is

T/2

f(t)—A°+iA oA, = Jf(t) t dt (2.9)
P cosnaot, A= oS nwy .

0
0dd function [f(f) = —f(—1)]
If f(t) is an odd function, then its trigonometric form is

T/2

o 4
1) = ;Bn sinnoot, By = J £(t) sin nwot dt (2.10)

0

2.5 Some Additional Features of Periodic
Continuous Functions

2.5.1 Power Content: Parseval’s Theorem

The power content of a periodic function f(¢) in the period T is defined as the mean-
square value:

/2
% J LF(0))2dt (2.11)
~T/2

If we assume the function as a voltage across an ohm resistor, then (2.11) represents the
average power the source delivers to the resistor.
If f(t) and h(t) are two periodic functions with the same period T, then

T/2
/ )

% J f@Ohtdt =" (), (2.12)
-T/2

n=—0o0
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where
T/2 T/2
1 . 1 )
@ = 7 Jf(t)e*f“wﬂfdt, (@ = 7 [ h(t)e "' di (2.13)
~T/2 ~T)2

If f(t) = h(t), then the power content of the periodic function f(¢) is

T/2 T/2

% J [f(t)]zdt:n_ic;opxnl2 an:% [f(t)e’j"“")tdt (2.14)

“T)2 ~T)2

For a periodic function expanded in sine and cosine terms, the power content within a
period is

/2
1 2 71 2 1 > 2 2
= J FOFd =345 +5 S (45 + B) 2.15)
~T)2

2.5.2 Output of an LTI System When the Input
Is a Periodic Function

If the input periodic function is represented by the complex format of the Fourier series,
then the output of an LTI system with a transfer function H(w) is

fo(t) = i a,H(nwg)e"* (2.16)

If the input to an LTI system is a periodic signal in the form of sine and cosine series,
then the output is

folt) = ?H(O) + ) [H(nwo)|[A, cos [naot + ¢(nao)] + B, sin [nwot + ()] ]
n=1

$(nwo) = tan”' (Im{H(nwo)}/Re{H (nwo)})

(2.17)

2.5.3 Transmission without Distortion

If an LTI system has a transfer function of the form

H(w) = hgelmoto (2.18)
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then the output signal will have a change in amplitude and will be shifted by #,. Hence,

Jo(t) = hofin(t — to) (2.19)

2.5.4 Band-Limited Periodic Signals

A band-limited periodic signal can be represented as follows:

N N
flt)y= Z el = Cy + Z C, cos (nwot + ¢,,) (2.20)
n=—N n=1

The above signal contains only N harmonics in its expansion and, therefore, can be
uniquely specified by its values at 2N+ 1 instants of time in one period. This process
produces a 2N + 1 system of equations with the 2N unknown C,’s and one C,.

2.5.5 Sum and Difference of Functions

If the functions f(t) and h(f) are periodic with the same period, then we write

gt) = Cif () £ Ch() = Y [CiB, + Cry,le™

n=-—00

[o¢]
= Z aet @, = C\B, + Cyy, (2.21)

n=-—0o0

2.5.6 Product of Two Functions

If f(¢) and h(t) are periodic functions with the same period, the product becomes

FOR®) =Y Bt Y~ y,eim et = 3" N Byttt
l=—00

m=-—00 |=—00 m=—00
00 o0 )
=) < > Bn_m7m> e I+m=n (2.22)
I=—0c0 \m=—00
Therefore, the Fourier coefficients of the complex exponential form of the product is

T/2

1 —jna, S

T J fOROeT = 3" B,V (2.23)
~T/2 m=me0

The summation above indicates a convolution of two infinite sequences.
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2.5.7 Convolution of Two Functions

A periodic convolution of two functions with the same period is defined by the relation

/2

g(t):% J FOO(t — x)dx (2.24)

-T/)2

Therefore, we can expand the periodic function g(¢) in the Fourier series representation
with coefficients:

T/2 T/2 T/2
1 —jwo 1 —jwo
a, = T g7 dt = T J J FOA(t — x)e 7! dt dx
—-T/2 —T/2 —T/2
T/2 T/2
1 , 1 ,
=7 | f@erdx J h(t — x)e Ut (set t —x = v)
-T/2 -T/2
T/2 T/2—x
1 4 1 ,
=7 | f@e ™ dx J h(v)e 7 dv = By, (2.25)
“T)2 ~T/2-x

The Fourier series expansion of g(t) is

g = aye™ = 3" B,y,e (2.26)
2.5.8 Gibbs’ Phenomenon

A truncated form of a series expansion can be written in the form

. j o j 1 |n|<N
N(t) — e]nwl)t — Wne]nwnt Wy, = window = =~ (2.27)
n n
n=—N >

0 |n|>N

n=—00

Since w,;’s can be considered as the coefficients’ expansion of the function h(%), we write
h(t) — {efjwot(l + e*jmot + (efngt)Z I (efngt)Nfl)} 4 {1 + ejwot RS (engt)N}

. 1
eI N+1/2aot _ p—j(N+1/Dgt ST KN + 5) wof]

Jwot/2 _ p—jwot/2 - ] ;
er e sin (wo 5)

1—x
Geometric series: 1 +x+ x> +---+xV1="""_ x<1 (2.28)

where the above relation is known as the Fourier kernel.
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Comparing (2.27) with (2.26) we obtain

T/2 sin { (N + %) wox}
d

N
fu(t) = Z Bnejmuot :% J f(t—x) e x (2.29)
n—N sin( 0 )

)

The convolution of (2.29) produces an approximation to f(f), and at abrupt changes a
ringing appears. This is known as the Gibbs’ phenomenon.

In addition to using other types of windows, the following two smooth reconstructions
of the finite expansion of the Fourier series are

Lanczos smooth expansion

Ao N _sin (n_W)
() = > + Zﬂiy [A,, cos nwyt + B, sin nwyt] (2.30)
n=1 N
Fejer smooth expansion
fa(t) ———|—Z—[A cos nwyt + B, sin nwyt] (2.31)

2.5.9 Fourier Series of the Comb Function

Figure 1.8 shows the comb function. The figure indicates that the function is periodic
with a period T. Therefore, its Fourier representation is (Table 2.1)

_ o A N ‘nwot_l o nwot _
combT(t)7n;m8(t—nT)fn;xane] 7Ty,;x] + Zcosnwot
/2 (2.32)
1 1
n== | 8Mdt=—
= J (Ddt =7
~T/2
Examples

Example 2.1

To expand the periodic function, shown in Figure E.2.1, in its complex and sinusoidal
forms, we write
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TABLE 2.1 Fourier Series Expansions of Some Periodic Functions

(2L = T, Period)

f()
1 L 2L
3 |
f(t) I'/IC
1r [ I
4t L] 2Lt
|
I\C
o
1 [ ] !
| L 2L ¢t
f(t)lxlc
l/ci‘ . 32
_1/c+ 2 L U 2
CI/I
1f(t)
b a
|‘ L—
v
| IL 2L t
[
1} 3L/2

4 1 . nmwt
FO=—3 s Ssin

2 o (=1)" narc
S0 =230 (s

n=1

c 2 o (=1)" | nmc
f(t):ZJr;Zn:l " smTcos

f = % Zw sinn—ﬂ- 7sin(nwc/2L) sin

n=1 2 nwc/2L

2 ~ (D" nmt
fO =23 s

1 4 1 nirt

fy=-——= — cos

2 g2 n=135,... y2 L

(71)(7171)/2

8 .
f6) = 3 Zn:l,S,S,... n? sin

nwt

L

nwrt

L

nt
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TABLE 2.1 (continued) Fourier Series Expansions of Some Periodic Functions
(2L = T, Period)

[0
i 1D 1 et
- f =3 Zn:1n51n .
G c 1 2 oo 1 nart
1;_() | 5 f(t)*§(1+“)+mzn=1 2 (=" cosmmfl}cosT
) c
L 2L ¢ “=3L
t) L

B
|> | |
2L 1 4 1 nart c
1 \ H==— _ el i =
c/2 L 2L-c/2 f® 2 w1 —2a) Zn:l,},S,... n? cosmmwa cos L a 2L

A P 4A 1 . nmt
| _ Lo nmt
| 57 - fo=Z P
COST[—t
/’\/ -
RARRN LT s (=1) n+1 nart
/ -L | L ‘ t f(t) T + Zn 1 4p2 — ST
f@®)
a A+ S A 4A 1 nart
- I , = f(t)ii =) =135 7 COS——
L ‘ L ¢ 7 Lan=t3s.. 2n—1)" L
1o £©) = combr(t) =3 w(t—man) =3 et
A A n=-00 2L n=—o0
E ! + > cosn t
. — = n=1 A
) p 2L L
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S®)
1
- T=35—»
1
(a) -4 -2 -0.5 1 3 5 t
1.2 T T T T T
n=4 Gibbs’
1 =20 phenomenon |
081
o6l n=5-15
=
0.4
02
O -
_02 : : : : :
0 1 2 3 4 5 6
(b) t
0.6 T T T
0.4® Amplitude spectrum i
U021 ]
0 (P [0) ) o Q o o
_0.2 1 1 1
0 5 10 15 20
n
2 T T T
Phase spectrum
1 - -
T 9o, Tte. [t
s [0 J) b J) b J)
1+ 4
_2 1 1 1
0 5 10 15 20
(© n

FIGURE E.2.1



Fourier Series 2-11

3 1 3
1 . 1 ;
a, = 35 J. f(e " otdr = I3 J TeIn@otdr 4 [Oeﬂm”[d[
T s ' 0.5 1
— 1 (e—jnwg _ e/O.Snwo) n 7& 0
3.5( —jnwo)
1.5 3
ap=——=2
7357
3 - ! —jnw jO.5nw, inwot
f(l‘)*;-‘rz m(ej 0 — gffnwoy| e/l
) - 0
n#0

30 ; 1
§+ Z{ { By )(e’/”“‘O — ef0-5nwoy +73 S )(e/”“’U — e’/0'5””’°)} cos nwyt
0 . 0

! —jnwy __ e/OASna)O) _ !

: Jjnwy __ ,—j0.5nwq f t
+ [3.5(— o) 35wy & C )} #innewo }

2
sin Nwg + sin 0.5Nwg) COS Nwot —
3.5/’7(1)0

3 & 2
?+Z {3.5nwo(

n=1

(cosnwg — cos0.5nwq) sin nwot}

Ao
==+ ZC cos(nwot + ) G = (A2+B8)"" b, = —tan"" (B,/A)
n=1
6 4 ) . )
Ay ==A, = (sin0.75nwq cos 0.25nwg) B, = (sin 0.75nwq sin 0.25nwg)
7 3.5[’]&)0 3.5(7(1)0

(2.33)

The following Book MATLAB® m-file produces Figure E2.1. The file produces the
function f and the factors A,, By, and Ao/2.

Book MATLAB m-File:ex 2 _1_1

$Book MATLAB m-file: ex 2 1 1

$to compute any Fourier series we must

%supply a0,an,bn,n,T;

a0=3/7;T=3.5;

om=_2*pi/T;

n=1:20;

t=0:0.005:1.5*T;

an= (4./(3.5*n*om)) .* (sin(0.75*n*om) . *cos (0.25*n*om) ) ;

bn=(4./(3.5*n*om)) .* (sin(0.75*n*om) . *sin(0.25*n*om) ) ;

en= (an.”n+bn."n) ."(1/2)

f =a0+cos (t'*n*om) *an'+sin (t'*n*om) *bn’;
$f =desired function;to plot £ we write plot (t,£f);
%$cos (t'*n*om) is a t by n matrix and cos (t’*n*om) *an’
%$is a t by 1 vector;an and bn are raw vectors 1 by n; [ ]
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Example 2.2

To find the Fourier series expansion of the function shown in Figure E.2.2a, we apply the
differentiation approach of the function. The derivative of the function is shown in
Figure E2.2b. Let

A >, 2
fit) = ?O + né Ap COS Nwot + By sinnwpt wg = 777 (2.34)
and
a > 27
f'(t) = ?O + E dp COS Nwot + by, SiNNwet @ = - (2.35)

n=1

Differentiate (2.34) term by term and equate the results to (2.35) to obtain

po=— 0 g O (2.36)

1 n —
Nwo Nwo

Since the derivative of f() is an odd function (see Figure E2.2b),

a, =0, n=12...
T/2 /2
4 A 4 d\\ . 4A
by, =7 J f'(t) sin nwot dt = 7 J (fAé(tf§>) Sin hwot dt = - sin nwot|[:%
0 0
4A nwod
= ——35i 2.37
’ Sn( . ) 237)
f@®)
A
I I I . >
-T =-T/2 -di2 d/2 T/2 T t

AS [t+ %J F®

S I P I
_Tl —dr2 lm l :

d
_AS|t-4
(b) 4 [t 2)

FIGURE E.2.2
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Accordingly, from (2.36) we have

by 2Ad sin(nmd/T)

A = Cnwy T nmd/T

B, =0 (2.38)

Since the constant term in the series expansion of f(t) becomes zero during the
differentiation, we must proceed to find it:

/2

Ao Ad

0 _ 2 f -

2 T J (0dt T
-T2 (2.39)
d 2Ad NS n'rrd/T 2

W=+ 2 " S(”?)

Note that as we add more and more frequencies, we approximate better and better the
function. In addition, we observe that the Gibbs' overshoot at the discontinuity does
not decrease and remains the same, about 9%. When we filter the signal with a low-
pass filter (retain only the low frequencies), the output is a smoother version of the
input. If we retain only the high frequencies, we observe that the edges are primarily
emphasized, and this is an indicator that the high frequencies are building up the sharp
changes of the signal. [ |

Example 2.3

Let us assume that the periodic signal in Example 2.1 is the input current to the system
shown in Figure E2.3a. To find the output voltage, we must first find the transfer
function of the system. Applying the Kirchhoff's node equation principle, we obtain

av(r) v . av(t)
C—+—=it ——+ 10v t 2.40
TR it) or dt+() i(t) (2.40)
If the input is ipe/®!, a complex sinusoidal signal input to a LTI system, the output is
sinusoidal with the difference of amplitude and phase changes. Hence, we obtain for
the output voltage v(t) = vpe/®', where v, is a complex number. Therefore, (2.40)
becomes

Vojwe’ 4+ 10vpe’" = et or  H(jw) = voet - (2.41)
/06/“)[ 10 +j(1)

The following Book MATLAB m-file was used:

Book MATLAB m-File:ex 2 3_1

%$Book MATLAB m-file: ex 2 3 1
$to compute any Fourier series we must
%supply a0,an,bn,n,T;

2-13
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FIGURE E.2.3

a0=3/7;T=8;

om=_2*pi/T;

n=1:20;

t=0:0.005:2*T;

an= (4./(3.5*n*om)) .* (sin(0.75*n*om) . *cos (0.25*n*om) ) ;

bn=(4./(3.5*n*om)) .* (sin(0.75*n*om) . *sin(0.25*n*om) ) ;

cn= (an.”n+bn."n) ."(1/2) ;

H=1./(10+j*n*om) ;

phin=atan (imag(H) ./real (H)) ;

abH=abs (1./(1+2*n*om) ) ;

f=a0*(1/2) +cos (t'* (n*om+phin) ) * (abH. *an)'+sin (t'* (n*om+

phin) ) * (abH. *bn)’;
$f =desired function;to plot f we write plot (t, £f);
%cos (t'*n*om) is a t by n matrix and cos (t'*n*om) *an’
%is a t by 1 vector;an and bn are raw vectors 1 by n;

Since the filter was a low pass one, the output is a smoother signal of its input, as was
expected. |
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Example 2.4

Consider the functions x(t) and h(t) that have the same period T. These are expressed in
the form

X0 =Y @™ he =Y B (2.42)

N=—00 m=—00

The mean value of the product of these two functions is

] /2 _— . /2 0 n#m
— - _ * Jin—mwot 45 __ 00
- J xOh*(0dt = Z Z @B, J el dt =3 SN Bt hem
) froem=Te -T)2 n=—00
(2.43)
If we set x(t) = h(t), then the coefficients are the same and, hence,
/2 ,
T J \X(Z‘)|2dt = Z \ozn|2 = aé + Z ano = ZO + Z (apapy + a_pa’,)
7 n=—o00 ”?;Ox n=1
A2 >
=204 Z 2aep0
4 n=1
A2 ad
=2+ D 2ARelery)’ + Imfexy
n=1
4 (4
=2+ (53
Y
=2 0 2.44
i ; 5 (2.44)
|

Example 2.5

It is required to find the displacement y(x, t) of a string of length L stretched between
two points (0, 0) and (L, 0) if it is displaced initially into a position y(x, 0)=f(x) and
released from rest at this position without any external source acting.

The required displacement y is the solution of the following boundary value problem:

o’y _ zazy
e t>00<x<l) (@)
(0,0 =0, y(L,t) =0 t=0 () (2.45)
y(x,0) = f(x) 0<x<0) @
Y0 _, 0O<x<h (@

ot
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Note that Equation 2.45a is the general form of the wave equation and is applicable
to electromagnetic waves propagating in transmission lines, to electromagnetic
waves propagating in space or enclosed spaces, to water waves, etc. Therefore, we
must find the particular solutions of the partial differential equation (2.45a) which satisfy
the homogeneous boundary conditions (2.45b) and (2.45d), and then determine a
linear combination of those solutions which satisfy the nonhomogeneous boundary
condition (2.45¢).
We assume particular solutions of (2.45a) above of the form

Y, ) = X6)T (@ (2.46)
Substituting (2.46) in (2.45a) above, we obtain

X// (X) B T//(l.)

where the prime indicates differentiation. Since one side of the equation is a function of
x only and the other is a function of t only, they both must be equal to a constant g.
Hence, we obtain

X"(x) —gX() =0 (2.47)

T'(t) — ga®T(6) = 0 (2.48)

If our particular solution is to satisfy condition (2.45b), X(x)T(t) must vanish at x=0 and
x=1L for all values of t. Therefore, we must have

X0)=0 XL)=0 (2.49)
Similarly, if it is to satisfy condition (2.45d) then we have
T0) =0 (2.50)

Equations 2.47 and 2.48 are ordinary differential equations with constant coefficients.
The characteristic equation of (247) is D? — g =0 with the roots D = £,/g. The general
solution of (247) is

X() = Ce*V9 4 Ce ™V 2.51)

where the (/s are constants. If g is positive, no value of C; and G, satisfies the boundary
conditions (2.49).
If g is negative, we can write
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Introducing the above equation in (2.51), we obtain the general solution of (2.47):
X(X) = Ce? + Ce9 = (G 4+ G) cos gx + j(C; — Cy) singx = Acos gx + Bsin gx
(2.52)

where A and B are constants. Furthermore, since X(0) =0, the constant 8 must be zero.
We must have A different than zero because we do not want to have the trivial solution
X(x) = 0. Therefore, if X(L) = 0, then sin gL = 0. The sine function is satisfied if gL = nar, or

nar
g=—7 n=123... (2.53)

Hence, the solution of (2.47) is
X(x):Asm”T” n=123... (2.54)

The negative values of n do not provide new solutions.
Substituting —n?a? /12 for g in differential equation (2.48) and applying condition
(2.50) we obtain

narat
T(®) = Ccos 72 (2.55)
where C is a constant.
Therefore, all the functions
narx narat
Ansin % cosTrT (2.56)

are solutions of the partial differential equation (2.45a) and satisfy the linear homoge-
neous conditions (245b) and (2.45d) of the same equation. The constants A;, A,,...are
arbitrary. Any finite linear combination of these solutions will also satisfy the same
conditions. However, when t=0, it will reduce to a finite linear combination of
the functions sin (narx/L). Thus, condition (245¢) will not be satisfied unless the
given function f(x) has this particular character. Let us consider an infinite series of
functions (2.56),

> t
yx, 0 = EA" sinn—fx cos? (2.57)
n=1

This solution satisfies (2.45a), and conditions (245b) and (2.45d). It will satisfy the
nonhomogeneous condition (2.45¢) provided that the numbers A, can be so deter-
mined that it satisfies the relation

0= An sm@ (2.58)
n=1

2-17
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This is a Fourier series expansion of f(x) and, thus, the coefficients are determined by the
relation

L
Jf(x) sin?dx (2.59)

0

Ay =

~1 N

Therefore, the solution is

L

(2 t
yix,t) = Z n Jf(x) sinn—zrxdx sin? cos% (2.60)
n=1 9

Example 2.6

Let the string be stressed between the points (0, 0) and (2, 0), and suppose we raise the
middle point at height h above the x-axis. Then, the string is released from the rest, and
hence, it is desired to find its subsequent position.

The function f(x) is

_J hx 0<x<1
f(X)i{—hx—o—b( 1< x<2 (2.67)

The coefficients in solution (2.58) are given by

2 1 2
8h
Ay = Jf(x) sin@dx = thsin@dx+ hJ(—er 2) sinmdx =— Sinﬂ—ﬂ-
2 2 2 m2n? 2
0 0 1
(2.62)
The solution is
=\ 8h t
yix,t) = ;z—nz sinn; sin? sin m;a (2.63)
[ |
Example 2.7
The heat flow, as well as the electrical potential, obeys Laplace’s equation:
0ulx, 0ulx,
ulky) | OUy) (2.64)

ox? + y?
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Figure E2.4 shows a semi-infinite plate whose edges

f} x=0 and x=a are kept in zero temperature, and
whose base y=0 is kept at a constant temperature T.
It is desired to find the solution u(x, y) that satisfies
(2.64) and the boundary conditions:
T=0 T=0 u0y) =0 ulay) =0 ux0)=T (2.65)
From physical considerations we must have
0 T x Jim uby) =0
FIGURE E.2.4

Using the separation of variables approach, we assume
a solution of the form

ul,y) = XY () (2.66)
Introducing (2.66) into (2.64) and, dividing by X(x)Y(y), we obtain

7)(//()() _ Y//(y)

(2.67)

where primes indicate differentiation with respect to the independent variable. Because
the first ratio is independent of y and the second is independent of x, their common
ratio must be equal to a constant b% Therefore, we obtain the two ordinary differential
equations:

X'(x) 4+ b2X(x) = 0
, , (2.68)
Yiy) = 6°Y(y) =0
whose solutions are respectively
X(x) = Acos bx + Bsin bx
(2.69)

Y(y) = Ce” + De™?
Thus, for any value of b and any constants A, B, C, D,
(A cos bx + Bsin bx)(Ce?” + De™®)
is a solution of (2.64). If the first boundary condition u(0, y) = 0 of (2.65) is to be satisfied,

u@,y) = XQ)Y(y) =0
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which implies X(0) =0 since Y(y) is not identically zero. But X(0) =A, and hence, A=0.
To satisfy u(a, y) =X(a)Y(y) =0, we must have X(a) =0. But X(a) =8 sin ba, and since,
X(x) is not identically zero, B# 0. Hence, to make Xa@=0 we must have
b=nm/a,n=1,23,... Therefore, the function

Zsm—(A en3/+8 e "a)

satisfies (2.64) and the first boundary conditions of (2.65) no matter what A, and 8,
may be. The physical condition u(x, c0) = 0 implies that A, =0 because the positive
exponential becomes infinity as y approaches the value of infinity. The function below
satisfies the partial differential equation and all the boundary conditions besides
ulx, 0)=T:

nmy

X,y) = Z B, sin?e’T (2.70)
n=1

Since the B, are arbitrary, we choose them so that

oy
E B, sm—e a

The above equation is a Fourier series expansion of the function u(x, 0), and hence, its
coefficients are given by

nwx

2 a
=— JTSIn—dX
a
0

0 n = even
Bn = 4T

— n=odd
nar

The solution of the boundary value problem is
=1

a7 -
U y) = — ZB sin X o= F .71)

n=1

Example 2.8

It is desired to find the temperature distribution, in space and in time, in a homoge-
neous slab bounded by two planes at x=0 and x=L, which was kept at zero
temperature. The initial temperature in the slab was u(x, 0) =f(x). This problem is
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characterized by the diffusion-type partial differential (PDF) equation. The same equa-
tion characterizes the voltage in an RC transmission line. The one-dimensional equation
characterizing the heat flow is

ulx, ) k82u(x, )
o o

O0<x<L t>0 (2.72)

In addition, for this problem, the following boundary conditions must be satisfied:

u@0,t)=0 ul,Lh=0 t>0 (2.73)
ux,00=1fx) 0<x<lL (2.74)
To find the particular solutions of (2.72) that satisfy (2.73), we assume a solution of the form
ulx, t) = X(x)T(t). Substituting the assumed solution into differential equation and separat-
ing the factors with dependence only on xand the factors dependent only on tand setting

the ratio equal to a constant a, we obtain the following ordinary differential equations:
X'x) —aX() =0 T'(t)—akT() =0 (2.75)

If the function X(x)T(t) is to satisfy conditions (2.73), then

X0,0=0 X({0=0 (2.76)
The solution of the first differential equation is found from its characteristic equation

D? —a=0to be X(x,0) = AeVd 4 Be~ Vo, Applying the boundary condition X(0, 0) =0
we obtain A= —B8, and hence, the solution is

e\/Ex _ 67‘/5)( B Ce\/ax _ e*\/ax

X(x,0) = 2A 5 = 5 = C sinh xv/a

This solution can satisfy the second condition of (2.76) if

Then X(x,0) = Csinxv —n? = jCsin nx = Dsin nx. The solution of the second equation
of (275) is T(t) = Ee"k_ Therefore, the solutions of the PDF with the boundary
conditions (2.73) are in the form u(x, t) = X(x)T(t):

Boe M sinnx n=1,23,... (2.77)
where the constants B, are arbitrary. Since an infinite number of solutions will converge

to f(x) and since any solution satisfies the PDF and its boundary conditions, then the
general solution is

.
ulx,t) = Z B.e~" K sin nx (2.78)
n=1
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For t=0, the general solution becomes
o0
ulx,0) = Z B, sin nx
n=1

The above equation is a sine Fourier series expansion of u(x, 0) and, therefore, the
coefficients are

L
Jf(x) sinnxdx n=1,23,... (2.79)

0

By =

~1No

Therefore, the final form of the solution is

ulx, t) =

~I N

L
Z ek sin nxjf(x’) sinnx’dx’ n=1,23,... (2.80)
n=1

0
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3.1 Introduction—Fourier Transform

Not all functions are Fourier transformable. However, the Dirichlet conditions provide
sufficiency conditions for a function f(t) to be Fourier transformable. These are

L [ [f()]dt < oo
2. f(t) has finite maxima and minima within any finite interval
3. f(t) has a finite number of discontinuities within any finite interval

If these conditions are met, the function can be transformed uniquely. Although the delta
function does not obey the above conditions, it belongs, however, to a specific set of
functions known as generalized functions and it is transformable. The Fourier transform
(FT) pair is defined as follows:

F{f ()} éF(w) = J f (t)e ™ dt direct Fourier transform (FT)
R (3.1)
§ YF(w)} éf(t) = % [ F(w)éd”dw inverse Fourier transform (IFT)

3.2 Other Forms of Fourier Transform

3.2.1 fit) Is a Complex Function

If f(t) = f.(t) + jf{t), where the two functions are real, then we have

Flw) = J [f:(t) cos wt + fi(t) sin wt]dt — j J [f(t) sinwt — fi(t) coswt]dt  (3.2)

3-1
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Therefore,

F() = R(®) + jX(w)

o0

R(w) = J [ f:(£) cos wt + f;(t) sin wt]dt

—00

(3.3)

X(w) = — J [£,(t) sin wt — £(t) cos wt]dt

From (3.1) and Euler’s expansion e™/“'=coswt+j sin wt, we obtain the inverse

formulas:
fi(t) = % J [R(w) cos wt — X(w) sin wt]dw (3.4)
filt) = % J [R(w) sin wt + X(w) cos wt]dw (3.5)

3.2.2 Real Time Functions
If f(¢) is real, then

R(w) = J f(t)coswt dt X(w) = — J f(t) sinwt dt (3.6)

From (3.6), we obtain the relations
R(—w) = R(w) = even X(—w) = —X(w) = odd, F(—w)= F*(w) 3.7)

Therefore, the inverse transform is

JAOE f(t):% J [R(w) cos ot — X(w) sin wt]dw (3.8)

3.2.3 Imaginary Time Functions
If f(t) = jf{t), then

R(w) = in(t) sinwt dt X(w) = Jf,»(t) cos wt dt (3.9

—00
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From the above equation, we have

R(—w) = —R(w) X(—w)=X(w) F(—w)=—-F(—w) (3.10)

3.2.4 fit) Is Even

If f(—t) =f(t), then f(t) cos wt is even and f(f) sin wt is odd with respect to t. Hence
(see (3.6)),

R(w) =2 Jf(t) coswt dt X(w)=0 (3.11)
0

From (3.11) and (3.8), we obtain

flt)y= % JR(w) coswt dw (3.12)
0
3.2.5 fit) Odd
If f(—t) = —f(—1), then
Rw) =0 X(w)= -2 Jf(t) sin wt dt (3.13)
0
The inversion of (3.8) becomes
flt)y= —% JX(w) sin wt dw (3.14)
0

3.2.6 Odd and Even Representations

Any function can be decomposed into an odd and an even function as follows:

@ —f(=1)

Je(t) = D (3.15)

f@ +2f(ft) £t =

Hence,

f(O) = fo() + £o(t) (3.16)
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TABLE 3.1 Properties of () and F(w)

Property of f(t) Characteristics of F(w)

fit) = f.(0) Real transform and even

fit) = f,(t) Imaginary transform and odd

ft) = real Even real part and odd imaginary part
f(t) = Complex and no symmetry Complex transform and no symmetry
f{t) = Complex even or odd Complex and even transform or

complex and odd

The following relations also hold (Table 3.1)

F(w) = R(w) +jX(w) = er(t)coswt dt—j J fo(t) coswt dtéFe(w)JrFo(a))
R(w)zZer(t)coswt dt X(w)=-2 Jfo(t)sin(ut dt (3.17)
0 0

o0

fe(t) JR(a))coswt do f,(t)= —% jX(w)sinwt dw
0 0

1
T

3.2.7 Causal-Time Functions

A function is causal if it is zero for negative t:
f=0 t<o0 (3.18)
For t > 0, we have f{—t) =0 and, therefore, from (3.15) we obtain
f@) =2f() =2/ t>0 (3.19)

From (3.19) and the bottom expressions of (3.17), we obtain

3w

R(w) coswt dw = —

2
f(t):;

S

JX(w) sinwt do >0 (3.20)
0

From (3.19), we obtain

Flw) =2 J fe(t) coswt dt = 2F,(w) F(w) = —2j J fo(t) sinwt dt = 2F,(w) (3.21)



Fourier Transforms 3-5

From the inverse transform and the relationships of even and odd real functions, we
obtain

oo o0

1 1
F.(w) cos wt dw = — [ R(w)coswt dw t >0
T

f) = = J 2F,(w)e® dw =

o0

—00 —00 —00
o0
—00

31~

oo

1 jwt o
f) = = J 2F,(w)d“" dw =

—00

Q=

1
Fy(w)sinwt do = —— J X(w)sinwt do t >0
T
—00

(3.22)

Furthermore, the two functions F(w) and X(w) of a causal function are related to each
other by the equations (Table 3.2)

Rw) =~ J X0 4
ar w—T
. (3.23)
X@) = — L9 j R™) 4
T w—T

These are Hilbert transform relationships and the script ¢, in front of the integrals,
denotes the principal value of the integral (see Chapter 9).

3.3 Fourier Transform Examples

Example 3.1

The FT of the pulse function is given by

efwa _ goa sinwa
Flw) - =2

(3.24)

—jw 0}

o0 a
J pa(tie it = Je’f“rdt:
—00 —a

The signal and the amplitude spectrum are shown in Figure E3.1. The amplitude is

P
given by |Flw)| = >inwa . m
Example 3.2
The FTof i =e " u(t) a>0'is

00 o0 1 W ]

= —at Tolgr= | e~ eIl gt = = — ertan”(w/a)

F(w)— J e U(T)e dt= J@ e df—a+/.w ’—az+w2€/taniw (w/a) \/m

—00 0

(3.25)
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TABLE 3.2 Fourier Transform Pairs
F(o) = 8{f(O)}, f(t) = § ' {F(w)}

General time function
SO} 2 Fw) = [X, f(e ™ dt § {F)A f(t) = 2= [, F(w)e do

Complex function: f{t) = f(t) + jfi(t)
F(w) = [7 [fi(t) coswt + fi(t) sinwt]dt — j [~ ) sin wt — fi(t) cos wt]dt
F(0) = R(w) + jX(w)
R(w) = ﬁ; [f(t) cos wt + fi(t) sin wt]dt
X(w) = — [ [f(t) sinot — fi(t) cos wt]dt
ﬁ(t) = ﬁ 72 [R(w) cos ot — X(w) sin wt]dw
L % [R(w) sinot + X(w) cos of]do

Real time function: f(t) = f,(t)

R(w) = [*_f(t) coswt dt

X(w) = — [%_f()sinwtdt

HO2F() =& [, [R@) cos ot — X(w) sin wt]do

Imaginary time function: f(t) = jf(t)
R) = [*_fit)sinwtdt X(w)= ["_fi(t)coswtdt

Real and even function
Rw) =2 [°f(coswtdt X(w)=0
f() =1 [¥ R(w) cos wt dw

Real and odd function
R(w) =0 X(w)=-2f(t)sinwtdt

=-11 X w) smwtdcu

Odd and even representation: f(t) = f.(t) + f,(t) = LoD ([Hf CUNRIOS (S f 0

F(w) = R(®) + jX(0) = [*_f(t) coswtdt —j [ f,(t) cos wt dt 7Fe(w) + F,(w)
Rw) =2 ["f(f) coswtdt  X(w) = =2 [[° fo(t) sinwt dt

f(®) =1 [P Rw)coswtdo fo(t) = —1 [[* X()sinwt do

Causal-time functions: f(f) = 0 <0

F(w) =2 [%_f(t)coswtdt = 2F.(w) F(w) = —2j [~ f,(t)sinwtdt = 2F,(w)

fO =L [% 2F(w)d”dw =1 [* F.(0)coswtdo =1 fﬁc R(w)coswtdw >0
fO =L [% 2F,(w)e dow = 7]; I Fow)sinwtdow = =1 [* X(w)sinwtdo t>0

Hilbert transforms of causal-time functions
Rw)=1g[> 2047

X(w)= Lo [* X0 gr

00 w—T

Script & stands for the principal value of the integrals.
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The amplitude and the phase spectrums are given by
Aw) = ——— o) = —tan~ (/)
W) = —— W) = — w
Va2 + o?
The signal, the amplitude, and the phase spectra are shown in Figure E.3.2. |

Example 3.3

In this example, we obtain the FT of the function f(t) = sgn()p4(t). Therefore,

0 a 0 a
. . . _ 17—
Flw) = J sgn(Dpg (e dr = J sgn(e ™ *'dr = — J e dt + Je’f"’fdt = ijM
w
—00 —a —a 0
(3.26)
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Example 3.4

The FTof f(t) = el —co <t < 0 is
0 00
F( _ at —jwrd —at —jwrd _ 2a (3 27)
w) = e’'e t+ | e %e t—m .
—00 0
|
Example 3.5
The FT of £(t) = sgn()e !  —oo < t < oo is
0 [e9] 5
—j —joi _ jw
Flw) = — [ eTe ol dr 4 Je“e Joldr = pep. (3.28)
—0o0 0
[ |

3.4 Fourier Transform Properties

The FT properties are given in Table 3.3.

3.5 Examples on Fourier Properties

Example 3.6
If in the inverse FT formula of a function f(t) we interchange time to frequency and

frequency to time and then we minus the omegas, Property #3 in Table 3.3 is obtained.
Applying this property, for example, we find the relation

This property is useful to find additional FTs of functions, most of the times difficult to
obtain. |

Example 3.7

To prove the scaling Property #4 of Table 3.3, we proceed as follows:

J flat)e 7tdt = L J fx)e T/ ady = LF(g) [
i al ) al \a
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TABLE 3.3 Commonly Used Fourier Properties

1. Linearity af (t) & bh(t) & aF(0) + bH(w)
2. Time shifting f(t & a) & 5% F(w)

F(t) & 2mf(—w), F(w) Zf(1)
3. Symmetry { 18 278(—w) = 278(w)

. Time scaling  f(at) & — a (w)

'S

w

. Time reversal f(—t) 8, F(—w) (real time functions)

)}

. Frequency shifting e & F(w F w))
f(t) coswyt £

f(t) sinwot

PO 2 jor) T2 Go)"Fw)

dF(a))

3 [Flo — wo) + F(w + wo)]
zl [F(w — wg) — F(w + @))]

~

Ei
-
&

—

. Modulation {

. Time differentiation

o]

(—jf ) & ——

Nel

. Frequency differentiation d F @)

S\ ki
0=

10. Time convolution f(£)*h(t) & F(w)H(w)

11. Frequency convolution f(H)h(t) £ ;L F(w)*H(w) = 3£ [ F(x)H(w — x)dx
12. Correlation  f(£)°(#) = 7 f)h*(x — Hdx £ |F(w)H*(w)|
13. Central ordinate f(0) = 5 f_ w)dow F0) = [~ f(t)dt

I 0P dt = 55 [72 [Flw)[*dao

14. Parseval’s theorem { - . -
2 SR (Ddt = 5= [* Flw)H*(w)do

Example 3.8

Based on the properties of the delta function (see Section 1.2), we find
FOO} 2 Alw) = J 3(te 7 dr = e = 1 (3.29)
Therefore, in connection with the symmetry Property #3 of Table 3.3 we obtain

Fla} = [ ae ¥l dt = a2wd(w) a = constant (3.30)

Example 3.9

From the relation cos wot = (€ + e7*%) and the shifting Property #2 of Table 3.3, we
obtain the FT of a modulated signal:

f(t) cos wot g %[F(w+wo)+F(w7wo)] (3.31)
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Therefore, since p,(t) & 2sinaw/w then by (3.31) we obtain

§  sindlw — sina
pa(t) COSwot (@ = @) + @ + wo) (3.32)
w — W w + wo

Example 3.10

The FT of the convolution of two functions is given by

FO*h(t) i J et “ f(x)h(tx)dx} dt = J f(x) J eV h(x)dxdly

where we set (t — x) =y (see Table 3.3, Property #10). [ |

Example 3.11

Applying the convolution property to an LTI system whose impulse response is h(t) and
its input is f(t), we obtain its output spectrum to be equal to Flw)H(w). |

Example 3.12

The FT of the pulse with height B and width a is §{Bp,(0)} = 2BsinIrbaw)/w. The
convolution of the pulse to itself is equal to the triangle:

B®2a(1 4+t —1<t<O0
Bpa(t)*Bpa(t) = { , ( ) (3.33)
B2a(1 —t) 0<t<1

Therefore, the FT of the convolution (the triangle) is equal to

L L
. 2 . sin“—w sin“-w sin“—w
sindw sSin‘ dw 2a
Flw) = (28 = 48 =B 2 =R 2 A2
(@) ( w ) w? [2w? 2a [2e? [2w?
7 7 7
(3.34)

where first we substituted L = 2a and next B?2a =A. For these substitutions and the
spectrum see Figure E3.3. |
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Example 3.13

inat
To find the FT of the function f(t) = y, we use the symmetry property and, thus, we
obtain

§ 2sindw
Palt) ”
) ) (3.35)
2sinat & sinat &
— 27pg(w)  or — Palw)
Tt
[ |
Example 3.14
To obtain Parseval’s identity, we proceed as follows:
S ) oo . % » *
J|f(t)|2 dt = J FOF0dt = J fo| 52 J Flw)e“ do | dt
o
1 T * T ot
- F (w) ft)e 'dt | dw
2
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Example 3.15

Suppose the FT Flw) of a function f(t) is truncated above to |w| = a. This would imply
that we have obtained the band-limited function:

_JFl@) Jel<al _
Folw) = { 0 | > a} = Fw)ps(w) (3.36)

Therefore, the IFT of both sides of (3.36), taking into consideration (3.35) and the
convolution Property #11 of Table 3.3, we obtain

£ = J 0 T2 e T ey 3.37)
7t — X) Tt
n
3.6 FT Examples of Singular Functions
The basic properties of the delta function are
T T dst—t d"é(t
J 8t — t)b(t)dt = (to) J %w)dt =(-1" ;ﬁi") (3.39)

where ¢(t) is an arbitrary function and continuous at a given point ¢, (Table 3.4).

Example 3.16

Based on the above properties of the delta function, its FT is

Alw) = J S(te ldt = e = 1 a(r)fn (3.39)

Using the symmetry property we obtain the relations

(3.40)
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From the second relation of (3.39), we also obtain
2T

5(t) :L J ¢ dw = L J cos wt dw
2

Furthermore,
é? —
ot — fo) s E’ijwm = e"""f s 6((1) — wo)

1 . §
Cos wot = 5 (@ + e 2 78w — wo) + 8w + wp)]

Example 3.17

The FT of the sgn(t) is

a—

e t>0 Q _ T _
sgn(t) = lim< 0 t=0 = &sgn(t)} = IimO J eIt + Je*“fe*/‘“fdr =
a—
0

et t<0

00—

Example 3.18

From sin at/tﬁﬂ-pg(w) Parseval’s relation gives

o0 5 a
sin” at 1
dt = — | #’dw = am
t2 2
—a

Example 3.19

The FT of the unit step function is

S0} = 5{1— + 1sgn<r>} — 5(@) + - = FE (D)
2 2 jw

1

= mo(w — wp) + ——
jlw — wo)

3-13

(3.41)

(3.42)

jw
(3.43)
[ |

(3.44)

(3.45)
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Example 3.20

To find the FT of the comb+{t) function (see Figure 1.8), we first expand the periodic
comb function into its FS and then we take its FT. Hence,

T/2
oS . 1 1T 1
CombT(t) :n;manemwﬂl dn :? J 8(t)efmwoldr:?e*/nw00 :?;
-T/2
T & T T & T
_ _ wol ,—jot 4y —j(w—nwo)t
éf{combf(t)}_COMBmo(w)—?NZ‘ J et = Z J JER————
=—00 L n=—o00 L
2m & 2m
== Z 8(w — nwo) wo=— (3.46)

n=-00

Therefore, the FT of a comb function is another comb function in the frequency
domain whose amplitudes are 27/T and whose location is at points nwo=n2/T for
n=..-1-2012.. |

Example 3.21

The FT of a periodic pulse function with period T is given by (see Figure E.3.4)

S} = Slfy()rcombr(0) = 25'2“‘” 27” 3 8l - nwo)
_ 4w X sinanwg B
== n;m B 8w —nwy) T > 2a (3.47)

The FT of the pulse is S{fo(r)}éFo(w) = 2sinwa/w and the FT of the periodic function
f(t) is shown to be discrete as was anticipated since the function is periodic. [ |

Example 3.22 (Gibbs’ phenomenon)

Let us truncate the spectrum U(w) of the unit step:

 JU) o <oy
U (@) = {O elsewher or Uy, (@) = U(@)Pu, (@) (3.48)

The approximate reconstruction of the unit step function, u(t), is

Sinwot
Ualt) = & 1U@)pay (@)} = U(O7S (@)} = u0* =
(s 1 fs 1 1o
_— J N@OX e — J My 4~ J M gy =2+ Silwod)  (3.49)
T WX T y T y 2 m

where Si( ) is the sine integral. Properties of Si(x) include: Si(—x) = Si(x) and Si(co) =
Si(—o0) = 7/2. The following MATLAB®™ Book program produces the Figure E.3.5.
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fO Fw) = 5[f(1)]],|
Pal) % sin (aw)

e 2
(e = |t)palt) (zﬁ))
V1—12pi(1) 7 (w)
(1—2)*""py(t) F(a)ﬁ(f;‘)aféla,%qu
sgn(t)pa(t) _gjizestaw)

cos(Z 1) pa(t)

Rect(B,y)(t)
e*(O‘*]‘B)fu(t)

tv—le—(¢1+jﬁ)tu(t)

B p)

(-1)” *le(uwrjﬁ)tu(_t)

—alt|

e

—alf|

sgn(t) e

efott2

et +pt

e*)\t
atjpre’

sech (at)
eijoth

8(t—p)
3(71)(0
sin (at)
cos (at)
sin (at®)
cos (at?)

at

e " cos (vP)

(w/0 = a + jv)

42— cos (aw)
L[gmive — g=jBe)
w
1
a+jptjo

I'w)
@@tjB T
D S
(a-+jB—jw)

@)
(a-+jB—jw)”

e S
a’+w?
—2jw
a+w?

Vaexp[—g;0?]
VEexp| ot — Lo+
(e + jBY Y csc (mA + jmw)
gsech(ﬁ w)

VEZexp[Fjid (0 — am)]
[V/IoT+a —j sgn(®) /T~
Il o)

TPa(w)

7 2a — |w|)pre(w)

—j sgn(w)In mfz
27m6(w)

218" (w)
2m6(w — B)
B

(jo)"

—jm[d(w — a) — 8(w + )]
(6w — @) + 8(w + a)]

 EsinfL @ - am)
V/Zcos [ (0* — am)]

ﬁ\/gexp(*ﬁwz) x
[\/mcos (:“(;’F)

6] —asin(

V(x)z
4l

)




Fourier Transforms

TABLE 3.4 (continued) Fourier Transforms of Some Common Functions

f#) w) = fIf O],
e sin(vi?) 0 Tex p( o >><

o = e [ V1T @ cos () — /10T = asin )
comby,(t) 2w 2 combaz(w)

[sin(a?)| Yo (o — 2ak)
|cos(at)| T (= D o 8(w — 2ak)
saw(t) j Ef = (=1)"28(w — nm)
Yoo Palt —mv) 28(w) + 8~ §sin(452)8(w — 27¥)
(w/2a <)

sgn(#) —j2

u(t) (W) —ju

1 —jmsgn(w)

- e )1)' sgn(e)

[¢] -%

t"sgn(t) (=t 2

ramp(t) jmd (@) — L

1" u(f) 718" (@) + nl (2 )”“

o2 Vamlo| 2

[e* 2T (M) cos (A7) || ™

Jo(®) N A

Yo(lt)) 7= -pi)

Jan(t) 2eslBsell p, ()

Jania () “en(Dasinl p, ()

J(1) 2(‘1; L), (@)

2 Ja(t) 21 w(z); 1>P1( )

e 5 (59" i)

a0 ()" V1 = 02U,y (@)p1 (@)
t_1/2]n+%(t) (—)"V2mP,(w)p:1 (®)
sgn(DJo(t) j7E=sen(@)[1 - py()]
Jo(Hu(t) P Hisgn(@)1-p @)]

Notes: a, B, v, A, v, and n denote real numbers witha > 0,0 <A < 1,v>0,andn=1,
2, 3,... I'(x), the Gamma function; P,(x), the nth Legendre polynomial; J,, the Bessel
function of the first kind of order v; Y,,, the Bessel function of the second kind of order v;
T,(x), the nth Chebyshev polynomial of the first kind; U,(x), the nth Chebyshev
polynomial of the second kind; saw(t) is the saw function.

3-17



TABLE 3.5 Graphical Representation of Some Fourier Transforms

fx)

F(y)

160 = (1/2m) [ Fopet vy = FT{F(} |

la |A
Aexp (—a’x?)
[Gaussian]
l/a
A
[ Aexp(—alx|)
1/a

Aexp(—ax) [x>0]
0 [x < 0]

{F(y) = fj;f(x)e‘l"ydx =FT~{f(»)}

2a A_\/”
a
A
\a/Tr exp(fyz/élaz)
[Gaussian] (2.38)
a
24
24 A a
a aZ +y2
[Lorentzian] (2.39)
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1/a

A cos yox exp(—alx|)

A exp (—ax)
—Aexp(—alx|)

[x > 0]
[x < 0]

A
a

~2id 20— = (2.41)

i

a |

: 2Ala
|
—
Yo
2A 2

a (2.42)

~Ala

Yo

a? a?
+
{az + - a2+ (y+yo)2}
_Af 22 (@ + 32+ %)
a | (@ + 5} —y?)'+ da2y?

(2.43)

(continued)
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TABLE 3.5 (continued) Graphical Representation of Some Fourier Transforms

fx)

F(y)

Assin yox exp(—alx|)

~ 271ly,

~

A ~

s

27 Aexpliygx—ax)
g 0

~_ 27y,

[x>0]
[x<0]

~Ala

<
)

aZ

a2

a

iA
a {u2 +@+n) @+ —n)

_ia —4a’yyo (2.44)
a | (a2 +y3 =)+ dary?
I
1 L 1al
a
: Ala _//E\J i Al2a
i yoi i
+ le—————————»
f———>
Yo b
i(yo — 1
{a+1(}’0 y)z} :A{ _ } (2.45)
a*+ (yo — y) a+i(y — yo)
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SN 27/y,

W\
Acos ypxexp (—ax) [x > 0]
0 [x < 0]

~_  27nly,

A N~
Asinypxexp (—ax) [x > 0]

0

[x < 0]

| | a a
| | Al2a IA/‘M N |

l l AW
! ! Yo NI
| ] | !

SWIIOSUDI], ITINO0]

yo 1 1
éH a N a }+i{ -y  nty H
2@+ @+ @+@—xn) @2+ -y @+ @+’
2 2 2\ (2 2 .2
_Jal@+y5+7) lyz(a +y — %) (2.46)
(@ +y5 — y*) +4a’y?

e 4

~Af4al /\ /N e E Lo,
N/ 7S\ |

el a

éH Ny Yty }+i{ a 3 a H
2@+ (o —p)?* @+ (Go+y) a2+ o+y)’ a+ G-y’

1
=A - 2.47
y°{(az +%—) +i2uy} @47)

(continued)
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TABLE 3.5 (continued) Graphical Representation of Some Fourier Transforms

fx)

F(y)

A [a<x<b]
0 [x<a;x>D]

A\ |2‘“
N\ .
. I A4
f—

2n/L 2m/L
sin Ly
y

24 (2.48)

24L A n 2m/S
I\"l‘}l\""“mﬂ ‘ “)‘T\Il\m‘l\'“l\

2m/L

(sin by — sinay) — i(cos ay — cos by)
y

} = % [exp (—iby) — exp (—iay)] (2.49)

24 sin Ly
y

exp (—iSy) = A {
(sin Ly cos Sy) — i(sin Ly sin Sy)
y

:2,4{
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. S S . oy
H H 2
| | 3.
| I IA 4L 8
Iﬂ
e—s e—r g
2L 2L s
ISy
A [(S—L)<|x| < (S+1D)] 5
0 [otherwise] L ©»
4A cos Sysin Ly (2.50)
Y
Yo
i 24L
A
SRR
m—
Aexpliyx) [lx]<L] 2m/L 27/L
0 x|>L i _
[| | ] 27T/y0 ZAM (2'51)
o —»)
| | AL
ol B VAN
VAV LV I VA
Acosyox [|x] <I] -~
0 (x| > 1] 27/L
2mtly, N sin L(y — yo) n sin L(y + yo) 2.52)
(v —0) v+ )

€C¢

(continued)



TABLE 3.5 (continued) Graphical Representation of Some Fourier Transforms

fx)

Asinypx  [|x| < L]
0 (x| > L]

A
P
/Yy,
Acosyox [|x] < (m/2p0)]
0 [lx] > (m/2y0)]
A
|
) 0 oa(i=) <
0 [Ix] > L]

F(y)
Yo
>
27/L
>
AN N
' %
iA{smL(y +y0) sinL(y — }'0)} (2.53)
—> (v +}’0) (y *)’0)
Yo
2Aly,
o
1 1
Yo my
6 4o 24{322 } cos(37)
[See (2.52) with L = /2y,] (2.54)

AL

wril 2L AL{M}Z (2.55)

(Ly/2)
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=
=

Ol‘*‘

VAV,

Aexp (iyox)

(2.56)
AL
N ™\
AT
P
2mr/L
2AL{sinLy - Z(M)Z} (2.57)
Ly Ly
2mA
.
2wAS(y — yo)- (2.58)

(continued)
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TABLE 3.5 (continued) Graphical Representation of Some Fourier Transforms

fx)

271ly,

|—>

L —
vV [
v v
\ (W)
s \,

‘2”—/)10’1 '
AVAVAVAVAVFAVAVAYAYAS

I e

| .yO y()

wA{8(y — yo) +6(y + y0)} (2.59)

HAI E Yo
|

A E
Yo
wiA{8(y + y0) — 8(y — y0)} (2.60)
TA

I I InA/Z

| 2y0 zyo |

I T 1
WA{%S(}'JrZyo)+6(y)+%6(y—2yo)} (2.61)
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27/y,

1
1
1
1

AMAAAAMA,

A sin? yx
N N .
\
\‘ II “ ’l' \‘ ’/
Voo 1o / A
v \ ! (Y]
v y / 1}
271/y,
Alcos yox|
- ~
\\ /’ \ ll \\ II
\ 1
VA Y H A
\ \ ! (V]
M \ U W
2mly,
Alsin yox|

TA
—I A2
, 29, 29, |
I T 1
1 1
WA{—zé(vaZyo) +6(y) —Eﬁ(y - 2)'0)} (2.62)

|

11

2 i

I K

N R
] \
] \
! \
Il \

II I
s-m, / [\ -
¥

2y,

2
Yo my
cos S(y —2ny,) [n=0, £1, £2, ...] (2.63)
{yé *yz} (2}’0> e

"

2y,

n=+o0

2
n Yo Ty
—1)"4A cos 8(y —2n n=0, £1, +2, ... 2.64
nmoo (7D {y% fyz} (2}/0) O =2m) 1 @6y

(continued)
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TABLE 3.5 (continued) Graphical Representation of Some Fourier Transforms

f&x)

E(y)

27y, %

2mly,

cos yox{A +acosyx} ... (1)
cos yox{A + asiny;x} ... (2)
sin yox{A +acosyix} ... (3)
sin yox{A +asiny;x} ... (4)

exp (iypx)(A + a cos y1x)

A

L1 1 o

a2 | § i @)

F(y) consists of
E E (3) delta functions as
E ﬂ shown

| | (4)

N (2.65)
Yo )1
27mA
ia
a a
ZW{A«S(y—yo)+§5(y—yo +y1)+55(y—yo—y1)} E— il (2.66)
N
Jo
|
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exp (iyox)(A + asin y; x)

Ad(x)

Adx — xg)

L

X

0

A{8(x — x0) + 6(x + x0) }

‘ Yo H/ 14

N
27{A5(y*y0)+i§3(y*yo+y1)7%26(y7y0fyl)} (2.67)
- A o (2.68)
A
AAAE AL
YRVIIVAVERVAVAVAY
IMI
Aexp (—ixpy) (2.69)
A
URVIAVIRY
Ian_/le
2A cos xgy (2.70)

(continued)
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TABLE 3.5 (continued) Graphical Representation of Some Fourier Transforms

f) F(y)
-2) 271/%¢
n=012 (N-23) (N-1) "
- _:_ - A [N odd]
1
<~ |
*o : 471/ Nix,y
s @.71)
N-1 N — 1)x [N even]
Zn:o AS{x —nxg — S+ %}
Set of N delta functions symmetrically placed about x = S.
in(N: 2
M exp (—iSy) [Drawn for S=0; N =7 and N = 8]
sin(yxo/2) 2,
[name
2mAlx,
etc
Z+oc 277'A6 (y B 2_77) 2.72)
=T X Xo
&) . E)
21A/x,
A
Zﬁo Ad (x X nx0> le—s!
el 2 4gr/x,
+00 2mA 2m
)P EEESy—nZE 2.73
Zn:—oc ( ) Xo <)’ " Xo) ( )

w94 VILVIN puv so[diuvXy Y1m S1ooursuy 10f 19Ul SUOLIIddy puv Swiofsuvi], (0g-¢



2nly,

27/%x,
|
2mA /%,
A nalx,
(1)
Yo
lyo
> 8(x — nxp){A + acos yox} (1) -.I
> 8(x — nxp){A + asin yox} (2) @)
[n=0, £1, £2, ...] 2 27 a 2 a 27
Tlas(y—nZ) +26(y—nZ Is(y-T- 1
Z" Xo{ (y nx0> +2 <y nxo +)’o> +2 <y Xo y0>} W
2 2 ia 2 ia 21
Enxfo{fw()’—”g) +55(Y—”;+)’0) —55<y—”70—YO>} (2)
[n=0, +1, +2, ...] (2.74)
A
A 27A 2.75)
21AN(y)
A J‘
A
+A [x>0] ‘ ﬁ
=A
—A [x<0] 76 sgn(x)] 1
—2iA- (2.76)
y

(continued)
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TABLE 3.5 (continued) Graphical Representation of Some Fourier Transforms

fx)

F(y)

g g} f) = AU

A{1 —exp(—ax)} [x>0]
0 [x < 0]

-

L L
[lx > L]
[Ixl < L]

SIS

/)

TTA
adm(y) -
A
Ala
a
TAS(y) — A
2m/L 27A
/ N\ /\.
|2AL
2mAS(y) — 24 S0

-
_J

i

y

\F

a
{a2 7 T h@ +y2)

(2.77)

(2.78)

(2.79)
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Aexp{i(acos yox + bx)}

Aexp{i(asinyox + bx)}

~271/b

.

27ly,

A cos(asin yox + bx)

2043 ()T (@d(y — b— nyo)

b

1 | ‘ | | L1
l | <
Yo
2mA Y " @y b= ny)

<T>.I

> |«
Yo

mA Z::im {n(@)3(y — b — nyo) + Ju(@)8(y + b + nyo)}

(2.80)

(2.81)

(2.82)

(continued)
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TABLE 3.5 (continued) Graphical Representation of Some Fourier Transforms

fx) E(y)

A cos (a cos yox + bx) Li A il 1

A leﬂ {(+ D" (@8(y — b — nyo) + (= )"Ju(@)3(y + b +nyo)}  (2.83)

Assin (asin yox + bx)

imA > (L @8(y — b — nyo) + T (@8(y + b+ nyy)} (2.84)

Asin (a cos yox + bx) H || H | |
[HE | K

b

imAY (=0T @8(y — b — nyo) + (—i)"Tu(@d(y + b+ myn)}  (2.85)
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27y,

A exp (—a cos ypx)

R

27tly,

A

A exp(—a sin yyx)

RVl

Rkl

A exp(+iax?)

Ll

2mAD (1) L@l — ) (2.86)
J‘%‘*_ETF
27A Z::C—% (D)"I(a)8(y — ny,) (2.87)

(g)%A(lai i)

exp(Fiy*/4a”) (2.88)

(continued)
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TABLE 3.5 (continued) Graphical Representation of Some Fourier Transforms

f&®)

)

27ly,

fx)=A Zn 8(x — nxp + asin ypx)

F@) =h)Y "™ glx— nxo)
flx) = Z:ﬂ h(nxo)g(x — nxo)

(m=0, £1, +£2, +3, ...
(n=0, £1, £2, £3, ...

T T T

)

F(y) = x—lo S

el
)

F(y) =

—G(Y

400

n=-—00

2n/x0

n2m
Xo

)H<y_

n2m

Xo

)

n2m
X0

B9l

(2.89)

(2.90)

(2.91)

Source: Champeney, D.C., Fourier Transforms and Their Physical Applications, Academic Press, New York, 1973. With permission.

Note: J(—a) = J_n(a) = (=1)"],(a). See Appendix H for some properties of Bessel functions.
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Fourier Transforms

Book MATLAB m-File: ex 3_6_7
%Book m-file: ex 3 6_7
dt=0.001;
n=0:20000;
f= (sin(dt*n)./(dt*n+teps));
form=0:20000
ua(m+1l) =.54+0.001*sum(f (1,1:14m) )/pi;
end;
k=-20000:20001;
plot (k, [1-fliplr (ua) ual,'k")
grid on;
xlabel (\omega_ 0t') ;ylabel('u_a(t)')

Example 3.23

The FT of an integral g(t) = jﬁoc f(x)dx is found as follows:
fO*ut) = J fXx)ult — x)dx = J fx)dx =g(t) ult—x)=0 for

Using the convolution property, we find

t
Fg = :}{ J f(x)dx} = S{fOIS{u)} = Flw) (775(&)) + l)

3-37

x>t  (3.50)

Jw

— L ) + mF@)8@) = jlw Flw) + mFO)3()

jo

3.7 Duration of a Signal and the Uncertainty Principle

It is appropriate to take the moments of a signal with respect to origin since any shift affects

only the phase. From the frequency differentiation Property #9 Table 3

.3, we obtain

gy 5 GF @) d by _ (AA@) . dO@)) jsw)
(=j)f () & —dw{A(w)e’ }—( o + jA(w) T )e’ (3.52)

dw

From Parseval’s formula, we find the RMS duration of a signal to be

2 1T [fda\®  ,/d

o0

T o 1 [ |dF@)
Jtlf(t)|dt—ﬁ J e

2
> }dw (3.53)
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Without loss of generality, we assume that the energy of the signal is one. Hence,
o0 oo
1
J [f(t)Pdt = o J Al w)dow =1 (3.54)
—00 —00

Define the duration of f(t) and F(w) by

D} = J 2ifO)dt D2 = J w?|F(w)*dw (3.55)

If im0 V7 f(t) = 0 then the uncertainty principle states that

DD, > \/g (3.56)

and the equality holds only for the Gaussian signals

a _.p
f) = \/;e (3.57)

3.8 Applications to Linear-Time Invariant Systems

Example 3.24
To find the transfer function of a relaxed (zero initial condition) RLC series circuit (see

Figure E.1.3), we first write Kirchhoff's voltage law equation and then take the FT of both
sides of the equation, applying, of course, the linearity property. Hence,

t
di(t) ‘ [ B
éf{L?} + SR+ &{E J/(t)dt} = (v}
0

or
) @)
jollw) + Rllw) + — = V(w)
joC
or
l(w) jwC

V) 1+jwRC — wlC (3.58)
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Example 3.25 (Distortional filter)
The output of a distortionless system (filter) is given by
g(t) = Hof(t — to) (3.59)

which indicates that the output is a shifted version of the input multiplied by a
constant, always less than one for passive systems. Taking the FT of the above equation,
we find

Glw) = Hoe 7" F(w) (3.60)

But, since any output of an LTI system is G(w) = H(w) Flw), then from the above equation
we obtain the desired transfer function:

Hiw) 2 |H(w)|e?« = Hye 0 (3.61)

If |H (w)| is not constant, we say that the filter is amplitude distorted, and if 6(w) is a
nonlinear function, the filter is known as phase distorted. |

Example 3.26 (ldeal low-pass filter)

An ideal low-pass filter is one that has a transfer function of the form

H(w) = HoPu, (@)e A deal low-pass filter (3.62)

Therefore, the impulse response of this filter is found by taking the inverse FT of (3.62).
Hence,

0 wy
1 o 1 ;
h(t) = — J HO,Dwo (w)e*/wto 0 = — Ho J e/w(rflo)dw
21 2w

—wy

_ HO sin wo(f — l'o)

3.63
v t—1to ( )

Since the impulse response is defined for negative and positive times, it indicates that
the ideal filter is noncausal and, therefore, is not physically realizable; that is, it is not
possible to build an ideal filter using any combination of resistors, capacitors, and
inductors. |

Example 3.27 (Step response of an ideal low-pass filter)

The FT of a unit step function is found to be

Ulw) 2 §u(t) = 78(w) + — (3.64)
/w
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But we have found above that the output of a system in the frequency domain to a unit
step function is given by G(w) = H(w)U(w). Therefore, the output of an ideal low-pass
filter due to a unit step function is

o0

902 5 (Glw)} = 5 (Hw)Uw) = — [ HoPa, (@)e " {ﬁ(w) +-l} ¢”'dw
2 jo
wy » o jolt—to)
:% J B(w)e/"’([_“’)dw—kg,f; J ¢ " dow (3.65)

The first integral is equal to Ho/2, by the properties of the delta function. The integrand
of the second integral can be expanded into Euler’s form of cosw(t — to)/w +j sin w
(t — to)/w. The first factor of this expansion is an odd function; since the integration is
symmetric around the origin, the integral vanishes. Thus, (3.65) becomes

wo wo(t—to)
Ho H, i t—t Ho H i
g(t):£+ijwdw:i+i J SINX
2 T w 2 T X
0 0
Ho H,
=2+ D Silwo(t — 1)) (3.66)
2 T

where x=w(t —t;) and Si( ) is the sine integral. Its graphical representation of the
output function g(t) is shown in Figure E.3.6. We observe the following for this response
function:

1.2 T T T

‘/HO [\/\
1F i

06l Hol2 ]

1.09H,
04} |

02 1

or /\/\/ b tyrmlay 1

-0.2 - -
-10 -5 0 5 10

FIGURE E.3.6
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. The output signal is shifted from 0 by t, in the time domain.

. The response is not identically zero for t < 0, as expected for non-realizable filters.

. The response has a gradual rise, in contrast to the abrupt input rise.

. The rise time in the time interval ty — 7/w <t <to+ 7/w is t,=2mw/wo=1/fy is
equal to the reciprocal of the cutoff frequency of the filter. (This is not the only
definition of rise time used in engineering literature. For example, the rise time
defined in electronic circuits is from 0.1Hy to 0.9H, of its height.)

5. The response is oscillatory with a frequency equal to the cutoff frequency.

A w N —

Book MATLAB Function for Figure E.3.6:
f=taa_fig_ex_3_8_4(tmin,tmax,dt,HO,w0,dw,t0)
function[g] =taa fig ex 3 4 (tmin, tmax,dt,H0,w0,dw,t0)
for t =tmin:tmax
g(t-tmin+1) = (HO/2) + (HO/pi) *dw*sum( (sin([0:dw:w0]* . . .
(t*dt-t0)+eps) ./([0:dw:w0] +eps))) ;
end;

Figure E3.6 was plotted for the following values: Ho=1, ty=2, wy =15, dt=0.01,
dw = 0.0001, tmin = =800, tmax = 1000. With these values we created 1801 values of the
output function, and therefore, to plot it out we created first the vector t = [—800:1000]
*0.01 and then we wrote in the command window: plot (t, g, 'k"). |

Example 3.28

It is desired to find the impulse response and the frequency characteristics of a seismic
instrument (system, filter) shown in Figure E3.7a. The input is a delta force function
f(t) = &(t) and the output is the displacement x. The forces act on a straight line and are
shown in Figure E.3.7b. Since the algebraic sum of the forces must be equal to zero, the
equation governing the system is

2
ah) + D@ + Kh(D) = 6(t) (3.67)

M
dt? dt

Since the input function is a delta one, we follow the convention to substitute x(t)
with h(t) (the impulse response). If the system is initially relaxed, we have the initial
conditions

h(0—) = =0 (3.68)

Next, we integrate (3.67) between the limits t =0— and t= 0+. This is written as

0+ 0+ 0+ 0+

d’h dh
M J ﬁdt+DJ EdquK Jhdf— Jﬁ(t)df (3.69)
0- 0 0- 0-
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dt de® p
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FIGURE E3.7

We assume that both h and dh/dt do not include infinite values (are regular functions),
and (3.69) gives

M{dh(oﬁ — dh(O—)} + Dlh(0+) — h(0=)] =1 or /\/7M + Dh(0+) = 1| (3.70)
dt dt dt
Integrate (3.67) twice to find
o 0+ o+
J d—dH— D J hdt = J JS(r)drdt or  M[h(0+) — h(0=)] =0 or [h(0+) = h(0-)
0— 0- 0—
(3.71)
Combining (3.71), (3.70), and (3.68), we obtain
dh(0+) 1
FT (3.72)
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The above equation indicates that the impulse response of the velocity dx/dz‘é dh/dt
jumps from 0 to 1/M instantaneously while the distance x(t) remains at zero.
We are now ready to solve our problem, which becomes

Ph@) D dh) K, .
0 *MT*MW =0 t>0 ()
hO4) = 0 dh(0+) 1

a M (b)

(3.73)

Set D/M=2a and b” = K/M, and with D> 0, M >0, K> 0, the solution is
h(t) = e~ (Q cosVb? —a? t+ Gsin Vb2 — g2 t) t>0 (3.74)

It is here assumed that b > a is the underdamped case for the system. The constants
are easily found using the initial conditions given by (3.73b). These lead to C; =0 and

G = 1/(/\/Ix/b2 — az> and thus, the solution is

1
“AsinVb2 —a2t t>0

X(t) = ————=¢
Mv? —a? (3.75)
D K
20 = — 2= K M D
a W b W b>a >0 >0 >0

If we take the FT of (3.67), then the transfer function is

1 1 1 1

Mb? — w? +j2a0 M (1 ~ (%>2)2+4(%)2(%)2:| 1/2

w

H(w)

x exp | —jtan™' 2(2)% (3.76)
1= (5)

Figure E3.7b shows the impulse response and the amplitude of its transfer function.
The constants used for the graphs were M=1,b=2,a/b=05,and a=1. [ |

Example 3.29

To find the transfer function V,(w)/Vi(w) = H(w), for the relaxed system shown in Figure
£.3.83, we first write the equation of the system

ditty 1 (. N
L7 +z J i(0)dt + Rit) = vi(t) (3.77)

Taking the FT of the above equation, we obtain

. 1 (w) JjoC
LI — Rllw) =V, -~ - J7 7
Jollew) + el + flw) =Viw ot o = el +jorc 1 7%
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The voltage across the capacitor, which is the output voltage, is given by

Volt) = = Ji(t)dt or in FT domain V,(w) = ,L/(w) (3.79)
C JjwC

Combining this result with (3.78), we have

()
jwC _ Vo(w) AH( _ 1 _ w,z
Viw Vi T 1Cjo) +RCjo) + 1 (o) 1 25w + w?

_ ! (3.80)

i [0} [0} 2
1 +/29<—) - (—)
w, w,

w0, =1/VIC s=R/2)/w,

Figure E.3.9b shows the amplitude of the transfer function versus w/w, for the different
values of s. ]
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FIGURE E.3.9

Example 3.30 (Response to ei“")

Since the LTI system is characterized by a differential equation, we conclude that its
output due to an exponential input is also an exponential multiplied by a constant
(most of the times, complex). Therefore, we have

GD%+ s dpd;;i/ft) + -+ agy() = bq%Jr bo-1 %+ ¥ box(®)
or
ap(j@PHE + a, ()P~ He® + - - 4 agHe™
= by(j)7 + by ()0 & + - - 4 b
or
Alw)y() = Blw)e™
or
y(t) = output = %dwr = Hlw)e™" (3.81)

Therefore, in operational form we write
0fe/"} = H(w)e/! (3.82)
If the input is a constant K, from (3.82) we conclude that

OfK} = KH(0) (3.83)

Example 3.31 (Response to a periodic function)

Since the input function to the system is periodic with period T, it can be expressed in
FS as follows:

T/2

i)=Y ad™ wy=" a,== J fi(temetdt (3.84)

)
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It follows from (3.82) that

for(t) = Hnwg)a, €™ and  £,(t) = Z H(newg)ae,e™®t (3.85)

n=—00

Therefore, if the input to the LTI system is periodic, then the output is also periodic. It
must be noted that the response is the steady-state response. [ |

Example 3.32

For the circuit (system) shown in Figure E.3.9D, it is desired to find its output (current) if
its input is the signal shown in Figure E.3.9a. The FS expansion of the input signal is

4V 1 1 21
v(t) = — |cost — = cos3t+—cos5t —-+-| wyg=—=1 (3.86)
T 3 5 T
The transfer function of the system is
/ 1 1 -
H(nwo) = (nwo) _ e ) (3.87)

Vihwo)  14+jn T+ m

From the superposition principle, we obtain

= gl cos(t—tan~'1) ' o (Bt —tan~'3)
w2 3v/10
+ ' cos (5t —tan™' 5) + (3.88)
5v/26 '
|
Example 3.33 (ldeal high-pass filter)

The frequency characteristic of an ideal high-pass filter is given by

Hlw) = [Ho — Hopu, (@)]e 7" (3.89)

The corresponding impulse response function, which is obtained by taking the inverse
FT of the above equation, is (see Table 3.5)

Ho si t—
h(O) = Hod(t — 1) — 0 SNt =) o (3.90)
ko t—to

Note that the filter is noncausal. [ |
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3.9 Applications to Communication Signals

The method of processing a signal for more efficient transmission is called modulation.
To accomplish this, we multiply the signal with a sinusoidal signal.

Example 3.34 (Modulation)
From tables, we know that
F{cosw tt = md(w — w.) + Td(w + w,)

and, therefore, by the frequency convolution property, we obtain

S{f(t) cos w t} = %F(w) *[76(w — ) + (W + W)

_ % [F(@) * 80 — ) + F@) *8(@ + 0]

1 1
:i/:(w_wc)'f'i/:(w'i‘wc) (3.91)

The above equation indicates that the spectrum of a modulated signal is translated

by o |

Example 3.35 (Ordinary AM signal)
The frequency spectrum of an amplitude modulated (AM) signal is given by

Flw) = $K[1 + m(t)] cos w t] = FK cos w t} + FKm(t) cos .t}
— Ko — ) + Ko + o) + %KM(w Cw)+ %KM(w Fo) SIm) = M)
(3.92)

The spectrum for a band-limited signal is shown in Figure E.3.10a. We observe that
the spectrum of the ordinary modulated signal consists of the carrier spectrum and the

|M(w)] |E(@)]
Kné (0 +w,) Kié (0 - 0,)
1
M, - KMo
-0y Oy © —wc—wN/‘ -0, + 0y W, -0y ‘\o)cﬂoN ©
@) (b)  ~% @

FIGURE E.3.10
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spectrum of the modulated signal has a bandwidth twice of the original signal (see

Figure E.3.10b). The portion of the spectrum above w, is called the upper sideband

spectrum, and the symmetrical portion below w, is called the lower sideband. Note

that the sidebands are the information-bearing components of the modulated signal.
A double-sideband-suppressed carrier (DSBSC) AM signal is given by

f(t) = m(t) cos wt (3.93)

and its spectrum is
Flw) = ${m(t) cosw t} = %/\/I(w — ) + %/\/I(w + ) (3.94)
|

Example 3.36 (Demodulation)

The modulated signal f(t) =m(t) cos w t received by an antenna is multiplied by the
carrier to obtain the signal

1 1 1
f(t) cos w.t = m(t) cos’ w 't = m(t)§(1 + cos 2w, t) = Em(t) + Em(z‘) cos2w.t (3.95)

The spectrum of the above signal is

S{F(t) cos wth = Fm(t) cos’ w 1} = éf{%m(t)} + éf{%m(t) cos ngt}

1 1 1
= EM(w) + ZM(O) — 2w.) + ZM(w + 2w.) (3.96)

If the spectrum of m(t) is narrow (band-limited), the first term indicates a spectrum con-
centrated around the origin (zero frequency) and the second term indicates a spectrum

shifted by 2w, Therefore, a low-pass filter will eliminate the shifted part of the spectrum and
retain only the spectrum around the origin, which is the desired signal m(t). |

Example 3.37 (Pulse amplitude modulation [PAM])

If g(t) is a train of periodic rectangular pulses of width 2a seconds and repeated every T
seconds, then the spectrum of a PAM is

Flw) = 8{f(t)} = §im(H)g()} = %/\/I(w) * G(w) (3.97)

From Example 3.21 and by setting
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m(t) |M(w)|
/ L.
__/
t —WN Oy @
&)
|G(w)]
1

(0]
FIGURE E.3.11
we obtain
G =23 TIN5 2nwy)
n=—00 n
1 < sina2 1 & sina2
Flo) = —M@* > M 50— 2nay) = — 3 T 5w — 2n0p)
o “ n “ n
n=—o00 n=—00
1R sina2nwy
i SNALNON 1w — 20 3.98
= ; —— Mlw = 2nen) (3.98)

For a band-limited signal m(t), Figure E.3.11 graphically shows the above development.
|

Example 3.38

Let a PAM signal be the product of the band-limited modulated signal m(t) and a
periodic signal g(t) of period T (<7r/wy) seconds. Expanding the periodic function g(t) in
FS, we obtain

o0

ft) = mg®) = m) > ae™ = > ame"™  wp :27”

n=—0o0 nN=—00

Flw) = §1f(1) { Z amm é”wof} = i a, F{me™} = Z a,M(w — nw)

n=—0o0 n=—00 n=—o0

(3.99)
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where the convolution property of the FT was used in the last step. From (3.99), we infer
that the amplitude spectrum of the PAM signal is periodic, repetitive of the spectrum of
m(t), but each one’s amplitude modified by the coefficients «,)'s of the Fourier coeffi-
cients of g(1). [ |

3.10 Signals, Noise, and Correlation

Often signals are contaminated with noise. By noise, we normally mean any spurious or
undesired disturbances that tend to obscure or mask the signal transmitted. The noise
signal encounter in practice, has random amplitude variations. In the present develop-
ment we assume that the noise signal has zero mean value, for example,

T
| _
Tlglgc T J v(t)dt =0 (3.100)

YT

In general, the two signals are said to be uncorrelated if

/2
1
7_’x,h(7):}i:1'£lc? J x(Oh(t — 7)dt

~T/2

T/2 T/2
1 !
= 11:rr01CT J x(t)dt %1:%10? J h(t)dt (3.101)

-T/2 -T/2

From the last two equations we conclude that the cross-correlation of any signal with
noise that has zero mean value is zero for all 7.

Example 3.39

The average autocorrelation function of f(t) = s(t) + v(t) (v(t) = noise uncorrelated with
s(0) is

/2 /2
T (1) = TILm ]? J s(ov(t — 7)dt = TILm ]? J [s(t) + vOlls(t — 7) + v(t — 7)ldt
752 152
= T5s(T) +T(7) + 7 (7) +Tis(1)  OF  Te(7) = Ts(T) + 700 (7) (3.102)
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Example 3.40

Let g(t) and f(t) be the transmitted and the received signals, respectively. Then, f(t) =
s(t) 4+ v(t), where s(t) is the desired signal and w(t) is the noise signal. If we now cross-
correlate the received signal with the transmitted one, we obtain

T/2

1
m

= lim = | 150+ v(Ogt — m)dt = Tlr) +Toglr) O Tilr) =Tiglr) (3,103

?fg (1)
-T2

This is because the noise and the signal are not correlated, and therefore, their cross-
correlation is zero. |

3.11 Average Power Spectra, Random Signals,
Input-Output Relations

The power spectral density (PSD) of a function is defined (Wiener-Khinchin theorem)
as the FT of the average autocorrelation function of the function. Thus, we have

S() = 57 (7)) = J Fy(r)e " dr
- (3.104)
7p(r) = 5 {S(w)} = % J S(@)e " dw

—00

It is assumed that the energy of the signal is finite, which is equivalent to saying that the
left-hand side of Equation 3.107 is finite.

Example 3.41

To find the total average power (mean-square value) of a function f(t) we write
(see (3.104))

7#(0) = — J Sw)dw (3.105)

From the definition of the autocorrelation function, we also have

7/2
fff(O):TlLrgc; J RGIR (s (3.106)
-T/2
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Equating the right-hand side of the last two equations, we obtain
T2 %
jim & J [F(OPdt = 1 J Slw)dw (3.107)

T—o00 2w
—T/2

Example 3.42 (White noise)

White noise is defined as any signal whose power spectral density is a constant for all
frequencies. Hence, S(w) = C and, therefore, its autocorrelation function is

i) = 8§ {Sw) = al J S(w)e“ dow = CL J ddw = C8(7) (3.108)
2 2T

Example 3.43 (Input-output relations of LTI)

If an input signal x(?) is a random one, the output of an LTI system y(t) is also a random
signal. We, therefore, have the relationships (see Chapter 1)

yit)= | h(mx(t —7)dr = J hA)x(t —A)dA  and
= o (3.109)
yt—1) = ho)x(t — 7 — o)do

From the definition of the average autocorrelation function (3.101), we write

7'/.2
fy(r) = lim ]7 ‘ YOyt — 7t (3.110)
)

Substituting the expressions of (3.109) in the equation above, we have

T/2 T oo 0o
Ty(r) = lim — |: J hA)x(t — A)dA J hio)x(t — 7 — a')da':| dt

00 T/2
h(A) h(o) Tlim ]? J Xt = A)x(t — 7 — o)dt| dodA

—00 —00 -T/2

hA) | h(e)r(t + 0o — A)dodA (3.111)
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Example 3.44 (Input-output power spectra)

If the input random function is x(t) and the output function is y(t), then the output
power spectrum is given by (see (3.104))

Sylw) = &1, (1)} = j T, (me 7 dr

= J [ J h(\) I h(@)T (T 4 0 — /\)dod/\] eddr (setpw=T14+0—A)

- J h(\)e7* dA [ h(o)e?’ do J Pl 7 du = Hw)H (@)Se ()

= |H(@)[* S (@) (3.112)

Example 3.45

The transfer function of an RC circuit and the power spectrum of the input white noise are

1/RC

:m Sy(w) = K = constant (3.113)

(w)

Therefore, the output power density is given by (see (3.112))

S, (@) = |H)|"Sy(@) = % (3.114)
The mean-square output voltage may be evaluated from S (w) as follows:
7/2 0
T'l”;% | o :% J Slwlde = 277(202 [ o +d((1U/RC)2 :% G119
-T2 —o0 —o0
where the integral was found using mathematical tables of integrals. |

3.12 FT in Probability Theory

A random variable (rv) X (in this section we present the rv’s with capital letters and their
values with lower case letters) taking real values is characterized by its cumulative
probability distribution function (cdf) F(x) and it is defined by

F(x) = Pr{X < x} = probability that the rv X assumes a value less than x  (3.116)
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If F(x) is differentiable, then we define the probability density function (pdf) f(x) by

_dF(x)
flx) = I (3.117)
The main properties of these two functions are
F(—00) =0 F(co) =1 (1)
F(x1) < F(xy) if x1 < x 2
Pr{ix; < X <x} = F(x) — Flx1) (3)
R = | oo )
. (3.118)
j fx)dx =1 (5)
Pr{x; X < x} = jf(x)dx (6)
fx) >0 7)
The expectations and moments of random variables are
E{X} = J xf (x)dx = expectation or mean value of X (1)
Blg0} = | gtoftod @
E{X*} = J xzf(x)dx = mean-squared value of X 3) (3.119)
E{X"} = J x"f(x)dx = m, = nth moment of X (4)

E{(X — (E{X})*} = E{X*} — (E{X})? = variance of X  (5)

o=\/E{(X — (E{X})?*} = standard deviation (6)
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3.12.1 Characteristic Function

The characteristic function of a random variable X is defined as the FT of its pdf flx).
Hence, the FT pair is

®(w) = E{e“X} = J f(x)eiwxdx
- (3.120)
1 )
flx) = py J O(w)e7“dw
Example 3.46
Starting from the expansion of the exponential function:
. . ) . n
D R g L A A (3.121)
1! 2! n!
we write
0 00 . . 2 . "
Dlw) = | Fe”dx = J ) {1 +f‘]"—'x + V“;) T (f“r’:) | dx
N J Xf(x)dx+~~~+(f:’,) J RO -
L (j)"”
=1 jomi e ey
d"Pw) =/"m, (3.122)
do" =0
|
3.12.2 Joint Cumulative Distribution Function
The cdf of two rv’s X and Y is defined as follows:
F(x,y) =Pr{iX <x,Y <y} (3.123)
Assuming the cdf is differentiable, the pdf is
O*F(x,y)
,Y) = 3.124
fxy) oxdy ( )
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If the two rv’s are independent, then

F(x,y) = FxX)F(y) f(xy) =f(x)f(y) (3.125)

Additional definitions are

E{XY} = E{X}E{Y} X,Y are uncorrelated

(3.126)
E{XY} =0 X,Y are orthogonal

It is easy to show that if two variables are independent, they are also uncorrelated. The
reverse is always true.

3.12.3 Characteristic Function of Two Variables

The characteristic function of two rv’s is a double FT and, therefore, the pair is given by

D(w;, w,) = E{ei(w1X+sz)} _ J Jf(x’y)ej(wlx+w2y)dxdy
1 (3.127)

floy) = )

J J O (w1, w)e 7Ot diy dew,

If the rv’s are independent, the characteristic function is the product of the one-dimen-
sional characteristic function:

D (w1, w) = Plw)P(w;) (3.128)

Example 3.47

Let the rv Z be the sum of the two independent rv's X and Y: Z= X+ Y. Therefore,
we have

D, (w) = £} = E“ T} = He I} = Dy (0)D, () (3.129)

where the independent property was used (see (3.128)).
Applying the convolution property of the FT, we obtain

£(2) = @) = § P ()P (@)} = () () = I f0ofz —x)dx  (3.130)

—00

which indicates that the pdf of the rv Z is equal to the convolution of the pdf's of the
two rv's. |



Relatives to the Fourier
Transform

4.1 Infinite Fourier Sine Transform

The infinite Fourier sine Transform (FST) of f(),0 < t < 0o, and its inverse are defined by

o0

Fy(w) = ${f(t)} = J f(t) sin wt dt

0 (4.1)

f(H) =8 HF(0)} =

F,(w) sin wt dw

SRR
o9

assuming, of course, that the integrals exist (see Table 4.2).

4.2 Infinite Fourier Cosine Transform

The infinite Fourier cosine transform (FCT) of (), 0 < t < 00, and its inverse are defined by

F(w) = 8{f(t)} = Jf(t) cos wt dt
0

- (4.2)
2
f(t) = 8;1{Fc(w)} =— J F.(w) cos wt dw
T
0
assuming, of course, that the integrals exist (see Table 4.1).
Example 4.1
The FST of the function
t 0<t<
Hoz{z—r 1<t<?2 43)
0 t>2

4-1
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TABLE 4.1 Fourier Cosine Transforms

ft) = [ f(t) cos wt dt ®>0

General properties

() (m/2)f(w)

2 flat) a>0 (1/a)F(w/a)

3 flat) cos bt a,b>0 (1/2a) {Fc <w7+b> + F. <w u_ b)}

4 flat) sin bt 4,b>0 (1/2a) [F,. (%*b) —F (‘" - h)}

5 P o o Fel©)

6 £ (=1)' —— o F. ()

d 2n-+1
7 oo fgt+1) 2F (0)G(w)
+g(|t — r|)]dr

8 )= fndr (1/w)Fy(w)

9 fit+a)—f,(t—a) 2F((w) sin aw a>0
10 [T+ 2F() Gyw)

+go(t —7)]dr

Algebraic functions

1 /v V(/2)(1fw)'?

2 (ypli-Uk-1) @m/w)*Clw)

3 (1/yv/HUE—1) Qm/w)*[1/2 - C(w)]

4 (t+a)~ V2 larg a| < 7 (77'/2«))1/2 {cos aw[1 — 2C(aw)] +

sin aw[1 — 2S(aw)]}

5 (t—a) " Y2U(t— a) (7T/2w)1/2[COS aw — sin aw]

6 a(P+a*)! a>0 (7/2) exp (—aw)

7 HE+a»)! a>0 —1/2[e *Ei(aw) + e*Ei(aw)]

8 1-Ha+H72 (7/2)w exp(—w)

9 —H(#—a?)" a>0 cos aw Ci(aw) + sin aw Si(aw)
Exponential and logarithmic functions

1 e Rea>0 a(@®+ )"

2 1+tet 21+ 0?2

3 Vte ™ Rea>0 ﬁ( 2 @?) 34 -1

5 (a + w?) cos[3/2tan™" (w/a)]
4 e/t Rea>0 VaR) @+ o)
(@ + )+ a]V?
5 e Rea>0 nlla/(a* + w?)]"*!

’Z;jnlo =n™ <n + 1) (E) "
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TABLE 4.1 (continued) Fourier Cosine Transforms
fH F(w)=[;" f(t) cos wt dt ®>0
6 exp(—at’)/\/t Rea>0 77'((1)/811)1/2 exp(—w*/8a)
‘171/4(—012/811)
7 f"exp (—a’f) largal<m/4  (=1)"y/m2 " la !
sexpl—(w/2a)’] Hey, (2™ w/a)
32 exp(—a/t) Rea>0 (77'/61)1/2 exp[f(Zaw)l/z] cos(2aw)'/?
12 exp(—a/\/t) Rea>0 (77'/2(0)1/2 [cos(2a/w) — sin(2a \/w)]
10 ¥Int —(7/20)?[In(4w) + C + 7/2]
11 (F—a) 'Int a>0 (7r/2w){sin(aw)[ci(aw) — In a]
—cos(aw)[si(aw) — m/2]}
12 ¢ 'In(+9) (1/2){[ci(@)]? + [si(@)]}
13 exp(—t/\/2) 1+oh™!
sin(w/4+t//2)
14 exp(—t/y/2) o’ (1+ o)™
cos(m/4+1//2).
5 242
n— T a>0 (7/w)[exp(—w) — exp(—aw)]
16 In[1+(a/t)]] a>0 (7/w)[1 — exp(—aw)]
Trigonometric functions
1 e tsint (1/2) tan"! Qo ?)
2 2 sin*(at) a>0 (7/2)(a — w/2) w<2a
0 w>2a
. ) nar r<(w+n)/2 (_l)r(w +n— zr)nfl
3 (Lﬁ”) n=23.. 2 Z A(n =1
O<w<n
2 2
4 exp(—B1) cos at Re B3>0 (1/2)(77'/[5’)1/2 exp (7 a :';sw ) cosh (%)
5 (@+£)7'0-28 (1/2)(w/a)(1 = B> ("= B) !
cos t+ 27!
Rea>0, |B|<1 (€ + Be™) 0<w<1
1/2
e e (0 Te(l) ()
4 a 4a 4a
7 sin[a(l — )] a>0 —(1/2)(m/a)""? cosa + 7/4 + w?/(4a)]
2 1\ /2 /? w? w?
8 cos(at”) a>0 <—) <—> {cos (—) + sin (—)}
4 a 4a 4a
9 cosla(l — )] a>0 (1/2)(7r/a)'? sin[a + 7/4 + w?/(4a)]
10 tan"' (a/t) a>0 (2w) e Ei(aw) — ™ Ei(—aw)
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TABLE 4.2 Fourier Sine Transforms

) Fw)= [ f(t) sin ot dt w>0
General properties
1 F(@® (m/2)f(w)
2 ﬂat) a>0 (l/a)Fs(w/a)

3 flat) cos bt a,b>0 (i) {FS <L+b> +F, <L_b>}
2a a a
i 1 o+b ®w—b
4 flat) sin bt a,b>0 —(Z> {Fc <—a > - Fc< a )}

d2n

5 F£UAY (D" Fi(@)
6 £ fin) (—1)™! d{i:;l F(w)
7T f f‘ij‘ g(s)dsdr (2/w)F{(w)Gy(w)
8 folt+a)+f(t—a) 2F(w) cos aw
9 flt—a)—f(t+a) 2F (w) sin aw
10 [ZfNig(t—r) 2F(w) Glw)
—g(t +r)ldr
Algebraic functions
1 1t /2
2 1/t (7/20)"?
3 1/y/t1- Ut —1)] @m/w)"? S(w)
4 (1/ynut—1) @m/w)"*[1/2 = S()]
5 (t4+a) 2 larg a| < 7 (77/20))1/2 {cos aw[1 — 2S(aw)]
— sin aw[1 — 2C(aw)]}
6 (t—a) Y?Ut—a) (77/2w)1/2(sir1 aw + cos aw)
7 tP+a*)7! a>0 (7/2) exp(—aw)
8 Ha*—1)! a>0 —(m/2) cos aw
9 Ha*+1)7? a>0 (Tw/4a) exp(—aw)
10 a’[ta®+ ]! a>0 (7/2)[1 — exp(—aw)]
11 t4+tH (7/4) exp(—w) sin
Exponential and logarithmic functions
1 e Rea>0 w(@®+w®) ™!
2 te ™ Rea>0 (aw)(@*+ w*) 2
3 tl4at)e ™ Rea>0 Ba’w)(a® + w3
4 et Rea>0 \/(7'r/2)(612-i-az)z)fl/2 o (@4 w)2—a)'?
5 e Rea>0 @m)*[(a*+ w?)'? —a]'?
6 exp(—at) Rea>0 —j(1/2)(7r/a)1/2 exp(—w?/4a) Erf (%)
7 texp(—t*/4a) Rea>0 2aw+/(ma) exp(—aw?)
g8 32 exp(—a/t) larg a| < /2 (77'/a)1/2 exp[f(Zaw)l/z] sin(2aw)"/?
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TABLE 4.2 (continued) Fourier Sine Transforms

o Fw)=[;° f(t) sin ot dt w>0
9 34 exp(—a/\/t) larg a| < /2 —(w/z)(a/w)l/z[]1/4(a2/8w) « cos(/8 + a*/8w)

+ Y, /4(a*/80) ¢ sin(m/8 + a*/8w)]

10 t'lnt —(7/2)[C+1n w]

11 #(F—a®) 'Int a>0 —(7/2){cos aw[Ci(aw) —In a]
+ sin aw[Si(aw) — 7/2]}

12 ' In(1+a*?) a>0 — Ei(—w/a)

13 nt-l—a a>0 (7/w) sin aw

i /

1 2 [e'e]

S} = | f(O)sinwtdt = Jf(t)sinwtdtJr Jf(t)sinwtdt+ J f(t)sinwtdt
0 1 2

1 2

oo
= | tsinwtdt+ J(Z —t)sinwtdt + J Osinwtdt
2

0 1

tcoswt  sinwt]' [2coswt]? tcoswt  sinwt]’ 2(1 — cosw) sinw
= + -|- + =

w w 0 w 1 w w 1 w
(4.4)
[ |
Example 4.2
The FCT of the function f(t) = e~ u(t) is
oo (o]
1
| = J e % coswtdt = - J dle ) cos wt
0 0
oo
1 o]
=——|e? coswt) — J e % (—w)sinwt dt
a 0
0
oo oo
1 1 1
=—— 71+wJe’msmwtdt ___2 —Jd(e"”)sinwt
a a al\-a
0 0
(o]
1 1 0 1
SR e""sinwt‘ fwje"”cosmdt =7+%(Ofwl)
a a a 0 a a
0
1 w2/ o
=———1/ or
a a?
1—|-w2 /—] or [=—2 (4.5)
a @) a a2+ @ ’
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Following similar steps, its FST is

oo
w
= |e%sinwtdt = —— 4.6
J a? + w? (4.6)
0 |
Example 4.3
To find the FCT of the function f(t) = e~ u(t), we write
/—ooe coswtdt or d/—1T( 2te")sin tdt—1Tde_[7 sinwtdt
- @ do 2 CE= T
0
! - _ [ e __@| -2 __@
2( smwt wJe coswtdt) 3 Je coswt dt 2/:>
0 0
dl . )
dw_7% or 7777dw or J%:fjgdw or Iﬂ/:*%‘FlnA or
o0 (o 0]
|=Ae~“/* when @ =0/= Je’f cosOdt = Je”zdt:\/f;
0
thereforeA:\/Tq_T and /:\/TEe""Z/4 4.7)

Example 4.4

t 1
To find the FST of f(t) = ——, we first find the FCT of g(t) = ——. Hence, we write

T+t T+
1 T cos wt dl T tsin wt —t
F——7 = dt = (i = |- dt = Fsq —— (i
t{1+[2} J T (i) or do J s 5{1+r2}(”) or
0
a T Psnet T (142 =1sinwt T sinwt T sinwt
== dt = — dt = — dt
dw J t(1+12) J t(1+12) J t +J t(1+12)
0 0 0
T ] snet @ T coset a’l
=—— dt (i) — = dt=1 ——1/=0
2 + J t(1 +12) (i dw? J 1 +12) or dw? or
0 0

dr = [an~' (0]

[o.o]
1
[ =Ae™® + Be” (iv) putting @ = 0 in (i) we get | = J )
0

z; from (iv) il = A+ B (v) putting @ = 0 in (iii) we get d = 777; from (iv)
2 2 dw 2
i
di —Ae™® 4 Be”; hence — g =—-A+8 from (iv) and (v) we find B =0 and
w
T o o T 4 ) 1 T W
A:z; hence | = Ae™® + Be :Ee + 0 (vi); thus F({m}:ze

(vii) from (vi)

dl T ) o T, —t t T e
Zo= 3¢ " using this in (i) —5e= FS{—U - tz)} = FS{—U " [z)} =3¢ (4.8)
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Example 4.5

The IFST of Flw) = e~ ™ is

o0
2 2 t
fit)y=— | e™sinwtdo =— ——— 4.9
(] p J wldo =— "5 4.9)
0
where the integral was taken from the mathematical tables. |

Example 4.6

If the FCT is 1/(1 + w?), then its IFCT is

27 g 2 [ —wsinet
0 0

_g sma)rd +2J Sin wt 7_2 +£J sin wt deo (i) =
oo o @ 14+ 0w 72 w) 0+ oo
0 0
d2f(r) 2 a*f(0) t
o _;J =) = 52— i = 0= (0 + Bel(iv)
0
P 2
fort = 0in () = f(0) = ;J ]+w2dw:;[tan T ls = 1(v);
0
. dfi(0)
fort=0 —=—
or in (iii) ar
=A4+B=1 —A4+B=-1=B=0 A=1=|f)=c'u®® 4.10)
[ |
Example 4.7
The FST of f(t) = [e=9/tlu(

oo oo
e~ d —at a :
/:J ; smwtdt(Dé—:Je coswtdt:m,mtegratmg
0

dt
[=tan"! <§) +A

Forw= 0,/ = A, and fore = 0 () indicates that/ = 0 = A = 0 = | = tan "' (g) @.11)

0
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Example 4.8

The FST of the function

i O<t<a
f :{smt
® 0 t>a

sintsinwt dt =

[ = ! J[cosﬂ — w)t — cos (1 + w)tldt
0

2

l—w 14+

N| — O%e—e—— o

{sinﬂ —wa sin(l +w)a] 4.12)

Example 4.9
The IFST of the function Flw) = e™%/w is

2 e df) 2 [ ) g
fl)=— J ” sin wt dw (i) :>777 J coswtdwi;ﬁ_ka2
0

T T
0
2 a
= f0=2 Jm—azdf

_2 tan™! <£> + A, when t =0 = f(0) = 0 from (i)
o a

= |f(t) = % tan™' (é) (ii); Since

1 —aw 1 2
g, <—) =g (e ) = from (i) |, (—) ==tan'(c0) =1
w w /., w T

Example 4.10

The FCT of the function

1 0<t<a
0 t>a

Q

Sindw
(4.14)
w

Flw) = | 1coswtdt =

0
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Example 4.11

The FST and FCT of the signal f(t) =tu(t) are

Glw)= J te 7l dt, let jot =y = jodt =dy = Glw) = J Le*y,—y: - Jy“e*ydy
jo  jo w
0 0 0
o [ T i
— —%: -—== J te 9l dt = ——= ‘ t(coswt —jsinwt)dt = -
w w w w
0 0
= equating real and imaginary parts
o0 1 o0
= Fw)= J tcoswtdt = -, Fi(w)= J tsinwtdt=0 (4.15)
w
0 0 [

4.3 Applications to Boundary-Value Problems

49

Example 4.12 (Waves in LC transmission lines and vibrating strings)
Let the initial displacement of an infinite string be f(x), for —oo < x < oo, and its initial
velocity be zero. The displacement of the string u(x, ) satisfies the one-dimensional

wave equation:

Oulx,t) 1 %l

- 4.1
ox? ¢ o “.16)
and the initial conditions:
b
W0 = ) —s0 <x < oo, Ol _g 4.17)
ot |
Let the FT of the solution u(x, t) with respect to x and its inverse be given by
T . 1T .
Uw,t) = J ulx, De tde ulx,t) = 5 J Ulw, D¢ dw (4.18)
aw

We assume that the solution and its first derivative with respect to x are approaching
zero as x approaches minus or plus infinity. Let

d’ulx, ) dulx, 1) d’ulx, ) dux, 1)
W UX(X, t) = 7 Un(X, t) = 0[2 Ur(X, t) = T

UXX(X: t) =
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Therefore, we have

Flux, 0} = J U b, D)7 dx = J du(x, De ™ = duy (x, e 7|
- J Uy (x, e 7 (—jw)dx
=jw J e dulx, 1) = jwe T u(x, 1)| > —jw(—jw) J u(x, e 7 dx
X=—00 —00
= —w’Uw,1) (4.19)

since uy(foo, t) = u(£oo,t) = 0. Similarly, we find

o0 5 o0
Flux, )} = J Upx, e 7Y dx = % J ulx, e 7 dx = Uy(w, t) (4.20)

Applying the FT to the wave equation (4.16) and introducing the results of (4.19) and
(4.20), we obtain

2

1
—’Ul,1) = — Uylw,)) =0 or
C

which is an ordinary differential equation. The general solution of (4.21) is
Ulw, 1) = Alw)e" + Blw)e 7" (4.22)

Applying the FT to the initial conditions (4.17), we obtain

Ulw,0) = Fu(x,0)} = J ulx, 0)e 7 dx = J fx)e 7 dx = F(w)
ks ks (4.23)

Utlw,0) = &{u:(x, 1) —o} = 0
Therefore, using (4.23) we can evaluate the constants A and B of (4.22):

Flw) = Ulw,0) = Alw) + B(w)
0 = Utw,0) = joc[Alw) — Blw)]

or
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Hence, the solution (4.22) becomes

Ulw, 1) = %F(a))é‘“’[r + %F(w)e*fwcr (4.24)

The desired solution u(x, 1) is the IFT of U(w, t), namely,

Ui 1) = 5 {Ulw, ) = %sﬁ Fl@)e™t) + %3” (Flw)e )

1 1
=§f(x+ct)+§f(X—ct) (4.25)

The solution indicates that there exists two traveling disturbances in opposite
directions. |

Example 4.13 (Voltage propagating in RC transmission lines
and heat flow)

The flow of heat in a body is governed by the heat PDF:

1 0ulx,y,z,1) Fu Q’u u 1 dulxyzt)
v? e oo o T (4.2
weyzh == =0 " Getegitar e a0 WM

Let the initial temperature distribution in an infinite bar be f(x), for co < x < oo. There-
fore, the temperature u(x, t) satisfies the one-dimensional PDF equation:

o’u 1 0ulx,y,z1)

and the initial condition:
ux,0) =flx) —oo<x <o (4.28)

It is assumed that the temperature and its derivative are infinitesimally small at the limit
as x approaches minus plus infinity. The FT of the solution u(x, t) with respect to x (see
(4.19)) is

Flu (X, 1)} = J U (X, e 7 dx = —w?Ulw, t) (4.29)
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The FT of ux, t) is

Fux, 1)} = J ur(x, e dx =% J ulx, e ¥ dx = gU(w, N = Ulw,t)  (4.30)

Now, applying the FT to the heat equation (4.27), we obtain

1
—w’Ulw, t) — C—zUr(‘”f H=0 or Ulwt) +w’Ulwt) =0 (4.31)
The solution of (4.31) is
Ulw, ) = Ulw,0)e <" U(w, 0) = initial condition (4.32)

Next, applying the FT to the initial condition (4.28), we obtain

Ulw,0) = J ulx, 0)e ™ dx = J F)e 7 dx = J fly)e 7 dy 4.33)

Substituting (4.33) into (4.32), we have
Ulw, t) = et J fy)e Y dy (4.34)
The IFT of (4.34) gives us the desired solution. Hence, we obtain

ux,t) = i J Ulw, )é“ dw = i J gwr—cw’t [ J f(y)e/‘”ydy} dw
2w 2m

—00

I
N_\
o
v 2

£(y) [ J f(y)eU’”(”)a“’?”dw} dy (4.35)

From mathematical tables [ e dw = / and, therefore, we have

o0 o0 )
oty —Ct] g, —J d
s

— o=y’ /G4y J ( \/‘
e exp + jcw
oVt

—0o0
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Introducing a new variable of integration w by setting (x — y)/(2c\/t) + jcw/t = jw, we
obtain

/'t c

o0 o0
J glot—y)—Cw’tl g ! e,(x,y)z/(zkzt) J e dw = l \/?ef(x—y)z/(ztczr) (4.36)
—00

Next, substituting (4.36) in (4.35), we finally obtain

] T 2 2
ulx, t) = F(y)e~ & /o g 4.37
1) o/t J %) y (4.37)
[ |
Example 4.14 (Potential theory)
The potential of an electric field satisfies Laplace’s equation:
Pu  Pu P

Vaul,y,z) = - - = Uxx + Uy + Uz =0 (4.38)

> o an

Let us find the solution ulx, ) of Laplace’s equation for the half plane y >0, when
ulx, 0)=1fx) for —oo < x < oco. Since we have assumed the half plane, the Laplace
equation is independent of the z variable. Hence,

U, Y) + Uy, y) =0 (4.39)
Applying the FT to (4.39) with respect to x, we obtain

2
% — w’Ulw,y) =0 (4.40)

The general solution of the above equation is
Ulw, y) = Alw)e™ + Blw)e™  ulx,y) = finite as y — oo (4.47)

For @ > 0, we must set A(w) = 0. This results in U(w, 0) = B(w) and, hence, one of the
solutions is Ulw, y) = Ulw, 0)e=* forw > 0. Similarly, for @ < 0 we obtain the solution
Ulw,y) = Ulw, 0)e” forw < 0. We can combine the two solutions as follows:

Uw,y) = Ulw, Qe 1V —o<w< oo (4.42)
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Since u(x, 0) = f(x), then we obtain
Ulw, 0) = Su(x,0)} = J F(X)e T dx’ (4.43)

Introducing the above equation in (4.42), we obtain
Ulw,y) = { [ f(x’)ef“’x/dx’} elely (4.44)
Therefore, the desired solution is the IFT of (4.44):

ulx,y) = § ' {Ulw,y)} = il J Ulw, y)e dw - J g “ f(x’)e/‘“x’dx} eV dey
2 2

1 oo oo ‘ )
ulx,y) = . J f(x) J é“’“”“"ydw} ax’
700 70

—— | 0 J Ol i [dww’)%w} o
0

2
1T [ 1 1 y T fix")dx!
=— | fx - do == J >0
2 (X)j(x—x’)+y j(x—x’)—y] = x X — X' 4 y2 Y
(4.45)
|

Example 4.15

If the voltage source is finite of length T,

(T K<b
m‘{o X > b

then the solution (see (4.45)) is

b

! p—
ulx,y) = vTo [ L = T tan™! )ib —tan™' b
) =Xty T y y

To -1 2by
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which was found using the trigonometric relation:

tanA —tanB
tanA—B)=———
an{ ) 14+ tanAtanB
If we set u(x, y) = constant, multiply (4.46) by 7/To and then taking the tangent of both
sides of the equation we obtain

2b
(constantw) Y
tan| ———
To

If, for example, we set b=1 and then change the values of the constant C, we produce
a set of curves which indicate a constant potential or a constant temperature for heat
problems. The following MATLAB® program will produce the desired curve. Let b=
and C=4, then we write in the command window:

X4y —b— =0 or X*+y—b>—Chy=0

>pl ='x"24y"2-1-4*y";
>ezplot(pl, [-4408]);

To produce additional iso-potentials you just change the value of C. |

4.4 Finite Sine Fourier Transform and Finite Cosine
Fourier Transform

If we assume 0 < t < ], then the finite sine Fourier transform (FFST) and its inverse finite
Fourier sine transform IFFST transforms are defined as follows:

1
L) 2 R(p) = J fwsinf T a
0 (4.47)

§Y{F(p)} =ft) = % pio: () sm—

The finite cosine Fourier transform (FFCT) and its inverse (IFFCT) are

1

L) A Fa(p) = J fwcos? T ar

0 (4.48)

- 1- 2 &
5 HE(p)} = () = 7 Fe0) + 5 PZ) p)cos—
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Example 4.16

Let us find the solution of the equation describing the propagation of voltage along an
RC transmission line. Specifically, the equation to be solved is given by

AV(x,t) 0*V(x, 1)
o =K 50 O<x<mt>0

Vv
9 80; ) =0 x=0 and x=m = boundary conditions (4.49)

Vix,t) =f(x) t=0, 0<x < = initial condition

(distance 7 was selected to simplify the expressions)
Taking the FFCT of the given equation, we obtain

1 Tov T ov = Tov
— cos pxdx = | — cospxdx = I COSPX +p | = cospx
x=0

K o 2 _ Ix

0 0 0

=04p l:[V(x, ) sinpx}fo—pJVcospde] =—p’V(p,t) but (4.50)

0

1 fov BEN 10V Wt -
gjﬁcospxdxfgaj\/cospxdx—g on hence T —Kp“V,(p,1)

0 0

The above equation has the solution
Velp,t) = Ae™P 4.51)

Applying the initial condition, we obtain

V.(p,0) = AbutV(x,0) = f(x) and hence V,(p,0) = Jf(x) cos px dx = Alp)
0

By the definition of the IFFCT, we find

1 2 &K vorn 2
Vix, ) = =V0,1) + — Z V.(x, 1) cospx = a0y + = z:A(p)e”DzKr cospx  (4.52)
T o = o™ o™ =1
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Example 4.17

The temperature T in a semi-infinite rod, 0 < x < oo, is characterized by the PDF

aT(x, t) 0°T(x, 1)
——=K 4.53

ot ox? @.53)
with the following initial conditions: (i) T=0 when t=0, x > 0; (ii) % = —awhenx =0,
and (jii) partial derivative of T tends to zero as x tends to infinity. It is desired to find the
temperature distribution in the rod. Since the derivative with respect to x is zero, we can
apply the FCT to the given equation and, hence,

o7
T cos px dx =

Tor 1o )
Jacospxdx—KJ B Cos pxdx or N
0

o

o0

=K {— cos px] + p cos px dx
X 0

I
|

T _
=—K {%} X:O-i- pK | (Tsinpx)5° — p J T cospxdx | = Ka — p?KT, (lerDoT = O);
0
% + p*KT, = Ka (4.54)

The solution of the above ODF is found as follows:

o OT ¢

& Z P MpKT = KiKa or g(eﬂﬁ) KoKt = 'K T, = Jepder+A

A+ 2 T =L AP T = 0ast— 00 = Tel,0) = 0= 0= A+ = A
p p p

_ 57
= —%, now (i) becomes T, :;%<1 —e*”zKr> =T(x,1) = J F% (W — e*sz‘> cos px dp
0
(4.55)
]

Example 4.18
The FFST and the FFCT of f(t) =1 are found as follows:

/ /

. _pmty = pmt . fI p=0
Fs(p)—me(T)dt_p—ﬂ_[]—(—1)"] Fc(p)_Jmos(T)dt—{o P20

0 0
(4.56)
|
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Example 4.19

The FFST and the FFCT of f(t) =t are found as follows:

p
0
2 (4.57)
/ 02 p= 0
- - part o
Felp) = Jtcos(T)dt = N\
0 (—) (=1 -1 p#0
p
[ |
Example 4.20
The FFST and the FFCT of the derivative function are found as follows:
/ | !
0= [Fosn (P n(P™] _PT pmt
FAF () = Jf (t)sm( / >dt_ [f(r)sm( / )]O ; Jf(t)cos( / )dt
0 0
=2
(4.58)
/ /
TR pmt _ pmrt / pm . (pmt
FAF () = Jf (t)cos (T) dr = [f(t) cos(T)] T Jf(t) sin (T) dr
0 0
= (—1PF) — (O) +p7”ﬁs<p>
|

4.5 Two-Dimensional Fourier Transform

A two-dimensional function f(x, y) has a two-dimensional FT F(u, v) connected by the
following two-pair relations (Tables 4.3 and 4.4):

Flu,v) = J Jf(x,y)e—jzw(uxwy)dxdy flx,y) = J JF(u,v)eJZW(“"JrVJ’)dudV (4.59)
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TABLE 4.3 Properties of a Two-Dimensional FT

Properties

fxy)

F(u, v)

Similarity
Addition
Shift

Modulation

Convolution

Autocorrelation

Differentiation

Definite integral

First moment

Equivalent width

f(ax, by)
fxy) +g(x)
flx—ay—1b)

f(x,y) cos wex

fley)*glx.y)
feop)*f*(=x, =)

(&) (2) e
%f (x.y)
a%f (%)
(%zzf (%)
88722f (%)

82
axay )

(ju)" 2jv)"F(u, v)
2mjuF(u, v)

2mjvE(u, v)

— 47 F(u, v)

— 4772v2F(u, V)

— 47 uvF(u, v)

7o [75 f(x, y)dxdy = F(0,0)

00 00 _ 1 /
P Pt Gopydudy = — L E(0,0)

1200 I20 f(x, y)dxdy _

F(0,0)

1(0,0)

T T Flw, v)dudy

1 u v
w%&)
F(u,v) + G(u,v)

e—jZ‘n’(au+bv)F(u) V)

1 W, 1
~F —, ~-F
Jiut s v+s
F(u,v) G(u,v)
|F(u,v)|2

TABLE 4.4 Two-Dimensional Fourier Transforms

fix, y) F(u, v)
1 1 1 1

cos mx+1 55<M—5,V)+55(u+5,v>
3(x, y) 1 (in all the u, v-plane)

X y pixy)

sine\* (siny\* ) ny (A = {1 <1

X y 0 otherwise

e +y7) o)
1+8(y) S(u)e1
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Example 4.21
The FT of a unit amplitude two-dimensional pulse, p,(x, ¥), is given by

a a a a
F(U, V) _ J J 1e—j2w(ux+vy)dxdy _ J e—j27-rude J 6,—]2-;7\/ydy _ A1 (esz-;rua _ e/’Zﬂ-ua)
—j2mu
—a —a —a —a
1 ; ; in(2 in(2
1 (ma _ gomay _ sin 2arau) sin (2mav) 4.60)
—j2mv 2mu 2Ty

Figure E4.1a shows two ways to find the two-dimensional pulse function—one by
multiplying the two-step functions and the other by convolving the two functions.
Figure E4.1b shows the FT F(u, v) of fix, y). For the plot we used a=1.

p®) p(x,y)

FIGURE E4.1
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For the Figure E4.1b we used the following MATLAB book program:

>x=—-4:0.1:4;x=vy;

> [X,Y] =meshgrid(x,vy);

S>Fl=sin(2*pi*X) ./ (2*pi*X+eps) ;

S>F2=sin(2*pi*Y) ./ (2*pi*Y+eps) ;

>F1(:,41) =1;F2(41,:) =1;%MATLAB for O/O gives zero;
S>F=F1.*F2;

>surf (X,Y,F);

>colomap ([0.7 0.7 0.7]) ;%gives 1light gray scale; |

4.5.1 Two-Dimensional Convolution

The convolution integral of two dimensions is given by

flx,y) glx,y) = J J f& gl —x,y — yNdx' dy (4.61)

Thus, one of the functions is rotated half a turn about its origin (flipped with respect to
the y-axis) by reversing the sign of both x and y, displaced, and multiplied with the other
function, and the product is then integrated to obtain the value of the convolution
integral for that particular displacement x, y.

4.5.2 Two-Dimensional Correlation

The two-dimensional autocorrelation function is found the same way with the exception
that the second function is shifted instead of been reversed; thus,

flxy) ©glxy) = J J f& )N —x,y — y)dx'dy (4.62)

If a function can be represented as a convolution of two functions, it is preferred in FTs.
For example, the two-dimensional function

1
plx,y) = { 1 x|yl < 5 (4.63)

0 elsewhere

may be expressed as a product or as a convolution:

plx,y) = plo)p(y) = [p(x)8()*[p(y)d(x)] (4.64)
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where, for example, p(x) after the first equal sign is a bar of unit width and infinite length
from minus to positive infinity along the y-axis. However, p(x) after the second equal sign
is just a one-dimensional pulse function along the x-axis (see Figure E.4.1a).

4.5.3 Theorems of Two-Dimensional Functions

Rotation Theorem:

If flx, y) is rotated on the (x, y)-plane, then its transform is rotated on the (u, v)-plane
through the same angle and in the same sense.

Simple Shear Theorem:

If f(x, y) is subjected to shear then its transform is sheared to the same degree in the
perpendicular direction:

F(x + by, y)SF(u, v — bu) (4.65)

Affine Theorem:

A function f(x, y) subjected to an affine transformation of its coordinate plane, becomes
flax+ by +¢, dx+ ey +f) and has the following FT:

1 o ecbputar-av | eu — dv  —bu + av
. ™ —wwm F , 4.66
|ae — bd| ae—bd’ ae—bd (4.66)




Sampling of
Continuous Signals

The sampling of continuous signals at periodic intervals has become a very important
practical, as well as an important mathematical operation. One of the main concerns
when signals are sampled is the accuracy with which the sampled signal is represented by
its sampled values. Also, what type of a signal is to be used and what the sampling
interval should be in order to achieve an optimum recovery of the original signal from
the sampled values needs to be determined.

A very important fact in the sampling operation is that all physical engineering
systems have frequency response limitations—that is, they respond only to some upper
frequency limit, which we call the Nyquist frequency. As a result, the output signal of
these systems is band limited. We have already seen that the ordinary house telephone
signal has an upper frequency limit of about 4 kHz and the television signals have
an upper frequency limit of 4 MHz. A very important consequence of a finite bandwidth
signal is that it can be accurately represented by a narrow time-duration sampling
sequence, with samples taken at discrete and periodic instants. As already noted, the
time space between the samples of one signal can be used to accommodate (time
multiplex) without interference from the samples of a different signal when transmitted
through some transmitting channel. Often the samples are digitized, and this digitization
is readily accomplished with an analog-to-digital (A/D) converter, the output being
amplitude information in digital form. It is in this form that sampled and digitized
signals enter a computer for further processing.

5.1 Fundamentals of Sampling

The values of the function at the sampling points are called sampled values. These
values are the exact values (infinite precision) of the signal at those corresponding
sampling times. The time that separates the sampling points is called the sampling
interval (T,), and the reciprocal of the sampling interval is the sampling frequency

5-1
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(F;=1/T,) or sampling rate. The value of any continuous function f(t) at the point nTj
is specified by

f)o(t — nTs) = f(nTs)o(t — nT;) (5.1)
This relationship is easily proved by integrating both sides of the equation. The
sampling interval is chosen to be a real positive number and a constant, and n=0, £1,

£2,43,... . The choice of T is critical in recapturing the original signal, a matter to be
discussed in detail below. The sampled signal is

FO2F0) S 80— nT) = fDeombr,() = S fT)ot —nT)  (52)

n=-—0o0 n=-—0o0

where the equality (5.1) was used. The Fourier transform of the above equation is

E(w) 2 5{(0} = Y f(nT)5(t —nT)h = Y flnT)e ™ (5.3)

n=-—0o0 n=—0o0

where the delta function properties for the Fourier integral were used. Note that the
Fourier transform operates on functions with a continuous time ¢ as their independent
variable.

Now, consider the Fourier transform of the term f,(t) = f(t)combr, (t), which appears
in (5.2) and which is equivalent to the quantity involving the shifted delta function. Using
the frequency convolution Fourier property and the Fourier transform of the comb
function, we obtain

Fi(w) = §{f(t)combr (1)} = LF(w) * F{combr, (1)}

ziF(w)* |:2;T Z 6(w — nws):|

S n=—o00

Tis Z J F(x)8(w — x — nw;)dx
1 o0
=T Z: Flo — nw) (5.4)

By (5.3) and (5.4),

Fiw) = Z f(nTy)e o —% i Flo — nwy) o= ZT—” = 2mF, (5.5)

n=—00 S n=—o0
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where
w, is the sampling frequency in rad/s
F, is the sampling frequency in s~ '

This discussion shows that if we know the Fourier transform of f{t), the Fourier trans-
form of its sampled version is uniquely determined. Furthermore, if we set w = w — maw;
in (5.5), we obtain

00 00

Fy(w — mw;) :Ti > Flo — mo, — noy] = Ti > Flo - (m+ o]
1 o0
=T k;xF[w — kw,] = Fy(o) (5.6)

where we set n + m = k. Observe that for any m, as n increases to plus minus infinity the
values of k also increase to plus minus infinity.

Note: The spectrum of the sampled signal f(t) is an infinite sum of shifted spectrums of the
original signal f(t). The spectrum of the sampled signal is periodic with a period w; (see
Figure 5.1).

SO NLO [ R

(a) combr(t)

1.4 T T T T T

1.2+

0.8 -

04 -

0.2+

0
-15 15

(b)

FIGURE 5.1
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When the function f{f) is causal (positive time), f(t) =0 for t < 0; then

£i(t) = f(nT)8(t — nTy) (5.7)
n=0
which can be shown to yield
F(w) = nf;f(nn)efw"ﬂ Sl fjoc Flo — nwy) (5.8)

Example 5.1

Find the Fourier transform of the sampled functions

() £ = e Meombr, (1) (2) £(0) = e~ ult)combr, (1)

SoLuTION

By (5.5) and (5.8) and Table 3.4, we obtain, respectively,

-~ A = =L
§{e lcombr.(0} = Filw) T2 TTwrney U7 (5.9
i N 71 1 oo 1
{e""u(t)combr,(t)} = Fs(w) = 5 + T n:E—oc TT @1 nay (5.10)

Example 5.2

Consider three functions, f(t), h(t), and g(t), with respective frequency characteristics
Flw), Hw), and G(w), as shown in Figure 5.2b. Find the maximum sampling interval T in
order that the function y(t) =f(t) + h(t)g(t) shown in Figure 5.2a is recovered from its
sampled version y(t) using a low-pass filter.

SoLuTioN

The Fourier transform of the sampled function is given by

Yi(w) = {f()combr, (t) + h()g(t)combr, (1)}
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h(e)
y(t) ys(t)
X () ()
OO
(a) fit) combTS ()
Ho) H(w) G(w)
1 1 1
~2710% 27104 —2m10* 27104 om0t 210t ¢

2710*  4710% 8m10* @
o e —
FIGURE 5.2

From the frequency convolution property of the Fourier transform, we find

V(@) = = F(@)* 2% COMBy, (@) + —— Sh(Dg(0} * 2 COMB,, (@)
2T Ts 2ar Ts

2
— ) Flw)*COMB, (@) + (l) Hlw) * Glaw) * Z—WCOMBw ()
T. . 2 T. :

S S

The convolution of Fw) and COMB,, (w) gives us a periodic repetition of the spectrum
Flw). The convolution H(w) * G(w) with COMB,,, (w) gives us a periodic repetition of the
spectrum H(w) * G(w). However, the spectrum width of H(w) * G(w) is equal to the sum of
the spectral widths of H(w) and G(w); hence, in the present case wy = wny + oy =
27w10% 4 27107 = 477102 The spectrum Y;(w) is shown in Figure 5.2c. We observe that
the minimum sampling frequency w, in order that the spectrum of H(w) * G(w) do not
overlap, is 8710* or, equivalently, the maximum T, = 277/8710% = 0.25 X 10", Because
the spectral width of H(w) * G(w) is greater than the spectral width of F(w), the value of the
sampling time is determined by the spectral width of H(w) * G(w). However, if the spectral
width of F(w) were greater than the spectral width of H(w)* G(w), the value of the
sampling time must be determined from the spectral width of F(w). The spectrums in
Figure 5.2¢ have been normalized to unity.

|

5-5
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5.2 The Sampling Theorem

We next show that it is possible for a band-limited signal f(f) to be exactly specified by its
sampled values provided that the time distance between the sampled values does not
exceed a critical sampling interval. The sampling theorem is stated as follows.

THEOREM 5.1

A finite energy function f(t) with a band-limited Fourier spectrum—that is, F(w)=10
for |w| > wnx—can be completely reconstructed from its sampled values f(nT;) (see
Figure 5.3), with

fy=">" Tf(nT) oin [:Egt__n"TT;)/ A o2 (5.11)

n=—0o0

provided that the sampling time is selected to satisfy

[\

1 AT
TAp_T_ 7 A 2N Jlso w, = 20y (5.12)

o, wN:27TfN:2f_N 2

where wy is the highest frequency of the signal and is known as the Nyquist frequency.

Proof: Employ (5.5) and Figure 5.3b to write (n =0)

F(w) = Py, /2(w) TsFs(w) (5.13)
Fw)
g F(0)
<~
(@) -T; YLS I 3T, t (b) -—wy Wy @
A0 L R
1G3T) ow pass filter P, ()
£0) S~ -
i L Flw)
g ; Fo) /i
«— :
| | -
-T, T, 3T, ¢ —0 —wy wN\ W, Wty
(© /2

FIGURE 5.3
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By (5.3), this equation becomes

F(w) = Py (@) T; i f(nTye et (5.14)

n=—00

From which we have that

n=—0o0

f(t) = gil{F(w)} = 371 { Pws/l(w)Ts i f(nTs)ej“’”T‘}

=T io: f(nTS)gj’*l{Pws/z(w)efj“’”n} (5.15)

n=—00

Note that the inverse Fourier transform operates only in function with the independent
variable w. By applying the frequency-shift property of the Fourier transform, it is seen
that this equation proves the theorem.

[ |

This theorem states that no loss of information is incurred through the sampling
process if the signal is sampled at a sampling frequency that is at least twice as fast as the
highest frequency contained in the signal. Equivalently, the sampling time must be less or
equal to one half of the Nyquist time Ty. For band-limiting signals, the sampling process
introduces no error since, in theory, we can recover the original continuous time signal
from its sampled version. The sinc function in (5.11) is known as the interpolation
function to indicate that it allows an interpolation between the sampled values to find f{(¥)
for all ts.

For the case when w, = 2wy, (5.11) becomes

sin [wn(t — nT)]

fy=">" fnT)————= (5.16)

o wN(t — I’lTs)

and the spectrum of the sampled function is periodic with successive replicas of the
spectrum of f{f) just touching.
The sampling time

Ty 1
T N 5.17

is called the Nyquist interval. It is the longest time interval that can be used for
sampling a band-limited signal while still permitting us to recover the signal without
distortion. Figure 5.4 shows how a signal can be reconstructed from its samples using
(5.11). Observe that the sinc functions tend to cancel between the sampling times
and reinforce at the sampling points. Although we used a Gaussian function that has
an infinite spectrum, when we use a unit sampling time and only three-sinc functions
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S

FIGURE 5.4

we observe that the approximation is very good. Of course, for a band-limited function
and an infinite number of shifted-sinc functions, the recovery is complete and not
approximate.

If we select the sampling time to be larger than half the Nyquist time or, equivalently,
the sampling frequency to be less than twice the largest frequency (Nyquist frequency),
an overlapping of the spectrums occurs. This overlapping is known as aliasing.

The Fourier transform of a sampled function is

Fy(w) = §{f(t)combr (1)} = %F(w) * §{combr, (1)} = frequency convolution

ZT_W i O(w — nws):| = %F(w) ® |: i S(w — nws)}

1

S n=—o00

= TLF(w) * COMB,,,(w) (5.18)

If the sampling frequency is not appropriate (is less than twice the Nyquist frequency),
then aliasing will take place and the spectrum will look like the one shown in Figure 5.5a.
If the sampling time diminishes at least to the value Ty/2, then the spectrum of the
sampled function will look like the one shown in Figure 5.5b. It is clear from Figure 5.5a
that there is no filter available that is capable of extracting the frequency spectrum of the
signal without including additional frequencies produced by the shifted spectrums.
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1 1
F(w) = ?S F(w) = COMBms(w) F(w) = ?S F(w) = COMB,‘)s ()
|
-y Wy -0y oy 20y
(a) W < 20y (b) ©; =20y
FIGURE 5.5

The effect of aliasing can be used to our advantage in some cases. Suppose that we want to
stop optically a repetitive action, for example, the wing undulation of a bee or the turning of a
wheel. To accomplish this optical effect, we flash the object with a strobe light. If we adjust the
repetition of the strobe flash to equal the wing repetition rate or the wheel turning rate, these
events will appear to be stationary. If the strobe frequency is higher than twice that of the
periodic phenomenon, the speed of the phenomenon does not appear to change. However, if
the strobe flashes are less than twice the frequency of the phenomenon under observation,
the repetition slows down; thus, we observe a slow-flying bee or a slow-rotating wheel. This
phenomenon is commonly observed in the movies when we see a moving stagecoach with
wheels appearing stationary or turning slowly (sometimes backward). In the movies, the
sampling rate is 1/20 s because the frame rate of the film is about 20 frames per second.

Sampling the function at twice the largest frequency available in the signal (the Nyquist
frequency), the signal spectrums just touch each other and extend from minus infinity to
infinity. This situation is shown to the left of Figure 5.6a. To isolate the spectrum of the
signal we must multiply the sampled spectrum with an ideal low-pass filter, which is shown
in the center of Figure 5.6a. The resulting spectrum of this multiplication is the spectrum of
the signal F(w). Hence, to recapture the signal intact, we write

T
§YF(w)} 2 ft) = gr‘{ [%F(w) s COMBwS(w)} EP‘"S /z(w)}

— 5 {TiF(m +COMSB,, (w>} ¢ 8 Py )

Ts 2sin (wst/2)

= f(t)combr (t) * ;

T & . sin (wst/2)
_;{ > fnTs(t - nTS)} —

n=-—0o0

== Z f(nTy) J 6t—x—nT5)Sin(a;75x/2)dx

n=-—00

B sin(wy(t — nTy)/2)
=T Z f(n T)—nTS)

n=—0Q0
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F() = % F(w)+ COMB, () Py )
s F(w)
T,/ 2m
X —

(@) NI N @, =20y _% % —@Oy OGN
OE Ok O

T, sin(wgt/2)/(7t)
£ e

1

(b) L -, T oor
FIGURE 5.6

Example 5.3

Show the aliasing phenomenon by decreasing w; or, equivalently, by increasing the
sampling time T, associated with a pure cosine function f(t) = cos wqt. Use a low-pass
filter of bandwidth w; in the output.

SoLuTION

The Fourier transform of f(t) is Flw) = m8(w — wg) + T8(w + wg). Thus, the Fourier
transform of the sampled function £(t) is (see also (5.18))

Fyw) = 1-Fla) » COMB,, (0

S

= % [6(w — wp) * COMB,, (@) + 8(w + wq) * COMB,, (w)]
S
Figure 5.7a shows the spectrum of the sampled function when w; > wq or, equiva-
lently, when T, < To=2m/w,. Figure 5.7b is the result of the convolution of 8(w — wo)
and COMB,,, (w). Figure 5.7d is the convolution of 6(w + wg) and COMB,, (w). By adding
the spectrums of Figure 5.7b and d, we obtain the total spectrum of F(w) as specified
by the above equation. The spectrum of the sampled function is shown in Figure 5.7e. If
we incorporate a filter with a frequency bandwidth of w,/2, we regain our signal since

1 T . 1 T T T .
_ Jwot - e e _ Jowt
oy J TsPy, (w)e™ dw oy J T |:T5 8w + wo) + T S(w — wp) |/ dw

1. v
=5 [eft 4 '] = coswot
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F(o)
s F(@)+COMB, (&)
1
1 |
-0y , W | /T
— | |
COMB
o) S—wi+ @ “o s o+
b
. (b)
| .
—Ws 22 Fw)»COMB,, ()
(a)
Fw) L;ws— @) | " /T |
L 7/ T I I
| 1 — o) W—@) W
1 =
I =
W« Do @
COMB,, (») Tst(w) - Low pass filter
1 | L]
| I—a)s+ Wy \—W( [N I W;— l W+ Wy
s ©s -w,/2
(© (e) )
FIGURE 5.7

We follow the same procedure as shown in Figure 5.7 with the difference that, in this
case, the sampling frequency was taken less than twice the Nyquist frequency, which, in
this case, is wo. We observe in Figure 5.8 that the low-pass filter will produce a cosine

function but with a different frequency equal to ws — wq, which is the alias of w.
|

Example 5.4

Consider the analog signal I"V(t):e’o‘5r u(®). (1) Find and plot the magnitude of its
spectrum. (2) Using MATLAB® plot the magnitude spectrum of the sampled version
of fit) for ;=06 and T, =04.

SoLuTION

The Fourier transform of f(t) is easily found using the Fourier integral tables and is equal
to Flw)=1/(0.5+jw). From (5.3) we find that the Fourier transform of its sampled
version is

o0 o0
Flw) = 2 :e—O.Sane—/wnTg _ 2 :e*(O.STS‘F/ﬂ)Tg)n =14+ e~ (0:5Ts+jwT) + o~ 05T+ jwly)2 4
n=0

n=0
1 B 1

1 05T 4jwl) — | _ o057, pjal;
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F(w)
s F(@)+ COMB, (o)
|
: | /T
—@y . @ |
| |
COMB,, (@) —0 -0+ @ W)W, W+ 6
(b)
1 +
| | F(w) * COMBMS (w)
@0 “ |/w - @ H g
a
F(w) | |
L 7/ Ts _ —Ws—Wg Ws— W W
1
I @ =
-0y al)o Ty | Fw) Low pass filter
o2 T ;
COMB,, (©) | \ | | o2
] { :/ 1
1 o8 wV - @5 W5+
| - —Wgt @y Ws— @o 2]
) © ¢

FIGURE 5.8

where the formula for the infinite geometric series was used 1/(1 —x) =1 X+
x>+ -+ . The value of x must be less than one for the series to converge. Figure 5.9a
shows the magnitude of the spectrum Flw) and Figure 59b and c shows the
spectrum of the sampled function for T,=0.6 and T, =04, respectively.

2 4 6
1.5 3
[ L L 4
< o o
2 2 I
s 1 22 =
oh o oh
) ) ]
p= p= = 2
0.5 1
T,=0.6
0 0
-20 0 20 -10 0 10 20 -20 0 20
® ® ®

FIGURE 5.9
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Book MATLAB m-File: ex5_2_2

%ex5 2 2is them-file for illustrating Ex 5.4
w=-—10:0.01:10;

fw=abs (1./(0.54+3*w)) ;
fslw=abs(1l./(1l-exp(—0.5%0.6) *exp (-j*w*0.6))) ;
fs2w=abs(1./(1l-exp(—0.5%0.1) *exp (-j*w*0.1))) ;
subplot (2,3,1) ;plot (w, fw,'k') ;xlabel (‘\omega') ;ylabel (‘magnitude') ;
subplot (2,3,2) ;plot (w, £fslw, k') ;x1label (‘\omega') ; ylabel (‘magnitude') ;
subplot (2,3, 3) ;plot (w, £s2w,'k") ;x1label (‘\omega') ; ylabel ('magnitude') ;
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Discrete-Time Transforms

In the previous chapters, we included discussions on the use of Fourier transform (FT)
techniques in continuous time-signal processing and signal-sampling studies. However,
in many problems, the signal may be experimentally derived, and analytic functions
are not available for the integrations involved. There are two general approaches that
might be adopted in such cases. One method calls for approximating the functions
and carrying out the integrations by numerical means. The second method, and one
that is used extensively, calls for replacing the continuous FT by an equivalent discrete
Fourier transform (DFT) and then evaluating the DFT using the discrete data. Now,
instead of integrations, the direct solution of DFT requires, for each sample, N complex
multiplications, N complex additions, and the access of N complex exponentials that
appear in the DFT. Hence, with 10* samples (a small number in many cases), more than
10® mathematical operations are required in the solution. It was the development of the
fast Fourier transform (FFT), a computational technique that reduces the number
of mathematical operations of the DFT to N log, N, that made the DFT an extremely
useful transform in many fields of science and engineering.

6.1 Discrete-Time Fourier Transform

6.1.1 Approximating the Fourier Transform

The FT of a continuous-time function is given by
00
F@ = | se 6.1
—00

where we have used the capital omega to represent the continuous-frequency independ-
ent variable in rad/s. We can approximate the above integral by introducing a short time
interval T, such that, essentially, all the radian frequency content of F({2) lies in the

6-1
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interval —7 /T, < Q < r/T,. With this approximation, we express the Fourier trans-
form integral (6.1) in the form

nT+T
FO =3 | foeas Y Tgene ™t 10 (62)
n=—00 T, n=—00

If we set

fn) = T, f(nT)

(6.3)
o = QT rad/unit
in the above equation, we obtain
Sorl M} 2F@) 2 Fe) = Y flme (6.4)

which is known as the discrete-time Fourier transform (DTFT).

Note: The discrete frequency w is equal to QT and has the units of radians per unit length,
where Q) has units of rad/s. If T, is unity time, then the discrete frequency and the
continuous frequency have the same values but different units. Both frequencies, {} and
w are continuous independent variables.

Therefore, the following steps can be taken to approximate the continuous-time FT:

1. Select the time sampling T such that F(}) 22 0 for all |Q}| > 7/T..
2. Sample f(t) at times nT; to obtain f(nTy).
3. Compute the DTFT using the sequence {T; f(nT5)}.

4. The resulting approximation is then F({)) = F(w) for —% << %
N N
If we introduce the value of w + 27 in (6.4), we obtain
Flw + 2m) éF(ej(‘”“”)) = F(e/*) = F(w) (6.5)

since exp(j2m) = 1. Therefore, the function F(w) is periodic with a period of 2. This
property contrasts with the FT's of continuous functions whose range is infinite. Thus,
due to periodicity, the frequency range of any discrete-time signal is limited to the
range (—mr, 7] or (0,2m] for T;=1; any frequency outside these intervals is equivalent
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to a frequency within these intervals. If we had included the sampling time, (6.5) would
have taken the form

F(e/(OH)T) = F(ef @) (6.6)

which indicates that the spectrum is periodic every 27/ T;.

Because F(w) is periodic, it can be expanded in a Fourier series. To accomplish this,
multiply both sides of (6.4) by ¢“"dw and integrate the expression within the period.
This yields

n=—00

J E(e)e/"dew = J [ i f(n)e‘j”“’} e dw (6.7)

But, taking into consideration that the integral of any sinusoidal signal is zero when it is
integrated within a period (or multiple period), we obtain

o

i f(n) J el@lm=n) g, — {éﬂ-f(n) Z ; Z (6.8)

n=-—o0o
—T

Then, (6.7) becomes

ks

f(n) = % [ F(e’)e™"dw (6.9)

—1T

Thus, the DTFT pair of discrete-time signals is

F(e/) = |F(e/*)|e*® = i fnye e

(6.10)

Fln) = % J F(e*)ei™ deo

Example 6.1

Determine the DTFT of the signal f(t) = exp(—tu(t), for ;=1 and T,=0.1.
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SoLuTION

(@) From (6.10), we write

e/w Ze—ne—jmn § e (1+Ho)n __ 1
T —e (e

since the summation is an infinite geometric series.
(b) Taking into consideration the sampling time in (6.10), we obtain

o0

o0
Fe) =T, Zf(nT eI = g seIsn
n=0 n=0
—0.1 o —(0.14jQ0.1)n __ 0.1
=0. Ze T = 01010

>
Il
o

Since {fin)} and {fnT,)} are absolutely summable,

o0
(1+Hjw)n —n| _ -n _
>l Z\e = Ze - <o
= = 0.1
0.1 o= 014019 _ (4 o0In| — : <
;I | ;I | = <0

the series converge.

The magnitude and phase of the second case, for example, are given by

0.1

F JQ0.1
€)= (1 —e01cos0.1Q) + je=%1sin 0.102)

o . ePsin010

. —jtan ——————————

= e 1 —e01¢cos0.1Q
\/(1 — 791 o5 0.10)°+(e=%1 sin 0.1Q))?

If we set ) = —€) in the above equation, we observe that the magnitude of the
spectrum is an even function and the phase is an odd function.

Note: For real functions the amplitude spectrum is even and the phase spectrum is an odd
function. Thus, the representation of the frequency spectrum within the range 0 < Q) <
will suffice.

The reader should plot the magnitude of the spectra given above to observe
the differences. Furthermore, if we set T,=0.01, the spectrum will closely approximate
the exact one to 1007 and its magnitude at zero frequency is 0.01/(1 — exp(—0.01)) =
1.0050, which is very close to 1, as it should be. |
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6.1.2 Symmetry Properties of the DTFT

Sequence

DTFT

Complex signals
x(n)

x*(n)

x*(—n)

xr(n)
jxi(n)

xe(n) = = [x(n) + x*(—=n)]

— N =

Xo(n) = 5 [x(m) — x*(=n)]
Real signals

x(n)

x(n)

x(n)

x(n)

x(n) .

Xe(m) = 5 lx(n) + x(=n)]
Real and even

xo(m) = 3 () = x(=n)}
Real and odd

X(e/*)

X4(e )

X*(e)

X(e) =3 [X(E) + X))

X,(e#) =3 [X(e") — X:(e )

X, ()

X,(e™)

X(e/®) = X*(e®)

X, (ef) = X, (e7)

X(e); = —Xi(e ™)

1X(e/)] = |X (e

angle X(e/?) = —angle X(e™/*)
X, (e/)

Real and even
jXi(e!)

Imaginary and odd

6.2 Summary of DTFT Properties

Linearity
Time shifting
Time reversal
Convolution

Frequency shifting
Modulation

Correlation

Parseval’s formula
Time multiplication

Multiplication on sequences

af (n) + bh(n) 2 aF(e) + bH(e/®)

f(n — m) 2 giomp(eio)

S & Ee )

f(n)*h(n) & F(e™)H(e™)

ennf(n) L F(eiw-)

f(n) cos wyn Pl %F(ej(”’“’")) + %F(ej(“’""“)

f(n) ® h(n) & F(el)H(e )
Sl =5 | IR

dX(z)

Fprinx(n)} = —z i

(see Chapter 8)

z=el®

1 (™ ) ) 1 ) )
For{x(my(m} =~ J Y(e™)X(e/“™)dx = 5 Y(E X (E)

The proofs of these properties are given in Appendix 6.A.1.
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Example 6.2
Find the DTFT of the function g(n) = 0.9"u(n) cos 0.1arn

SoLuTION

We observe that the function 0.9"u(n) is a modulating function and thus,

Fpr{0.9"u(n) cos 0.1wn} = &’DT{

1 & o0
252 Ogefjw 0171' Z 0967/m+0
n=0 n=0

1 1 1 1
T 270901 1 37 0o @roim

— EG(e/(mfoﬂw)) + EG(ej(aH»Oﬂ‘n'))

0.9"u(n)e® '™ 0.9"u(n)e 0™
2 + 2

We must always have in mind that the spectrum of discrete signals is infinitely periodic.
Therefore, the magnitude of G(e/?) is a double periodic structure, one shifted to the left
by 0.17r and the other to the right by 0.147. Since in this case T, =1, the spectrum can be
plotted from —ar/1 to /1.

Book MATLAB" m-File: ex6_2 1

$ex6_2 lisanmfile for illustratingEx 6.1
w=—pi:0.01:pi;

fwl=abs(0.5%(1./(1-0.9%exp(—j* (w-0.1*pi)))));
fw2=abs(0.5%(1./(1-0.9%exp (—Jj* (w+0.1*pi)))));

plot (w, fwl,w, fw2) ; [ |

Note: In contrast to the FT, where we had continuous functions in both the time and the
frequency domain, in the case of DTFT we have discrete functions in the time domain and
continuous functions in the frequency domain.

Example 6.3

Verify Parseval’s formula using the function

i 1 —Tm<ow<Tm
Flef*) = {
") 0 otherwise

SoLuTION

The time sequence corresponding to the given F(e/?) is

fin) =

m .
L sinnr
2w
—T

nw
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But the relations

© fsinnm\: 1 XX [sinnm\? 1
> T) =~ T} =~ @?4+040+---)=1 and
— nar = n a2
n=0 n=0

ko

1

—de:W

2

—r

prove the theorem. [ ]

6.3 DTEFT of Finite Time Sequences

Practical considerations usually dictate that we deal with truncated series. Therefore,
the spectrum of a truncated series requires special attention. When we observe a finite
number of data points, f(0),f(1),f(2),...,f(N — 1), how do we account for the unob-
served time-series elements that lie outside the measured interval 0 <n < N —1?
We must consider the effect of the missing data since a one-sided FT, for example, requires
the entire set of time-series elements f(#) for the interval 0 < n < co.

The one-sided truncated DTFT is defined by

N—-1
Ey(e™) =) f(me " (6.11)
n=0

We introduce the DTFT of f(n) in the above expression so that

N—1 -

. 1 [ Ly ;
Fy(e®) = Z py J F(e/”)e/ " dw' | e7/e"
—T

=
I = S LT L
=— J Fe) ) el Mde = — J E(e™ )Y W(e/ @) de’
2 = 2
—aT

—r

1 . .
= EF(@"")*W(eJ“’) (6.12)
where
N-1 —io\N .
i = 1—(e™®) Co(N_1)/2 SN (WN/2)
w joy — jon __ : _ jo(N—1)/2 6.13
(e™) nz:; ¢ 1 —ee ¢ sin (w/2) (6.13)

and the finite geometric series formula was used. The transform function W(e/®) is the
DTFT of the rectangular window, since it is the transform of the time function
w(n) = u(n) — u(n — N) = pnp (n — %), even for N. We observe that with a finite
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sequence a convolution appears in the frequency domain. From (6.12), we observe that
to find the exact spectrum F(e/®) we require a Fourier-transformed window W (e/*) equal
to a delta function 6(w) in the interval —7 < w < 7. However, the magnitude of
|W(e/)| = sin (wN/2)/ sin (w/2) has the properties of a delta function and approaches
itas N — oo. Therefore, the longer the observed time-data sequence, the less the distortion
in the spectrum of the signal, F(e/*).

We observe that

cos won = Fp{md(w — wy) + 7S (w + wo)} (6.14)
and, hence, the DTFT of
f(n) = cos (won) + cos [(wo + Awp)n] (6.15)
is
F(e/®) = 7[8(w — wp) + 8(w — wg) + 8(w — wy — Awg) + 8(w + wo + Awg)]  (6.16)

The convolution of (6.16) with (6.13) gives the following expression:

w—w 0+
1( y )/sinzo 1( y )/sinzo
joy __ - —jlo—w)N-1)/2 2 | * —jlotw)N-1)/2__ 2
e =g FRCEITR A R
sin———
2 2
w—wy— Aw
1 sin— 0 70N
4= e*j(w*wo*Awo)(Nfl)/Z 2
2 . w—wy)— Awg
sin——M ——
2
. o+ wy + Awy
| forardonmv-nz g
S e SR 6.17
+2 o+ wy + Awy (6.17)
sin—————

We observe that the DTFT of two finite sinusoids is made up of four sinc functions,
two on the right side and two on the left side. We will plot the magnitude of (6.17) for
the different values of Aw. This will show us how the value of N affects the resolution
capabilities of the DTFT for two sinusoids whose frequency is very close to each other.
We shall plot only half of the spectrum for convenience. Figure 6.1a shows the magnitude
of the spectrum for two sinusoids with wy = 0.277, Awy = 0.177, and an infinite number
of terms. Figure 6.1b shows the magnitude spectrum for the case Awy = 0.17 >> 27

_ 27
=
Figure 6.1c shows the magnitude spectrum for the case Awy = 0.17 > 2F = 2T and,
finally, Figure 6.1d shows the magnitude spectrum for the case Awg = 0.17 < 37 = 27

Since the limit value is 277 /N, then as N — oo the value of 27r/N approaches zero. This
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FIGURE 6.1

3.5

indicates that we can separate two sinusoids with an infinitesimal difference if we take

enough signal values.

6.3.1 Windowing

It turns out that the FT spectrum will depend on the type of window used. It is
appropriate that the window functions used are such that the smoothed version of the
spectrum resembles the exact spectrum as closely as possible. Typically, it is found that for
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a given value N, the smoothing effect is directly proportional to the width of the main lobe
of the window, and the effects of the ripple decrease as the relative amplitude of the main
lobe and the largest side-lobe diverge. A few important discrete windows are

1. von Hann or Hanning

=1l 2T g<n<N (6.18)
wn) = — — COS n .
2 N-—-1 -
2. Bartlett
2n N-1
N-1 St
w(n) = 6.19
(n) - N (6.19)
2 — ——<n<N
N-—-1

3. Hamming

27n
w(n) = 0.54 — 0.46 cos (N 1) 0<n<N (6.20)

4. Blackman

27n 47n
w(n) = 0.4 — 0.5 cos + 0.08 cos N

0<n<N 6.21
N-1 J sns (6.21)

Example 6.4

Find the DTFT of the discrete function f(n) = 0.95"u(n) using N=21 and compare
that spectrum with the spectrum using the Hamming window instead of the rect-
angle one.

SoLuTION

Figure 6.2a shows the spectrum for the rectangular window and Figure 6.2b shows the
spectrum using the Hamming window. For both cases, we used N =21. Figure 6.2¢ is
the exact spectrum.

Book MATLAB m-File: ex6_3_1

$ex6 3 lisanmfile that illustratesEx 6.1
N=21;

n=0:N-1;

w=0:.01l:pi;

wh=0.54-0.46*cos (2*pi*n’/(N-1)) ; $Nx1 vector;
fl=abs( (0.95."n') *exp (-j*n'*w) ) ;
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14 T 7 T 20
18
12 1
16
10 b 14
¥ sf 3 { g1
2 2 2
= b=l = 10
& 133 123
< ol ] | =
s s S
4l ] 6
4 -
2 - .
2 -
0 : 0 :
0 2 4 2 4 0 2 4
(a) © (b) 3] (c) ®
FIGURE 6.2

fls=sum(£fl,1) ; $sums the columns of the Nxlength (w) matrix £1;
f2h=abs ( (0.95."n’.*wh) *exp (-j*n'*w) ) ;
f2hs =sum(£f2h,1) ;
subplot (1,3,1) ;plot(w,fls,'k") ;xlabel (‘\omega') ;ylabel ('magnitude') ;
subplot (1,3,2) ;plot (w, £2hs, k') ;xlabel (‘\omega') ; ylabel (‘magnitude') ;
fwe=abs(1./(1-0.95%exp (-j*w))) ;
subplot (1,3,3) ;plot (w, fwe,'k') ;x1label ("\omega') ;ylabel ('magnitude') ;

|

6.4 Frequency Response of LTI Discrete Systems

In Chapter 1, we introduced discrete systems which are described by difference equa-
tions. The general difference equation for the first-order system is given by

y(n) = box(n) + byx(n — 1) — ayy(n — 1) (6.22)

We assume that the DTFT of y(n), x(n), and the system impulse response h(n) all exist.
Taking the DTFT of both sides of the above equation, we obtain

Y(e/®) = boX(e/®) + bie X (/) — a1e 7Y (/) (6.23)
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from which we write the system function

el 4 b
4 Y(e/®) by + bre @ bo z—z
Heewy = L&) _botbie™ 7 ks, zom (6.24)
X(e®) 1+ae el 4 a; Z = P1l, e

If we set @+ 27 in the above equation we find that H(e/“*?™) = H(e/®), which
indicates that the transfer function is periodic with period 27 (T, =1).

Example 6.5

Determine the system function of the system specified by
y(n) — 0.5y(n — 1) = x(n) (6.25)

SoLuTION

Comparing (6.25) to (6.22), we observe that the constants are a; = —0.5,
bo =1, and by = 0. Hence, (6.24) gives the following transfer function:

1 Joo
Hie) = ¢ (6.26)
1 —0.5e7® e/ —0.5

We know that the DTFT (see Table 6.1) of 0.5"u(n) is

> ; 1
057" = ————— = H(e/”
n; T 0see €Y

Therefore, the impulse response of the system is

h(n) = 0.5"u(n) 6.27) =

TABLE 6.1 Some DTFT of Discrete Signals

Time Function f(n) DTFT of f(n)
x(n) = 8(n) X(e®) =1
oN
_ . sin—
x(n) =um) —u(n—N —1) X(e/*) = e SN-D 3)
sin—
2
sin won ) 1 |o| <wp
_ _ joy =
x(n) p |wg| < 71, —00 < 1 < 00 X(e) {0 0 < |0 <
. 1 1 1 1
— " JOy — —
x(n) = a" cosnwy |wo| < X(e/?) R R ————"

x(n) = a"u(n) X(e/*) = ﬁ
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6.5 Discrete Fourier Transform

We have shown in Chapter 5 that if a time function is sampled uniformly in time, its
Fourier spectrum is a periodic function. Therefore, corresponding to any sampled
function in the frequency domain, a periodic function exists in the time domain. As a
result, the sampled signal values can be related in both domains.

As a practical matter, we are only able to manipulate a certain length of signal.
That is, suppose that the data sequence is available only within a finite time window
from n=0 to n=N— 1. The transform is discretized for N values by taking samples
at the frequencies 277 /NT;, where T is the time interval between sample points in
the time domain. Hence, we define the discrete Fourier transform (DFT) of a sequence
of N samples {f(nT,)} by the relation

N-1
F(kQ,) éF(eij") = Fp{f(nTy)} = T. Zf(nTS)e*ijTskn
n=0 (6.28)
2T
O, = ; 0<n<N-1
TN =T
where
N = number of samples (even number)
T; = sampling time interval
(N — 1)T, = signal length in the time domain
2
O = % = N; = the frequency sampling interval (frequency bin)
e 70T = Nth f)rincipal root of unity

The inverse DFT (IDFT) is related to the DFT in much the same way as the FT was
related to its inverse FT. The IDFT is given by

N-1
FnTy) 2 55 (F(kQy)} = — 3 F(ky o

NT =5 (6.29)
2
O=—", 0<k<N-1
NT,

Proof: We write

NT; k=0 k=0 m=0

1 Nt 1 N1 N-1
Zp(kgb)embnnk == Z T, Zf(mTS)efjﬂstmk /U Tk

N-1

1 N-1 ]
= § LSO S e s
m=0

k=0
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However, using the finite number geometric series formula, we obtain

N-1
Z I WT ok _ N m=n
paa 0 m#n

and, hence, the right side of the above equation becomes equal to f(nT;), as it should.
Therefore, (6.29) and (6.28) constitute a pair of the DFT.

Note: The sequences in the time domain and in the frequency domain are periodic with
the period N. This indicates that when we take N terms from a time sequence and use the
DFT, we automatically create a periodic-time function and the corresponding periodic-
frequency function.

Note: In the DFT, both the time domain and the frequency domain are discrete sequences.

In general, F (/) is a complex function and can be written in the form
F(ejkﬂl,) _ |F(ejk(ll;)|ej¢(k!)b) (630)
where |F(e/*¥)| and ¢(k()) are discrete frequency functions. The plots of these func-

tions versus k{);, are referred to as the amplitude and the phase spectra, respectively, of
the signal f(nTy).

Example 6.6
Find the DFT of the function f(n) = 0.9"u(n) for N=4.

SoLuTION

Since the sampling time is unity, (6.28) becomes

2
A
FO(%) =>"09% "4 =1+09+09"+0.9° =3.4390
L 4 n=0
2 Rl 7/2—771/7 —j = 7]2777 7]2777- x 3
F1<T7T> =5"09% ' 4 1409 ~ 4 +0.9% 4 109 4
L 4 n=0
=0.1900 — 0.1710;
2
[ /2 Rl —j=2n —j = —j= —j—2x3
F2<77T> =Y 09 4 1409 4 +oge 4 0% 4
B n=0
—0.1810 — 0.0000;
2 T
o) o N Sl il il 733
F3<%> =Y 09 4 1409 4 +0.9% 4 0% 4
] =0
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Note: The magnitude of the spectrum for k=3 and k=1 are the same. The frequency
7/ T, = /1 is known as the fold-over frequency.

The amplitude spectrum is 3.4390, 0.2556, 0.1810, and 0.2556 for k=0, 1, 2, and 3,
respectively. The phase spectrum is 0.0000, —0.7328, 0, and 0.7328 for k=0, 1 2
and 3. The phase spectrum is given in radians. Since the frequency bin is
Oy =27 /NTs = 21 /4 x 1 = /2, then the amplitude and the frequency spectra are
located at 0, 7/2, 7 (the fold-over frequency) and 37/2 radians/unit length. [ ]

6.6 Summary of DFT Properties

Below we give a summary of the DFT properties. Their proof is given in Appendix 6.A.2.
It is convenient to abbreviate the notations of (6.28) and (6.29) by writing

F(kQy) = F(k);  f(nT) = f(n); e /N =w (6.31)

Using this notation, the DFT pair takes the form

N-1 N-1
F(k) =Y fmw™ =>"fme ™ N k=0,1,2,...,N—1
n=0 n=0

1 N-1 1 N-1 )
fn) == FloW ™ == "F(k)e”™ N n=0,1,2,...,N—1
N k=0 N k=0

(6.32)

Periodicity

Linearity
Symmetry

Time shifting
Frequency shifting

Time convolution

Frequency convolution

Parseval’s theorem

Time reversal

Delta function

Central ordinate

x(n+ N)=x(n) for all n
X(k+ N) = X(k) for all k

af(n) + bh(n) 2 aF(k) + bH(k)
SE0) ()

f(n — i) 2 F(k)e 2™iIN = F(ywhi
F(m)e 3B Fk — i)

y(n) 2 f(n)*h(n) 2 FOH(K)
fon) &S E@HE )
SN P = S WP
F(=n) B F(—k)

8(m) 31

N-1

1 _
fO =5 > FR: FO) =" f(
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Example 6.7 (Shifting property)

Deduce the DFT of the two sequences shown in Figure 6.3. Observe that h(n) is a shifted
function of f(n).

SOLUTION

From (6.28) we obtain, respectively,

F(x2T —if(m)eﬂz’fk”/“- (k2T =
4) ' 4 )

The specific expansions are

6
f(n)eﬁZwkr}M
n=3

F(Og) =1 cos(%O X O) +2 cos(%O X W) +3 cos(%O X 2) +4 cos(%O X 3)
. . (T AL . (T . (T
—1[1 sm(—Ox O) +2 S|n<—0>< 1) +3 5|n<—0>< 2) +45|n<—0><3>}
2 2 2 2
=10—/0
F<1§):1cos<g1x0>+2cos<g1><W>+3cos<g1><2>+4cos<g1x3>
fj[1 sin(gW><O>+2sin<g1><1>+35m<g1><2)+4sin(§1><3>}

=242

We can proceed the same way to find the rest of the values. However, we can use the
following Book MATLAB m-file to find the values easily.

4l 4
< 3f S
-~
20 L
1 ]
3 n 3 6 n

FIGURE 6.3
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Book MATLAB m-Files: ex6_6_1, ex6_6_1b
$ex6_6_ 1isanm-file to find the values of the summations

N=4;
n=0:N—-1;
fn=1[1234];
k=0:N-1;

F=exp (—j*k/*n*2+*pi/N) *fn’;

subplot (2,1,1) ;stem(k,abs (F)) ;subplot(2,1,2);
stem(k,angle (F)) ;

$after you call them-file, type F and return and youwill
$be presented with the values of the DFT

The values of F are:
10.0000

—2.0000 + 2.0000/
—2.0000 — 0.0000i
—2.0000 — 2.0000/

$ex6 6 lbisanm-filetofindthevaluesof the summations for
% the shifted functionh(n) ;

N=4;

n=3:N+3—-1;

fn=1[1234];

k=0:N-1;

H=exp (—j*k/*n*2*pi/N) *fn’;

subplot (2,1,1) ;stem(k,abs (H)) ;subplot(2,1,2);stem(k,angle (H)) ;
$after you call them-file, type H and return and youwill
$be presented with the values of the DFT

If we call the m-file ex6_6_1b, we obtain the DFT of the shifted function h(n). The
values are:

10.0000

—2.0000 — 2.0000/

2.0000 +- 0.0000/

—2.0000 + 2.0000i

Observe that the magnitude of the spectrum stays the same but the phases have
changed. This is the practical verification of the shifting property. |

Example 6.8 (Time convolution)

Consider the two periodic sequences, f(n) = {1, —1,4} and h(n) = {0, 1,3}. Verify the
time convolution property by showing that for T,=1,

=

-1
y@) = > fhQ2 —x) = SplF(HK)} = ]N FUOH(K)e?™ /N

x=0 k

Il
o
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SoLuTION

We first find the summation

2
Zf(x)h(Z —x) =f(0)h2) + F(Mh() +f2h(0) =1 X3+ (=M1 +4x0=2
x=0

Next, we obtain the DFT of the sequences f(n) and h(n), which are
2 P
FO) = fme ™ =)+ f()+fQ=1-1+4=4
n=0
2

F(1) = f(n)e—j}rﬂn/S —1— e—/Z‘n’WxW/S +4e—/Z7ﬂ><2/3

/:(2) — f(n)e—j2ﬁ2n/3 =1 e—/2772><1/3 +4e—/27r2><2/3

2
HIO) =D h(me ™ = h(0) + h(1) + h(2) = 0+ 1+ 3 =4
n=0
2
H(1) = h(n)e—jZ'irM/S =0+ e—j27ﬂ><1/3 + Be—j27ﬂ><2/3
HQ) = h(n)eij';an/B =04 e—j2w2><1/3 + 3e—j2772><2/3

The second summation given above becomes

1 : 1 ,
3 D FRHIREI™E = S [FOH(O0) + FIHMe ™" + FQ)HRE ™)
k=0
= 2.0000 — 0.0000
For convenience, the reader can use MATLAB directly. |

Note: To obtain the circular convolution of the two sequences f(n) and h(n), we follow
the following steps: (1) Calculate the DFT of these sequences to obtain F(k) and H(k).
(2) Multiply element by element these DFTs to obtain G(k) = F(k)H(k). (3) Calculate the
IDFT of G(k). The result is the circular convolution, and for these two given in the example
above g(n) ={1 13 2}.

Note: To obtain the linear convolution of f(n) with N elements and h(n) with M elements,
we add zeros at the end of each sequence such that its total length is Q=N+ M — 1.
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Example 6.9 (Frequency convolution)

Use the values of F(k) and H(k) of Example 6.7 to verify the frequency convolution
property.

SOoLUTION

Figure 6.4 shows the circular convolution of F(k) and H(k), with the values obtained from
Example 6.8. From the frequency convolution property, we obtain the periodic
sequence

yn) = 8o YK} = gDF

MZ

} or {y(m}={f(nh(n}=10, —1,12}

F1)=-L 453 H1y=—2+28
Ry L58 HO=2-28 W= 2% =273
2
FO)=4
F(0)=4
H(l)——2+j%§ 5 H(Z)*—Z—i%g
5V3
@) F(Z)—f%flsf =53
F(1)=-%+,‘%§ 1{(1):72“'2‘?6
F(0)=4
H(2):—2—j%§

©  F2=-i-22

FIGURE 6.4
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Thus, from the results of Figure 6.4, we obtain

y(0) = F5 (Y (k) ZY K)elem/30
:%[117g—?+ 33 /3£] 0
y(1) = F5 'Y (k)} _11+(—%+/13§ cos%”ﬂsm%”)
+(—%—/13\/7§ (COS%T—HSIH%T): =1
y(Q2) = Fy ' {Y(K)} :11+(—%+113§) (cos%ﬂﬂsm%”)
+(—g—j \f (cos—-ﬁ-/ sin 8?77) =12

Y(0) = 3 =11
Y1) = [FO)H(1) + F(MH(0) + FH(2)] _ —l+ 13£
3 2 2
vy = [FOHQ) + A >3H< JHFQHOL_ 1. V3
The results obtained verify the frequency convolution property. |

Example 6.10 (Parseval’s theorem)
Verify Parseval’s theorem using the sequence f(n) ={1, —1, 4}.

SoLuTION

We have directly that 22;2) f2(nN) =141+ 16 = 18. The values of F(k) for this
sequence are given in Example 6.8, so that

[16 4 | — 0.5 +j5 x 0.8660|* + | —0.5 — j5 x 0.8660]°

w\—-

1 2
3 2l
k=0

[16+19+19] =18 [ |

w\~

The above examples elucidated some of the DFT properties. The following two examples
will clarify the similarities and the differences between the DFT of the continuous
functions and their FT.
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Example 6.11

Deduce the DFT of the function shown in Figure 6.5a discretized with T,=1, and
7.,=05.

SOoLUTION

This signal is a shifted triangle by 2 s. The centered signal is equal to the convolution
of two pulses of total width 2 s each: f(t) = p(t) * p(t). From the time convolution
property, the FT of f(t) is equal to F(w) = P(w)P(w). But the FT of a pulse is equal to
Plw) = £80e Hence, the FT of the symmetric signal is F(w) :45;)#. Taking into
consideration the time-shifting property, the FT of the shifted signal is given by
Flw) = e*/2“’451‘0#. For the case of T;=1, we have the following discrete signal
f(nT;) ={0 1 2 1 0} for times t={0 1 2 3 4} seconds, respectively. Let us further define

S0
2
1
() 2 4t
4 @ : ; : ; -
30 0o
o] T =1 Q
L S -
35 o/ o
(=) o
3t = .
o
251 8
g O 7,-05
b=
E 2t o
g
15 } 8
1 L
05
8
Oe 1 OSO L
0 2
(b) o rad/s

FIGURE 6.5
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NT;=16. Since we set T;=1 and NT,= 16, we find that N= 16. This value specifies the
bins in the frequency domain that are located at every Qy, = 27 /NT; = 27/16 = /8
rad/s. For the case of T,=0.5 s, and NT,=16 we obtain N=32. However, because
NT;=16 the bins at the frequency domain are located every /8. But since in this
case N =32, the fold-over frequency (the useful frequency extend) is at (/8)32 = 4
rad/s. This can be compared with the first case whose fold-over frequency is
(w/8)16 = 2. Comparing the two results we observe that by decreasing the sam-
pling time by 2 we expand the fold-over frequency (the useful frequency) by 2.
The spectra can be found following Example 6.6. Here we use MATLAB for conveni-
ence.

Book MATLAB m-File: ex6_6_5
$ex6 6 5isanm-file for the Ex 6.5

N1l=16;
Tl1=1;
T2=0.5;

f1=[01210 zeros(1,27)];
f2=[00.511.521.510.50 zeros(1,23)];
fdl=£fft (f1);
wbl=0:2*%pi/(N1*T1) :4*pi-2%pi/(N1*T1) ;
fd2=T2*fft (£2) ; $the £ft must be multiplied by sampling
Stime;
ftf=4*(sin(wbl)."2./(wbl4eps) .
plot (wbl,abs (fd1),'ko') ;hold on;
plot (wbl,abs (£d2),'ko') ;

hold on;plot (wbl,abs (ftf),'ko") ;

"2) ;

Note: We observe that by decreasing the time sampling, we succeed in extending the
useful frequency range (the fold-over frequency) and within that range the approximation
becomes better. |

Example 6.12

Deduce the DFT transform of the function

f(t)z{z 0< t<6

0 otherwise

for the following three cases:
(@ T;,=1.0, NI;=16

(b) T, =1.0, NT, =32
© T, =02 NI, =16
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SoLuTION

We readily find the magnitude of the FT of the continuous time function to be

4 sin 3w
|Flw)| = ‘ ’
w

Cases (a) and (b): Setting T, = 1 and NT; = 16, we find that N = 16. The frequency bins are
O, = T = 37 = T rad/s apart. The fold-over frequency is at § x § = £8 = o rad/s.
Figure 6.6a shows the absolute value of the difference (error) of the magnitude
between the continuous and the DFT case at the same points of the frequency axis.
For this case the distance is 7r/8. The discrete-time function is f(n)= [2 2 2 2 2 2 zeros

(1,10)]; Below are nine magnitude values of the DFT spectrum for case (a)

12.0000 94713 36955 13776 28284 09205 15307 1.8840 O

10 : . . . ,
g st 5
|48}

Oegg,@mamfa.c?ﬁ’.QT.?T
0 1 2 3 4 5 6
() w rad/s
15 . . ; : . .
N 10|. —
I
[jj 5- -
OWQGM%MMQQQQQ@Q???IQQT L
0 1 2 3 4 5 6 7
(b) w rad/s

02 . . ; , ; . .

0.15} -
§ 0.1+ -
48]

0.05} )

. ?%WTJT?T?THTT TT. T
0 2 4 6 8 10

12 14 16
(0 wrad/s

FIGURE 6.6
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In case (b), we set ;=1 and NT,=32 to obtain N=32 and the frequency bin
QO = 37 = 45 = % rad/s apart. The fold-over frequency is 7 x Y=216 =, which
is identical to that of case (a). The discrete-time function for this case is in)= [22222
2 zeros(1,26)];. Note that in case (a) we added 10 zeros and for case (b) we added
26 zeros so that the numbers N in the two cases have the correct value. Although the
fold-over frequency is the same, the number of frequency bins is twice as many as in
case (a). Comparing the above nine frequency values with the nine numbers below
for case (b),

120000 113362 94713 67574 36955 08277 13776 26213 28284

we observe that new values appeared in the second case between every /8
distance. We note that at /8 frequency bins the values of the spectrum for both
cases are the same.

Note: By adding zeros to a discrete sequence the accuracy of the spectrum does not
increase. However, within any range, the number of points increases and gives us a better
overall view of the spectrum.

Figure 6.6b depicts the error between the discrete case (b) and the exact spectrum.

Case (c): For this case, we set T, = 0.2 and NT, = 16. Hence, the number of elements
of the sequence is N=16/0.2=80. The frequency bin is Q, = 2% = %. The fold-over
frequency is Qb% = 740 = 57 rad/s which is five times the fold-over frequency of
cases (a) and (b).

Note: By decreasing the sampling frequency we extend the useful frequency (fold over) to a
larger range.

The discrete-time function created from the continuous signal is
f(n0.2)=1222222222222222222222222222222zeros(1,50)]. The first
nine elements of the DFT magnitude are

12.0000 94130 3.6050 13023 25570 0.7846 12116 13614 0.0000
The exact first nine frequency values for the continuous case are
12.0000 94106 36013 12993 25465 0.7796 1.2004 1.3444 0.0000

If we compare case, (c) with case (a) we observe that the case (c) results are
more accurate (they are closer to the continuous case). If we compare case (c) with
case (a) for the frequency 3(w/8) rad/s, we obtain 0.0030 for case () and 0.0783
for case (a). Figure 6.6c shows the error between the DFT for case (c) and the
exact values.

Note: By decreasing the sampling frequency, the discrete signal spectrum approximates
better to the exact spectrum of the continuous signal. The approximation increases as the
time sampling decreases. |

Because the DFT uses a finite number of samples, we must be concerned about the
effect that the truncation has on the Fourier spectrum. Specifically, if the signal f(f)
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extends beyond the total sampling (N — 1)T; time, the resulting frequency spectrum is an
appropriation of the exact one. If, for example, we take the DFT of a truncated sinusoidal
signal, we find that an error is present in the Fourier spectrum. If N is small and the
sampling covers neither a large number of periods nor an integral number of cycles of the
signal, a large error may occur, known as the leakage problem. Since the truncated signal
is equal to f(t)p,(¢), its Fourier spectrum is the convolution of the exact spectrum with
the spectrum of the window. Since the truncation pre-assumes a rectangular window, its
spectrum consists of a main lobe and side lobes. The side lobes affect the spectra and,
sometimes, completely hide weak spectra lines. Since the magnitudes of the side lobes do
not decrease with N, it is recommended to use other types of windows that may remedy
the problem. However, the main lobe for other windows is wider and we must justify any
effect that we may introduce.

Example 6.13

Find the DFT of the exponential function f(t) = e~{u(t) that is truncated at times t = 0.8
sand t=1.6 s. Assume the sampling time T, =0.02 for both cases.

TABLE 6.2 Symmetries of the DFT

N-Point Sequence x() DFT X(k)
0<n<N-1 0<n<N-1

Complex signals

x(n) X(k)

x*(n) X*(N — k)

x*(N — n) X*(k) .

%) X(0) = 5 [X0) + XN ~ )
jiln) X, =3 [X(R) — XN~ )
x(n) = 3 [x() + x*(N — )] (k)

x,(m) = 3 () — (N — )] X0

Real signals

x(n) X(k) = XX(N — k)

x(n) X,(K) = X,(N — k)

x(n) X(K) = —X(N — k)

x(n) |X(k)| = |X(N — k)|

x(n) angle{X(k)} = angle{X(N — k)}

x.(n) = %[x(n) +x(N —n)] X (k)

x0(m) = 3 () — x(N — )] X0
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TABLE 6.3 Table of Several Functions DFTs

1.f(n)=8(n—mnp) 0<my<N-1 B = e PN 0 < k< N—1
no = integer 0 <n<N-—1
2. f(n) = e?™/N 0 < kg <N -1

F(k)=8(k—k) 0<k<N-1
ko =integer 0<n<N-1

1 k=0
. = —uln— <n<N- —
3.f(m) =u(n)—un—N) 0<n<N-1  F(k) {0 N e
N
4. f(n) = cos 2mkon/N) 0 <ky <N —1 o 5 8k — ko) k=ko
ko =integer 0<n<N-1 g&[k—(N—kg)] k=N -k
N
5.f(n)=cosan 0<n<N-1 F(k):NB(k75> 0<k<N-1
1 1—exp[—jQmk—m)]
F(k) = 5 —1 e {_](2_77’(_1)}
N N
6.f(m =cos(TF) 0<n<N-1 '
+M 0<k<N-1
1—exp|—j @Jri
P|—J N N
n ¥ im0
7f =g 0sn<N-1 FRY =19 Ccos kmysin (emr/N)
2sin? (k7 /N) -
g (*n'k(erl))
m| ——
1 0<n<m e N B
&f(n):{o m<n<N-1 F(k)—efN—. (’n’k) 0<k<N-1
Slnﬁ

1 0<n<(N/2)—1 F(k) *exP{ jWk(N 1)}
<n< - =exp| g W=D ——5
9. f(n) = {o (N/2)<k<N-1 N sm(”k)

10. f(n) = e™™/N 4 = positive constant 0 ?f ;3\!—727]%
Flk)=——+——~ 0<k<N-1
0<n<N-1 1 — e~9/Ne—j2m/N
:ﬂ _ 1 [e—jan/N
1—e /N N_1

[[1 — Ne 2mN-D/N 4 (N _ 1) 27|
/(1 —ePPTNY?] g <k<N-—1

—a ,—j2mk/N

n
. —1-—— 0<n<N-—
11. f(n) =1 o1 0<n<N-1 F(k)

e
(1- e—ue—jz-nk/N)Z

X (1 — NemaN=D 775 4 (N — 1)2’“Ne’j2TW'k)

12.f(n) =ne™™ 0<n<N-1 F(k) =

a = positive constant

0<k<N-1

o ﬂ) - 11— e Nk
13. f(n)=e cos(N 0<n<N-1 F(k) DY Gp———— g
—aN gjm o—j2mk

[

1—e
21 — e—a¢efm/Ne—i2mk/N
<k<N-1

11— e Ngme2mk

+

0

_ an g ﬂ) _ _t

4. f(n) = ¢ sm(N 0<n<N-1 FR) = 3 1 gy s
11— eaNgimgiomk

- 27 1 — ¢-agJm/Ng—j2mk/N

0<k<N-1
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Magnitude

0 10 20 30 40 50 60 70 80

wrad/s

FIGURE 6.7

SoLuTION

The results are shown in Figure 6.7. The discrete spectrum was plotted in the continu-
ous format to produce a better visual picture of the differences. The following Book
m-file produces the results shown in the figure.

Book MATLAB m-File: ex6_6_7

%ex6 6 7 isanmfile for the Ex6.7
£t=0:0.02:0.8—.02;

f=[exp(—t) zeros(1,40)];
t1=0:0.02:1.6—-0.02;

fl=exp(—-tl);

df =0.02*fft (f) ;

df1=0.02*fft (£1);

w=0:2*%pi/(80%0.02) :100*pi— (2*pi/(80*0.02)) ;
few=1./(14w) ;
plot(w(1,1:20),few(1,1:20),'%");

hold on;plot (w(1,1:20) ,abs(df1(1,1:20)),'k") ;
hold on;plot (w(1,1:20) ,abs(df(1,1:20)),'k"); |

6.7 Multirate Digital Signal Processing and Spectra

There are many applications where the signal of a given sampling rate must be converted
into an equivalent signal with a different sampling rate. In other words, we “sample”
digital signals. The sampling can be achieved using the down-sampler (decimation),
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a device (or process) that creates another discrete signal from the original by skipping
a specific number of elements, and by using the up-sampler (interpolation), a device
(or process) that pads with a specific number of zeros in all the spaces between the
original discrete-time signal.

6.7.1 Down Sampling (or Decimation)

The down-sampling operation by an integer D > 1 on a discrete-time signal x(n)
consists of keeping every Dth sample of x(n) and removing D — 1 in-between samples.
Hence, the output of such an operation is (see also Figure 6.8)

y(n) = x(nD) (6.33)

Since the initial sampling time of x(f) was assumed to be T;=1 producing x(n), the
sampling time of x(nD) is T,D=D. This indicates that the initial sampling rate
w; =27/ T = 27 for x(n) changes to wy = 27/DT, = 27/D, which is (1/D)th of
that of x(n). By decreasing the sampling frequency, we produce a periodic frequency
spectrum whose period is wy < w;. Down sampling produces aliasing. Figure 6.9

(n) =x(nD)
x(n) l D y
Wy =211 Wy =27/D
fi=1 fu=1/D=f,/D
x(nT,) l y(n) =x(nDT,)
— D >
Wy =271/ T; gy =2m/DT;
f,=1/T, f.a=1/DT,=f,/D
FIGURE 6.8
R e . .
,Q; x(n)
Q
= (;q) D=3
& 05 | @ Y 1
=
i Q
\ixo _T?]??QQQQOQOOF:
0 5 10 15 20

Time index n

FIGURE 6.9
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illustrates the effect of down sampling in the time domain and Figure 6.8 represents the
down-sampling operation in a block diagram form.

Book MATLAB function for down sampling:[y, n1] = taadownsampling(x, D)

function[y,nl] =taadownsampling(x,D)
$x = input sequence to be downsampled assuming
$that Ts=1;
$D=down-sampling factor;
nl=0:floor (length(x)/D)—1;
$floor (x) rounds the elements of x to the
$nearest integers towards minus infinity;
%if desired, nl can be used as the x-axis
$toplot y from the origin;
y=x(1,1:D:D*floor (length (x) /D)) ;

Example 6.14

Consider the system shown in Figure 6.10. The sequences that appear in the system are
given below.

n 0 1 2 3 4 5 6
x(n)  x(0) x(1) x(2) X(3) x(4) x(5) x(6)
yi(n) x(=1) x(0) x(1) x(2) x(3) x(4) x(5)
ya(n)  x(1) x(2) x(3) x(4) x(5) x(6) x(7)
yaln)  x(=1) x(1) x(3) x(5) x(7) x(9) x(11)
Ya(n) x(1) x(4) x(7) x(10) x(13) x(16) x(19)
yn)  x(=1)=x(1) x(1)—x@) xB)—x(7) x5 —x(10) x(7)—x(13) x(©O) —x(16) x(11) —x(19)
| ]
y1(n) yo(n)
z l D=2
x(n) y(n)
NN _
y3(n) Ya(n)
N o | p=3

FIGURE 6.10
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The sampling rate conversion can also be understood from the point of view of a
digital resampling of the same analog signal. If the analog signal x(¢) is sampled at the
rate 1/T; to generate x(n), the analog signal must be sampled at the rate 1/(DT,) to
generate y(n).

6.7.2 Frequency Domain of Down-Sampled Signals

It is instructive to develop the spectra of the input and output sequences of a down
sampler. The spectrum of the output signal can be found after being transformed in the
DTFT domain. Hence, we write

oo o0

y(ej‘”) = Z y(n)e_j‘”" = Z x(nD)e " —0o < n < 00 (6.34)

n=—o00 n=—o00
If we set nD =k, then n=k/D and (6.34) becomes (n is an integer)

Ve = 3 xR k=0, 4D, 220, 639

k=—00

The above equation suggests that we must take the DTFT of the values of x(n) at every D
numbers apart so that k/D is an integer. Since only every D value of x(n) is used (6.35) is not
in the form of the definition of the DTFT. Therefore, we must write (6.35) in the form

Y(e) = Y cmxme P n=0, £1, £2, ... (6.36)
n=—00
n=0, £D, £2D,...

1
c(n) = {0 otherwise (6.37)

And thus the DTFT applies. The function x(n) is a discrete periodic function, a comb
function with impulses every D apart and zero otherwise. It can be represented by the
relation

L D=t | D=1 4
c(n) == Z efmkn/D — — Z Wk W = e 2m/D (6.38)
D= D=

which is known as the discrete sampling function. Note that (6.38) is the IDF transform.
Introducing (6.38) in (6.36), we obtain

) 1 D-1 oo ) 1 D-1 )
Y(e) =5 Z , Wx(me /P = o 7§ (WHel®/Py"x(n)
k=0 n=—o00 k=0 n=—o00
1 &4 k_jw/D 1 ‘w-2mk
I X(Wrel® =_ X(e/ D 6.39
p 2 XWHeHI) = 5 (e ) (6:39)
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which indicates that the spectrum of the down-sampled signal is the sum of D, a
uniformly shifted and stretched version of the spectrum X(e/*) and scaled down by D.
Graphically, (see Figure 6.11) the above formula is interpreted as follows: (a) stretch
X(e’) by D to obtain X(e/*/P), (b) create D—1 copies of this stretched version by
shifting it uniformly in successive amounts of 277, and (c) add all these shifted versions to
X(e//P) and divide by D.

Let the spectrum of the sequence be {x(n)} that is shown at the top of Figure 6.11.
Let us further set D = 2. Then (6.39) becomes

Y(e) = % [X(e//?) + X(eTmel/?)] = % [X(e//?) + X(e/ ™/ (6.40)
Because there is a multiplication by 1/D =0.5 < 1 of w, it implies that the function X(e/®)
is stretched by a factor of 2. Figure 6.11 shows the spectrum of a digital signal and the
non-aliased spectrum at the output of a decimator with D =2. By judiciously assuming
the Nyquist frequency of {x(n)} to be wy = 7/2 and D=2 we avoided the aliasing
phenomenon. If, however, the Nyquist frequency was in the range 7/2 < w < 7, a
decimator with D=2 would produce aliasing at its output as shown in Figure 6.12.

In general, aliasing is avoided if the Nyquist frequency of {x(n)} is less than 7/D.

X (e/?)
N 0 T 2 3 47 @
2 2
X (ejm/Z)
| | |
-7 0 T 2n 31 47 5 )

- 0 b/ 2 3 51 (7]
2Y (/)
| /\/\
- 0 b4 2w 3 47 5m 3]

FIGURE 6.11
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X (e/?)
_TT b4 271 3 4 [3)
2
X ( e jw/2)
- 25=nD 4r=m12D 5}
X (ej(w—Zﬂ)/Z)
-3 -2 T 4 9]
2Y (/)
-7 T 21 4 3]

FIGURE 6.12

Example 6.15

Figure 6.13a shows the frequency response of a discrete signal. Figure 6.13b shows the
frequency response when the corresponding time signal is down-sampled by a factor
of 2. Figure 6.13c shows the frequency response when the time signal is down-sampled
by a factor of 4 and, finally, Figure 6.13d shows the spectrum when the time signal is
down-sampled by a factor of 6. Observe the distortion of the spectrum in (d) due to
aliasing. Observe, also, that the magnitudes in (b) and (c) are 1/2 and 1/4 of the original
spectrum, which verifies (6.39). The following program produces Figure 6.13.

Book MATLAB m-File
$ex7_7_ 2 isanmfile for the EX6.15
£f=1[01/81/4 1/2 3/4 1] ;%normalized frequency bins;
m=1[1100 0 0];%magnitude spectrum corresponding
%$to the above frequency bins;
h=£fir2 (200, f,m) ; $based on the frequency magnitude m it returns
%$the time function (filter coefficients) ;
[Hz,w] =freqgz (h,1,512) ;%evaluation of the spectrum;
subplot (2,2,1) ;plot (w/pi,abs (Hz)) ;grid on;
xlabel ('Normalized frequency') ;ylabel ('Magnitude') ;
title ('Input spectrum') ;
D=2;y=h(1,1:D:1length(h)) ;
[Yz,w] =freqgz(y,1,512) ;subplot(2,2,2) ;plot (w/pi,abs(Yz)) ;gridon;
xlabel ('Normalized frequency') ; ylabel ('Magnitude') ;
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title ('Output spectrumwith D=2");

Dl=4;yl=h(1,1:Dl:1length(h));

[Y1z,w] =freqgz (yl,1,512) ;subplot(2,2,3) ;plot (w/pi,abs(Ylz)) ;grid on;
xlabel ('Normalized frequency') ;ylabel (‘Magnitude') ;

title ('Output spectrumwith D=4");

D2=6;y2=h(1,1:D2:1ength(h)) ;

[Y2z,w] =freqgz (y2,1,512) ;subplot (2,2,4) ;plot (w/pi, abs(Y2z)) ;grid on;
xlabel ('Normalized frequency') ;ylabel (‘Magnitude') ;

title ('Output spectrumwith D=6"); |

Note: To avoid aliasing we must first reduce the bandwidth of the signal by /D and then
down-sample it by a factor D.

Figure 6.14 graphically shows the relationship among the sampled form of x(t) (T;=1),
the function c(n), and lastly the output function y(n) of the decimation process with factor
D =2. Note how the different functions shown are registered in the time domain.

Let us assume that we have a signal x(t) with a £2007 rad/s bandwidth. If we sample
the signal at T;=0.001 seconds, the sampled function will occupy the frequency range
£2007 x 0.001 = +0.27 rad. This indicates that we can down-sample up to D=5
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without aliasing. We can also see that half of the sampling frequency is 10007 rad/s and,
hence, the signal bandwidth can be widened up to five times.

6.7.3 Interpolation (Up-Sampling) by a Factor U

Interpolation or up-sampling is the process of increasing the sampling rate of a signal
by an integer factor U>1 which results in adding U—1 zero samples between two
consecutive samples of the input sequence {x(n)}. Figure 6.15 shows the block-diagram
representation of an up-sampling operation (interpolation). Figure 6.16 shows the form
of a discrete signal before and after the up-sampler (interpolator) with U=3. The
following Book MATLAB will produce the output of an up-sampler.

Book MATLAB function: [y] = taaupsampling(x, U)

function[y] =taaupsampling (x, U)
$y =output of the up-sampler;U=up-sampling factor
$x=1input to the up-sampler;

yl==zeros (1l,U*length(x)) ;

y1(1,1:U:length(yl)) =x%;

y=v1(1l,1l:1length(yl)-U+1);
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6.7.4 Frequency Domain Characterization of Up-Sampled Signals

The input-output relationship of the signals of an interpolator is

) = {x(n/U) n=0, £U, +2U,... (6.41)

0 n # multiple of U

Note: The sampling rate of y(n) is U times larger than that of the original sequence {x(n)}.
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The DTFT of (6.41) is given by

Y(e/®) = i y(n)e 7" = i x(n/U)e 7" = i x(m)e fomY
= i x(m) (V)™ = X(/*Y) (6.42)

The above equation states that we take the DTFT of the input sequence to the interpol-
ator and then we substitute every e/ with e/U.

Let the spectrum of {x(n)}, given by X(e/*), be the one shown in Figure 6.17a. The
spectrum of the output of the interpolator is given by X(e/*V). If we set v = w + (27k/U)
in Y(e/*), we find that the output is periodic for k = U, £:2U, .. .. Furthermore, since
U> 1 it implies that the w — axis is compressed by a factor of U. By adding U — 1 zeros
between the values of the input sequence {x(n)}, we increase the sampling frequency which
results in a signal whose spectrum Y (e/*) is a U-fold periodic repetition of the input signal
spectrum X (e/?). This effect on the input spectrum is shown in Figure 6.17b.

Since only frequency components of this {x(n)} in the range 0 < w < 7r/U are unique
for the reproduction of the sequence {x(n)}, the images above w = 7/U should be
eliminated using a low-pass filter with ideal characteristics:

o A 0<w<aw/U
H(e?) = = - 6.43
(™) { 0  otherwise (6.43)

where A is a scale factor to be used for the normalization of the output sequence {y(n)}
which is U.

X (e/?)

ELE
(b) u u

FIGURE 6.17
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Example 6.16

Let the input spectrum to an interpolator with an up-sampling factor U=4 be as that
shown in Figure 6.18a. The Book MATLAB m-file given below produces the spectrum
which is shown in Figure 6.18b.

Book MATLAB m file
%ex6_7 3 anmfile for the EX6.16
fregq=[00.20.3 0.4 1] ;%frequency range must run from0 to 1;
mag=[110.500];
x=£fir2 (59, freq,mag) ; $given the magnitude vector of a spectrum
%and its corresponding frequency vector,
$fir2 (N, freq,mag) produces N+1 filter
$coefficients (time function) ;
[xw,w] =freqgz(x,1,512) ;$input frequency spectrum;
[y] =ssupsampling(x, 6) ;
[yw,w] =freqgz(y,1,512) ;
subplot (2,1,1) ;plot (w/pi,abs (xw) ,'k') ;ylabel ('Magnitude') ;
title ('Input spectrum to upsampler') ;
subplot (2,1,2) ;plot (w/pi,abs (yw) ,'k') ;xlabel ('Normalized frequency') ;
ylabel ('Magnitude') ;title (‘Output spectrum of the upsampler') ; |

Input spectrum to up-sampler

=
n

Magnitude
o
n —

0 1 1 1 L 1 il 1 1

0.3 0.4 0.5 06 07 08 09 1

A
=}

2
o
o
=
=)
o

Qutput spectrum of the up-sampler

1.5 T T T L) T T T L} T
g1
2
b=
oh
%’ 0.5 F -
0 L L 1 L 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
(b) Normalized frequency

FIGURE 6.18



6-38 Transforms and Applications Primer for Engineers with Examples and MATLAB®

Appendix

6.A.1 Proofs of DTFT Properties

Linearity

Proof
i laf (n) + bh(n)]e 7" = a i f(n)e_j“’” +b i h(n)e 7" = aF(e/®) + bH(e/?)
Time shifting
Proof
Fsh(ejw) — i f(n _ m)e—jwn — e—jwm i f(k)e—jwk — e—jme(ejw)

n=—00 k=—00

where we set n — m =k. Observe that k is a dummy variable.

Time reversal

Proof

i f(=n)eon = f f(m)eT=Om = Fe /@)

n=-—0o0

Time convolution

Proof

i < i f(m)h(n - m)> e = i f(m) i h(n — m)e—jwn

= > flmye ™ " h(k)e
m=—00 k=—00
= F(e/*)H(e/)

where we set # — m = k. Observe that both m and k are dummy variables and can take
any other name, for example, .
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Frequency shifting

Proof
Z eijwonf(n)eﬂwn — Z f(n)efj(w:two)n = F(e/@Fe0)
n=-—00 n=-—00

Time multiplication

> —jwn = 1) d(e w) ! jw d o —jwn
ST oafmeir = = 3 ef) = o = = —¢f e n;mf(n)e g

n=—o0 n=-—0o0

— _plo jo
‘ d(eﬂ”) Fe™)

Example 6.A.1

Find the DTFT of y(n) = na", a<1and 0 <n < oo.

SoLuTION

The DTFT of f(n) = a" forn=0, 1, 2,...is equal to

/w n —wn o —jw\n 1 e
Fle E a’e " = E (ae™®)" = =—
1 —age e e —qg
n=0
o d elo elo
and, hence, —e/® — : =a— 5 [ |
de®) \e/* —a (e —a)
Modulation
Proof

i f(n) cos wol’leijwn _ i <f n);]won f(n d onn) o

n=—00 n=—00

1 & : 1 & :
=5 Z f(n)e*](w*wo)n_~_E Z F(n)e i@ rwon

n=-—0o0 n=-—00

1 : 1 .
— Z F(e/@—wo) Z F(ell@to)
5 E )+ E )
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Correlation
Proof
Z ( 2 flmhim - n)) = ( > fmh[—(n— m>]>ef‘°"

Z f(m) Z hl—(n — m)]e " = Z f(m)e/™H(e ) = F(e/*)H(e /)

m=—00 n=—00 m=—00
where in the last step we used the time reversal and shifting properties.

Parseval’s formula

Proof: We start from the right-hand side of the identity. Hence,

i J I: i f(f’l)e_jwn:| F*(ejw)dw = i f(n)i J F*(ejw)e—jwndw

n=—00 n=—00
—Tr

= Zf(n [ JF*(ej“’)ej“’”dw] = ) fn)f*(n) = Z f(m)|®

n=—00 n=-—00 n=—00
w

6.A.2 Proofs of DFT Properties

(Note: For simplicity, we have deleted the constant 27 /N in the exponent.)

Linearity

Proof:  See the linearity proof in Appendix 6.A.1.
Symmetry
1
Proof: Setn= —ninthe IDFT. Hence, f(—n) = N Zil F(k)e*=" Next, interchange

1 N—-1 —ikn
the parameters n and k to find, f(—k) = N ano F(n)e ™ = DFT{NF(n)}.

Time shifting
Proof: Substitute m=n—i into the IDFT so that the equation
1 - A
f(m) = N Zf:ol F(k)e’* becomes
N-1

N-1
fn—1i) = 1 > F(l)e/ "k = 1 > " [F(k)e #]e/™* = IDFT{F(k)e *}.
N & N

k=0
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Frequency shifting

Proof: We write the DFT in the form F(m) = Z ! f(n)e M. Next, we set m=k — i
in the expression to find

N-1 N-1
(k—i) = f(me /0" =3 "[f(n)e/"]e """ = DFT{f(n)e’™"}
k=0 k=0

Time convolution

Proof: ~ Start with the function

Zf(z hn — i) =

N-1 1 N—1 L N—1 -
F k Ji X — H Jin—1)m
(kye™ x MZ:O (m)e

i=0 k:O

This is rearranged to

N-1 N-1
1

imn 1 = jik —ijim
F(k)H(m)e’ {N ;e] e’ :|

k=0 m=0

But, using the finite geometric series formula, we can prove that

1= n o n=m
— Jjik ,—jim __
NZO:ee _{0 n#m
=

Hence, for n=m in the second sum, we find finally
N-1 | N=1 A
n) = Dh(n — i) = =Y F(k)H(k)e!* = IDFT{F(k)H(k
y(n) ;f()( ) N;()() {F(k)H(k)}

Since we have shown that the DFT automatically supposes periodic sequences in the
time and the frequency domain, the periodic convolution for the two specific signals,
f(n)= {1 2 3} and h(n) = {1 1 0}, are shown in Figure 6.A.1.

f)=2 f1)=2

=1 f0)=

f12)=3 f2)=3
y(0)=1x1+2x0+1x3=4 y(1)=1x1+2x1+3x0=3 y(2)=1x0+2x1+3x1=5

FIGURE 6.A.1
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Another approach to the evaluation of the cyclic convolution is to cast the convolution
form in the matrix form. For the case of the periodic sequences f(n) and h(n) each of the
three elements, as in Figure 6.A.1, we write

y(0) = f(0)h(0) + f(1)h(2) + f(2)h(1)
y(1) = f(0)h(1) + f(1)h(0) + f(2)h(2)
¥(2) = f(0)h(2) + f(1)h(1) + f(2)h(0)

This set can be written in the matrix form

h(0) k(1) h(2)
WI" =[f0) f(1) fQ)]|h2) h©) h(1)
h(1) h(2) h(0)

For this specific example

1 1 0
70 »1) y@]=[1 2 3][0 1 1|=[4 3 5]
1 0 1

To produce a linear convolution for this case, each sequence musthave N=3+3—-1=5
elements. But since each sequence has only three elements, we pad them with zeros. Hence,
for filn)={12300} and h(n) ={1110 0}, the resultis f*h={012112000 0}.

Frequency convolution

Proof:  Substitute known forms into

N-1 N-1 [N-1 N—-1
F@H(k—i) =) [Z f(m)e‘jm’} { h(n)e_j”(k_")}
i=0

i—0 |m=0 £
N—-1N-1 N1
- Z Zf(m)h(”)efjk" [Z efmiejn,}
m=0 n= pry

The bracketed term is the orthogonality relationship and is equal to N if m =k and the
zero if m is different from k. Therefore,

N-1 N-1

F()H(k — i) = NY_ f(mh(n)e 7 £ N x DFT{f(n)h(n)}

i=0 n=0

from which the property is verified if we take the IDFT of both sides of the above
equation. Because F(k) and H(k) are periodic, their convolution is a circular convolution
in the frequency domain.
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Parseval’s theorem

Using the equation which characterizes the frequency convolution property, we obtain

N—1 . 1 N-1
> fmf(me i = N > F(i)F(k — i)
n=0 i=0

If we set k=0 in this expression, we find

N-1 N-— N—
PV ZF(z)F —i) Z |FG)?
n=0 i=0 i=0

From this result we may define a discrete energy spectral density or a periodogram
spectral estimate:

S(k) = |[F()? 0<k<N-—1

Time reversal
N-1

o F(k)e /™. Next, set k= —m

Setting n = —n in the IDFT, we find that f(—n) =

1 —(N— )
on the right side. Then, f(—n) = N Z (=D F(—m)e/"™. Because of the periodic nature

m=0

of F(—m) and exp(jmn), the sum over —(N — 1) to 0 and (N —1) to 0 is the same. Thus,

N-1

1 .
flem) = > F(=m)e™ 2 IDFT{F(—m)}
m=0
which verifies the time-reversal property.

6.A.3 Fast Fourier Transform

6.A.3.1 Decimation in Time Procedure

The DFT of a sequence {x(n)} is given by
En(k) =Y fmwy, Wy =e”"N, k=0,1,...,.N-1 (6.A.1)

Let us also assume that N=2" for r integer. This indicates that N is always an even
number. Because of N being even, we can decompose the summation of the above
equation into two terms, one with even indices and the other with odd indices. Hence,

Ex(k) =Y _fmW + > f(m W' (6.A.2)

even odd



6-44 Transforms and Applications Primer for Engineers with Examples and MATLAB®

We can write the even indices as n =2m and the odd indices as n=2m + 1, with m =0,
L,..., (N/2) — 1. Therefore, (6.A.2) becomes

(N/2)-1 (N/2)-1
Ex(k)= Y femwim™+wy > femyw™ (6.A.3)
m=0 m=0

In the second summation, we used the identity WI(? mlk — WK W2mk_ Observe that

(1) W2 = eV — Wy, (2) WY =e?" =1, and (3) Wy/* =e7 = —1.
Furthermore, the two summations in (6.A.3) are DFT’s themselves: the DFT
of the even samples x(0), x(2),..., x(N—2) and the DFT of the odd samples
x(1), x(3),...,x(N — 1). Therefore, we write

Fy(k) = F), (k) + WyF(,(K) k=0,1,...,N 1 (6.A.4)
where
(N/2)-1
FO,(k) = DFT{x(0),x(2),.. ,x(N—2)} = > femWi, (6.A.5)
m=0
(N/2)-1
F;\?}z(k) = DFT{x(1),x(3),...,x(N — 1)} = Z fm+ 1)W11f,'72 (6.A.6)
m=0

We observe that the DFT of the N-point sequence has been decomposed into two DFT’s
of N/2 samples each.

For example, when N = 4 = 2? we need to compute F4(0), F4(1), F4(2), F4(3), on the
basis of Fée)(O), Fée)(l) and F§°>(0), Féa)(l). Hence, for k=0,1 we write

Fy(k) = F2(k) + WEFO(k) k=0,1 (6.A.7)

For the two indices, k=2, 3, we use the fact that the DFT of a 2-point sequence is
periodic with a period 2. Hence, for k=0, 1, we find

Fy(k +2) = F2(k) + WHEO (k) k=0,1 (6.A.8)

because F,(k) = F,(k + 2). Because W2 = (e 27/4)> = ¢7™ = —1, (6.A.7) and (6.A.8)
become

Fy(k) = FO(k) + WEFO (k) k=0,1
(6.A.9)
Fy(k+2) = F9(k) — WERD (k) k=0,1
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The above equation can be generalized for any sequence of even number N samples
in the form

Ey(k) = F}j}z(k) + w{;p};’}z(k) k=0,1,...,(N/2) —1

(6.A.10)
(k) — WEFG), () k=0,1,...,(N/2)— 1

Fy(k+2) = Fﬁ}z
The above equation is known as a butterfly. Figure 6.A.2 depicts (6.A.10). Figure 6.A.3
shows the FFT for N=8.

Next, the question is how efficient the FFT is. Let us look at the case when N=38.
In Figure 6.A.2, we see that the first stage is a two 4-order DFT. Each one of these DFT's
can be split in two 2-order FFTs. As we can easily see, a 2-order DFT is just a butterfly,
since W, = ¢ ?7/2 = —1 and Wk = (—=1)F = +1 when k=0,1. For N=8, we find that
we obtain 3 =log,(8) layers of butterflies with 8/2 butterflies to be computed in
each layer. Since each butterfly involves one multiplication and two additions we require
about (8/2)log, (8) complex multiplications and 8log, (8) complex additions. Hence,
the complexity of the DFT is O(8log,(8)). If we substitute N for 8, we find that the
FFT complexity is of the order of Nlog,(N). This must be compared with the N?

FO (1 o +) > Ey ()
(0) Wﬁ[
O _ Fy(k+N/2)

FIGURE 6.A.2

£0)

f4)
f@2)

S(6)

S
S5)
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FIGURE 6.A.3



6-46 Transforms and Applications Primer for Engineers with Examples and MATLAB®

operations that must be performed by the DFT. For N=1024=2'" the DFT
needs (1024)* = 1,048,576 operations whereas the FFT needs only 1024 X 10 =10240
operations.

Observe that to obtain the unscrambled output from the FFT operation, we must
scramble the input as shown in Figure 6.A.3. To accomplish it we first write the numbers,
in this case 0-7, in their 3-bit representation. Next, we reverse the bits and we thus find,
the scrambled input. This process is shown below:

000=0,001=1, 010=2,011=3, 100=4, 101 =5, 110=6, 111 =7.

000=0, 100=4, 010=2,110=6, 001 =1, 101 =5, 011 =3, 111 =7.



Laplace Transform

The use of the Fourier transform (FT) in systems analysis involves the decomposition of
the excitation function, f(f), into a function, F(w), over an infinite band of frequencies.
The excitation function, F(w), together with the appropriate system function, H(w),
leads, through the inverse Fourier transform, to the response of the system to the
prescribed excitation or excitations. Despite its general importance in systems functions,
the Fourier integral is not generally useful in determining the transient response of
networks (systems).

The discussion of the FT showed that we could represent a function f(f) by a
continuous sum of weighted exponential functions of the form f(t)e/. The values of
the exponential are restricted along the imaginary axis of the complex plane as omega
varies from minus infinity to infinity. This restriction proves to be undesirable in many
cases. We can remove this restriction by representing f(f) by a continuous sum of
weighted damped exponential functions of the form f(¢)e™™, where s = o + jo with
some real constant o. The choice of s moves the values of the exponential function from
the jw-axis to a parallel line off the jw-axis in the complex plane. The Laplace transform
(LT) is well adapted to linear time domain systems analysis. Another feature of the LT is
that it automatically provides for initial conditions in the systems.

7.1 One-Sided Laplace Transform

In systems problems, it is usually possible to restrict considerations to positive-time
function. The reason is that the response of physical systems can be determined for all
t > 0 from a knowledge of the input for t > 0 and the initial conditions. The one-sided
LT is defined by

F(s) = Jf(t)e’“dt ) 7.1)
0

provided that the function is defined in the range of integration and that the integral
exists for all values of s greater than a specific value s,.

In our studies, we will consider piecewise continuous functions (a function is piecewise
continuous on an interval if the interval can be subdivided into a finite number of

7-1
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subintervals, in each of which the function is continuous and has finite left- and right-
hand limits) and those functions for which

tlim f(t)e™™ =0, c=real constant (7.2)
—00

Functions of this type are known as functions of exponential order c. Also, from the
expression

oo

J |f(t)e*|dt = J |f(he 7' e ! |dt = J |f®)][e™||e7"|dt
0

0

oo

0

= [1rwlea = [1fwle e a
0 0

we observe that, if f(£) is of exponential order, the integral converges for Re{s} = o > ¢
(c is the abscissa of convergence) since the integrand goes to zero as t — co. The abscissa
of convergence may be positive, negative, or zero depending on the function. The
importance of this result is that a finite number of infinite discontinuities are permissible
so long as they have finite areas under them. In addition, the convergence is also uniform,
which permits us to alter the order of integration in multiple integrals without affecting
the results. The restriction in this equation, namely, Re{s} = o > ¢, indicates that when
we wish to find the inverse LT, we must choose an appropriate path of integration in the
complex plane. By doing so, it is guaranteed that the time function so obtained is unique.
The left-hand infinite space with boundary, the abscissa of convergence, is known as the
region of convergence (ROC).

Example 7.1
Find the LT of the unit step function f(t) = u(t) and establish the region of convergence.

SoLuTION

By (7.1), we find

it 3 e*Sl o 1
Us) = J ut)e™*'dt = J e it = ——| =- (7.3)
Sy s
0 0
The ROC is found from the expression |e~7le™®!| = |e~!| < oo, which is true only if

g > 0. |
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Example 7.2

Find the LT of ft) = e~?'u(t) and establish the ROC.

SoLuTION
The LT is

o0 oo 00

F(s) = J e e gt = J ety = ! - 1 (7.4)
—(s+2) o S+2

0 0

and the ROC is found from
’e—((r+/m+2)r‘ _ ’e—(a-+2)r”e—/wr‘ — e—(o-+2)r

which results in o > —2. Figure 7.1a shows the ROC for the function f(t) = u(t) and
Figure 7.1b for the function f(t) = e~ u(t). These are found in Examples 7.1 and 7.2,
respectively. |

Example 7.3

Find the LT of the delta function and the ROC.

SOLUTION
The LT is
oo 0+
As) = Jé(t)e‘“dt =¥ J S(t)dt =1 (7.5)
0 0—
Im{s}
ROC ROC
i Ref{s} Refs}
i o>-2
@) ‘ (b)

FIGURE 7.1
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and the ROC is found from

[ee]

J |8(t)e™""|dt = J |6()e°|dr = Ja(t)dr =1<o0
0 0

which indicates that the result is independent of o and, hence, the ROC is the entire
s-plane. |

Example 7.4
Find the LT of the function f(t) = 2u(t) + e~ tu(t).

SoLuTION

From (7.1), we find

i T T 1
F(s) = J [u(®) + e le*"dt = J e~ldt + J e gt = - ——
s os+1
0 0 0

The ROCis o > 0. Observe that the ROC, which is accepted, is the region of the s-plane
where the two ROCs overlap. |

7.2 Summary of the Laplace Transform Properties

1. Linearity  af(t) + bh(t) <  aF(s) + bF(s)

2. Time derivative % & sF(s) — £(0)
da_lft;(,lt) ﬁ) $"F(s) — Sn—lf(o) _ S1'172]((1)(0)
), o 2 TS0
arm |,_,
. ¢ F(s) o .
3. Integral Jo fx)dx < —~ zero initial conditions
0
¢ F t)dt
ji JJodx & g + LOC# nonzero initial conditions
4. Multiplication by exponential e f(1) S F(s+a), a = positive constant
5. Multiplication by t  tf(t) & _ dFdZS)

6. Time shifting f(t —a)u(t —a) & e ®F(s), a>0
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7. Complex frequency shift el f (1) & F(s — so)
, e 1 _ /s
8. Scaling  f(at) < ZF(E)’ a>0
9. Time convolution  f(t)=h(t) < F(s)H(s)
10. Initial value lim;_,¢ f(t) = lim,_,, SF(s) provided that no delta function exists

att=0

11. Final value lim;_, f(¢) = lim,_,o sF(s) provided that sF(s) is analytic on the

jw-axis and in the right half of the s-plane

Example 7.5 (Time derivative)

Find the LT of the differential equation characterizing an RL series circuit with a voltage
v(t) as input.

SOoLUTION

di(t
From the KVL, we obtain the differential equation L% =+ Ri(t) = v(t). Using the linearity

property, we obtain

diey o\
£{L7 + R/(f)} = ()}
or
L g{@} + R0} = £{v(D)}
d
or

Lsl(s) — Li(0) -+ RI(s) = V(s) |

Example 7.6 (Integral)

Find the LT of the integrodifferential equation of a series RC circuit with a voltage input.
There is an initial voltage, v(0), across the capacitor.

SoLUTION

t
From the KVL, we obtain the following equation: Ri(t) + 1/C [ ix)dx = v(t). Applying

the linearity property, we can write the LT of the above equa_ﬁon as
0
. .
, 1[0 11s) 1 Jf Txdx
REL(O} + £4 = iX)dx » = v)} or RIS +—=—S+=""2— = V()
C cs C s
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0
From the integration J ix)dx = q(0), we obtain the charge accumulated at the initial

o0
time t=0. But g(0)/C is the initial voltage across the capacitor and hence, the trans-

1 0
formed equation becomes (R + a) I(s) = — VCT() + V(s). [ |

Example 7.7 (Multiplication by an exponential)

Find the LT of the function g(t) = e~ cos wot u(t).

SoLuTION

To find the transformation, we need to find the LT of the cosine function. Therefore,
we write

et 4 gl - 1 .
f{cos wot ut)} = J {74_} oSt — J g0+t gy 4 J o~ (Jwo+3)t it
0 0

2 2 2
_ 1 ! o~ Uwots)t * + l ;e—(—jwoﬁ—m OO
2 —(/'w0+5) 0 2 _(_jw0+5) 0
IR 1 s
C 2(wo+s) 2 (—jwo+s) 4w}
s+a
Therefore, the answer is G(s) = _sta u

5+’ + wf

Example 7.8 (Multiplication by t)

Find the LT of the function g(t) = tsinwet u(t). From the property, we only need
to find the LT of the sine signal. Hence, following the procedure of Example 7.7,
we find

Transforms and Applications Primer for Engineers with Examples and MATLAB®
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Example 7.9 (Time shifting)

Find the LT of the function £(t) = (t — a)u(t —a) a > 0.

SoLuTION

We first must find the LT of the un-shifted function, which is

1
Hence, applying the time-shifting property, we obtain F(s) = e~*F(s) = e~ 2 [ |

Example 7.10 (Frequency shift)
Find the LT of the function g(t) = e~ %f(t) = e™% cos wpt u(t).

SoLuTION

We have already found earlier the LT of the cosine function. Hence, the solution is

(5):5"’_70 ]

(s+0a) + wf

Example 7.11 (Scaling)

Verify the LT of the function f(wot) = cos wot u(t) by using the scaling properties and
the LT of the function f(t) = cost.

SOoLUTION

The LT of the signal f(t) is equal to ﬁ Applying the scaling property, we find that

Lp(i>:1 s/wo s -

wo \wo w_o(s/a)o)2+1 2t wh

Example 7.12 (Time convolution)

Find the LT of the convolution of the following two functions: f(t) = tu(t), and
h(t) = costu(t).

SoLuTION

1 S T 1

SUWPE) = FIHO = 5 =2

7.7
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Example 7.13 (Initial value)

Apply the initial value property to the following functions:

s P +s5+3
F(s) = , He=—1-"°2
() () 713

SoLuTION

1
[ —
T+ (3/s9)
(b) If we expand the division of H(s), we obtain H(s) = 1 +

(8) liMs g SF(5) = liMyoe 5 = lim; o
s

243

presence of an impulse at t =0 and, therefore, we cannot find the initial value of

the time function. |

. This shows the

Example 7.14 (Final value)

s+a
Apply the final value property to the following two functions: (@) F(s) = —————
pply property g @) F() G+a?+ b2
s

d (b) H(s) = :
and (b) H(s) 710
SoLUTION

) ) s(s+a) ) ) )
a) lim;_,q sF(s) = lim;_.o———=——— = 0. (b) In this case, the property is not applicable
(a) lims—q sF(s) 0 a4 b (b) property PP
because the function has singularities on the imaginary axis at s = %jb. |

7.3 Systems Analysis: Transfer Functions

of LTI Systems

The transfer function or system function, H(s), of a LTI system, an almost essential entity
in system analysis, is defined as the ration of the LT of the output to the LT of the input.
Thus, if the input is f{f) and the output is y(f), then

Y(s)

H(s) = —— = transfer function or system function (7.6)

F(s)

The output may be a voltage or a current anywhere in the system, and H(s) is then
appropriate to the selected output for a specified input. That is, H(s) may be an
impedance, an admittance, or a transfer entity in the given problem. The transfer
function H(s) describes the properties of the system alone. That is, the system is assumed
to be in its quiescent state (zero state); hence, the initial conditions are assumed zero.
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The output time function is given by
y(t) = £ HHEF(s) (7.7)

If the input is a delta function, f(t) = 6(f), the output in the s-domain is H(s) since the
LT of the delta function is 1. The impulse response of the system is found by taking the
ILT of H(s). Hence, we find

h(t) = £ {H(s)} (7.8)

The above relation shows that the impulse response of a system is the ILT of the transfer
function H(s), and the transfer function is equal to the LT of the system’s impulse response.

An important feature of the LT method is that it is not necessary to isolate and identify
the system transfer function since H(s) appears automatically through the transform of the
differential equation and is included in the mathematical operations. The situation
changes considerably in those cases when the system consists of a number of subsystems
that are interconnected to form the completed system. Next, one must take due account of
whether the subsystems are interconnected in cascade, parallel, or feedback configuration.

The following examples illustrate how we can find the transfer function of a system
from its time domain representation. Often, it is convenient to draw a block-diagram
representation of the system and then use the properties of block-diagram reduction as
given in Chapter 1.

Example 7.15

Determine the transfer function of the system shown in Figure 7.2a.

i(2)

(+) .

- Vils) L _np Vo(s)
L " 1+ % s "
R

FIGURE 7.2
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SoLuTION

The differential equation describing the system is

ity ...
L—r Ri(t) = vi(D),

which we write as

L dv,(t)

R dt

+ Vo) = vi(t);  vo(t) = Ri(t)

The LT of both sides of the differential equation, invoking the linearity and differenti-
ation properties of LT plus zero initial conditions (remember that the transfer function is
defined only with zero initial conditions), is

Vo) R/L
T Vi) s+ R/D

%%@+m®:wm Hes)

To obtain the block-diagram representation of the system, the above equation is
written in the following form:

(d%®=%®f%M$X(M%®=

1+-=5
+R

The first equation is represented in block-diagram form in Figure 7.2b, and the second
equation is represented in block-diagram form in Figure 7.2c. |

Example 7.16
Find the transfer function for the system shown in Figure 7.3a.

SoLUTION

The differential equation describing the system is

t
1
vi(t) = Ri(t) + c Ji(x)dx (zero initial conditions)
0

The above equation is multiplied and divided by R to become

V05 s
Ksoer_W®_ !

Vi(s) = Vo(s) +
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i) [l
; 1] *
g c
AN
o) () : R§ v,
(@)
Vils) V,(s) V,(s)
’ :O ’ > >
Vi(s) 2 V,(s)
1 — L
RCs RC
(b) ©
FIGURE 7.3

The transfer function is shown in block-diagram form in Figure 7.3c. Further, to obtain
the block-diagram format, we write the transformed equation in the form

Vo(s) = Vi(s) — ==V, (s)

The block-diagram representation of the above equation is shown in Figure 7.3b. R

Example 7.17 (Mechanical system)

Determine the transfer function, H(s) = V(s)/F(s), of the system shown in Figure 7.4a.

v F(s) 1D A V(s) V(s) .
—1_' D, o
ELEES b=Dy+D; Ms/D
S
(@) D, (b)
F(s) 1 1 V(s)
— My Tsom
(c)

FIGURE 7.4
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SoLuTION

To find the differential equation describing the system, we add algebraically the forces
that are as follows: the inertia force, the two frictional forces, and the input force. Since
the forces are collinear, we obtain

av(t)

M=+ D v(®) + Dov(t) = (1)

The LT of the above equation and its transfer function, assuming zero initial conditions, are

1 1
MsV(s) + (D1 + D)V(s) = Fs),  H(s) = WD D=Dy+D,
SJrM

To obtain the block-diagram representation, we write the transformed equation in the form

1 Ms
Vis) = BF(S) ) V(s)
The block diagram for the above equation is shown in Figure 7.4b and the transfer

function is shown in Figure 7.4c |

Example 7.18 (Mechanical system)
Find the transfer function H(s) = V;(s)/F(s) of the system shown in Figure 7.5.

SoLuTION

We first develop the network equivalent diagram. It is shown in Figure 7.5b, where the
velocities v; and v, are specified relative to ground as a fixed frame of reference.
Observe that the force moves with velocity v;; hence, this source is connected between
ground and level v; as shown in Figure 7.5c. Observe also that the mass M; moves with
velocity v; and is connected, therefore, between v; and v, The damper D; moves
with relative velocities specified by v, and v,; hence, it is connected between these two
velocities. Lastly, since both M, and D, move with velocity v,, they are connected in
parallel between v, and v,. A rearrangement of the resulting geometry yields Figure
7.5d, a familiar circuit configuration for the mechanical system.
Since the sum of the forces at each node must be zero, we obtain

O o - -f=0 @
dvdf(r) (7.9)
M, ;r + Di[va(t) — i + Dova() = 0 (D)

In writing these equations, we assumed that non-source terms were pointing away
from the nodes and were assumed positive. This selection is arbitrary and must be kept
consistent for all nodes. The LT of these equations is

(Mys 4+ Dy)Vi(s) — Dy Va(s) = F(s) @)

(7.10)
—D1Vi(s) + Mys + Dy + Dy)Vo(s) =0 (b)
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V1

+ 5 Ao :

V=0
(a) (b)
V1
\_J‘|_1 D,
V2
. |
f(t)T<> J Mﬂ L=—21 D,
vV,
(© u
Jo,
<
V1 | D, V2
fl | f2
A T S
—
Jo,
ot [ M, =
D,
@ Vg
F(s) 1 Vi(s) Vi(s)
" Mys+D, * >
D, V(s) D, Vi(s)
© M;s+D; Mys+Dy+ D,
F(s) Mys+D;+D, Vi(s)

(M5 + D;)(Mys + Dy + Dy) - D}

FIGURE 7.5
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To draw the block diagram of the system, we rearrange these equations to

D, 1 Dy

= sz(S) + mlc@/ Vo (s) (s)

Vi(s =— V(s
1) Mys+Dy +D,

These equations are readily seen in Figure 7.5e. Substituting V5(s) from the second
equation in the first, we obtain

Dy Dy 1
Vi(s) = s) + F(s
1() M15+D1 M25+D]+D2 1 M1S+D] ()
or
1
Vils) Mis + D _ !
Fs) D? 1 B D?
© 1— L (Mis +Dy) = —————
Mis+ Dy Mys + Dy + Dy Mss + Dy + D,
_ Mys 4+ Dy + D,
(Mys + D1)Mas + Dy + D)
The final configuration is shown in Figure 7.5f. |

Example 7.19 (Electromechanical system)

Find the transfer function H(s) = Q(s)/E(s) of the rotational electromechanical trans-
ducer shown in Figure 7.6a. Mechanical and air friction damping are taken into
consideration by the damping constant D. The movement of the cylinder—pointer
combination is restrained by a spring with spring constant K;. The moment of inertia
of the coil assembly is J. There are N turns in the coil (in this example, e's define voltages
and V's define velocities).

SoLuTION

Because there are N turns on the coil, there are 2N conductors of length / perpendicular
to the magnetic field that are at a distance a from the center of rotation. Therefore, the
electrical torque is

8o = fra = 2NBli)a = 2NBla)i = K.i (7.11)

where K, is a constant depending on the physical and geometrical properties of the
apparatus. The spring develops an equal and opposite torque, which is written as follows:

;=K K, = (N-m)/degree (7.12)

Owing to the movement of the coil in the magnetic field, a voltage is generated in the
coil. The voltage is given by

emn = 2NBlv = (ZI\/B/CJ)@ = Kn a0

o i mw @ = angular velocity (7.13)
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+10
fi
7 0
a
S
L
-10
Iy
(a) R
R L

3.

e;

8 19« 18
e 1<m‘;f+ <> ng l—1p

K,i

E,(s) 1 1 Q(s)
> K, —» K. > >
Ls+R Js+D+ Ts

K,

(c)
FIGURE 7.6

From (7.11) and (7.13), we observe that K, and K, are equal. From the equivalent circuit
representation of the system shown in Figure 7.6b, we obtain the equations

L% +Ri+Kpw =e Kirchhoff voltage law  (a)
q (7.14)
Jd_(: + Dw + K det = K.i D’Alembert’s principle (b)
The LT of these equations yields
(Ls 4 R)I(s) 4 Kin2(s) = E(s) @)
(7.15)

(Js +D+ %) Q) = Kls) =0 (b)
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Substituting the value of /(s) from the second of these equations in the first and solving
for the ratio Q)(s)/E(s), we obtain

X

H@é99= fe (7.16)

K
£ (u+m(x+0+f)+mm

A block-diagram representation of this system is shown in Figure 7.6¢c. To obtain the
block diagram, we first observe that (7.15a) gives the error signal (the signal just after
the summer) that is equal to

E(s) — Kn(s) = (Ls + R)I(s)

From (7.15b), we find the relationship

Q) =K, ! !

ST R K {(Ls + R)(s)},

x+D+f

which indicates that the error signal must be multiplied by the three front factors
shown in the above equation to obtain the output. These are shown as a combination
of three systems in series. |

Example 7.20 (Bioengineering)

Determine the transfer function H(s) £ 0(5)/8(s) for the mechanical system (pendulum)
shown in Figure 7.7a. Draw a block diagram of the system and use block-diagram
reductions (see Chapter 1) to deduce the transfer function.

SoLuTioN

By an application of D'Alembert’s principle, which requires that the algebraic sum of
torques must be zero at a node, we write

F=8,+8p+8, (7.17)

where

§ = input torque
84 = gravity torque = Mgl sin @

do

8p = frictional torque = Dw = DE
o dow  d°0

§, = inertial torque = D— = J—

dt dt?
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0
Js? - (s) (s)
- - A(s)
gl
Js
D
Js
(a) ' (b)
50
s o) o 90 ;
+ » > 2
ja A Js el O(s)
Mgl 1+ i
ke~ ]SZ
Js?
D D
© Js () ~
F(s) Js* O(s)
Js%+ Ds + M gl
(e)
FIGURE 7.7

We have characterized the problem as a bioengineering one because we think that
the physical presentation shown in Figure 7.7a is an idealized stiff human limb with the
idea to assess the passive control of the locomotive action as an initial step. Therefore,
the equation that describes the system is (see Figure 7.7a)

2
960 | 500 | pgisino = 500 (7.18)

J
dt? dt

This equation is nonlinear owing to the presence of the sin 8(t) in the differential equation.
However, if we assume small deflections to be less than 20-30°, we can approximate the
sine function with 6(t). Under these conditions, the above equation becomes

P00 o B
— D=+ Mgl o) = 810 (7.19)

J
The LT of this equation is

Js?O(s) + DsO(s) + Mgl®(s) = §(s) (7.20)
To obtain the block-diagram representation, we write the above equation in the form

_ _Dgy M i
0) = J5®(5) 2 ®(5)+j52 3(s)
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This result is shown in Figure 7.7b. Rearrange the block diagram as in Figure 7.7c and
then reduce the innermost feedback loop. This inner loop has the value

1/(1 + Mgl /Js?). The block diagram simplifies to that shown in Figure 7.7d. Now, reduce
this feedback loop to obtain finally

O() 1/(1 4 Mgl /Js?) o O(s) A 1

YAy -
59,0 1 56 O =21 D5+ Mgl
Js? Js (14 Mgl/Js?)

The transfer function is shown in Figure 7.7e. |

Example 7.21

Determine the transfer function H(s) ES Vo(5)/Vi(s) of the system shown in Figure 7.8.

+
+
Vi) C) V.(s)
(a)
(Ry+Lys) I (s)
Vi(s) 1 1,(s) (Ry+ Lys+ Lys) In(s)
Ritlys _’ L(s) 1 I(s)
Lys >
(Ry+ Lys+ Lys) I(s)
Lis [ I(s)
(© @
I5(s) Lys V,(s)
(e)
Vi I I v,
s) 1 1(s) Le | 1 () s (s)
Rytlys Ry+Lis+Lys
Lis
(£)

FIGURE 7.8



Laplace Transform 7-19

SoLuTION

We have seen that in the LT operation, the operator d/dt in a differential equation is
replaced by s and the operator [dt is replaced by 1/s in problems with zero initial
conditions (see previous examples). Therefore, we can write Kirchhoff's voltage law in
Laplace form by direct reference to Figure 7.8b. The equations are

(Ry + L) (s) — Lysh(s) = Vi(s) @
—Lish(s) + Ry + Lis+ Ls)h(s) =0 (b) (7.21)
Lash(s) = Vol(s) ©

These equations are shown in Figure 7.8c through e, respectively. When the parts are
combined, the resulting block diagram is that shown in Figure 7.8f. Using the rules of
block reduction (see Chapter 1), the transfer function is easily determined. |

7.4 Inverse Laplace Transform

As already discussed, the LT is the integral that converts F(s) into the equivalent f{¢).
To perform the inverse transformation requires that the integration be performed in
the complex plane along a path, which ensures that f(t) is unique. Since this type of
integration is beyond the level of this text, we will concentrate in the one-to-one
correspondence between the direct and the inverse transforms, as expressed by
the pair

F(s) = £} f(H) = £{F(5)} (7.22)

Consequently, for this level of mathematical knowledge we must refer to Table 7.1 to
write f(£) appropriate to a given £7'{F(s)}. The following examples illustrate some of the
usual methods used in finding inverse LTs.

Example 7.22 (Separate roots)

Find the inverse LT of the function

s—3

Fls) = —>—°>
© 245546

(7.23)

SoLUTION

Observe that the denominator can be factored in the form (s + 2)(s + 3). Thus, F(s) is
written in partial fraction form:

s—3 A B

F(S):(s+2)(s+3):s+2+s+3

(7.24)
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TABLE 7.1 Table of Elementary LT Pairs
Entry No. A1) F(s) = [;° f()e~'dt
1 5(t) 1
2 u(t) 1
s
3 " on=123,... n
Sn+1
4 e 1
s+a
5 the~at n!
(S+a)n+l
6 sin wt _®
&+ w?
7 cos wt $
S2 +w2
8 e~ sin wt @
(s + a)? + w?
9 e~ cos wt _ sta
(s +a)* + w?
10 sinh wt @
Z_o?
11 cosh wt _ 5
2 _ o
12 t sin wt A
(2 + w?)?
13 t cos wt s — o
(2 + w?)?
14 at+e % — 1 1
2 s2(a+s)
15 bat + (b — a)e ™ + (a — b) b+s
a? s(a + s)?
6 B2 + o?)"? sin (wt + ¢) st b
iow &+ w?
=t T
¢ = tan b
17 bf(bZerZ)l/zcos(thrd)) s+ b
" w? s(s2 + w?)
—tan" ! —
¢ = tan b
18 (@ + 0+ & —2a0) e sin (bt + b) s+¢
. b (s+a)’ +b?)
¢ =tan!
c—a
” b+ (@ + b?)" e sin (bt — ) 1
b(azb+ . s[(s + a)* + b2)]
¢ = —tan"' —
a

Note: A more extensive table is at the end of the chapter.
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where A and B are constants to be determined. To evaluate A, multiply both sides of
(7.24) by (s+2) and set s=—2. The result is

s—3

G+26+3) A==

2
:A+(S+ )B

2
s+2) B 13

5= s==2

We proceed in the same manner to reduce the constant B. By multiplying both sides by
(s+ 3) and setting s = —3, we obtain B=6. Hence, the inverse LT is given by

1 1
)= F)=—-58"——b468{—— 1 =562 4+6e73 t>0
® {F(s) {5+2}+ {5+3} e 4 6e >

where Table 7.1, entry 4, was used.

MATLAB® function residue

We can find the partial fraction expansion of the rational functions by invoking the
residue command of MATLAB: [r,p, k] =residue (A, B), where B and A are row
vectors specifying the coefficients of the numerator and denominator polynomials in
descending powers of s. The residues are returned in the column vector r, the poles in
column vector p, and the direct terms in row vector k. If, for example, k=[1 —5] we add
in the expression the function s—5. For the above case, we write at the command
window the following:

>> [r,p,k, 1= residue([0 1 —3],[1 5 6));

where
r=residues in column form
p = poles in column form
k = some function of s or constant

The results of our example above are

r p k
6 -3 []
-5 -2

6 -5

With these results, we write F(s) = + 0. This result is identical to

s—(—3) + s—(=2)
the one found above. [ |

Example 7.23
Find the inverse LT of the function

s+ 1
[(s+2)° + 11(s + 3)
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SoLuTION

This function is written in the form

A Bs+C s+1

F(s) =
P (PG A A S

The value of A is evaluated by multiplying both sides of the equation by s+ 3 and then
setting s = —3. The result is

—341
A= () =— >
SR (=3+27+1

To evaluate B and C, combine the two equations

—1s 422+ 11+ 6+3)Bs+ 0 S+ 1

(54 2)> + 11 + 3) 5427+ 1165 +3)

From which it follows that
—(s* +45+5 + B +(C+3B)s+3C=5+1
Combine like-powered terms of s to write
(—1+B)s"+(—4+C+3B)s+(=54+30) =s+1

Equating the coefficients of equal power of s, we then have —1+B8=0; —44+C+
3B=1; =54 3C=1. From these equations, we obtain B=1, C= 2. Hence, the function
is written in the equivalent form

-1 s+2

Fs) = —— 4+ ——————
© S+3 (s+27 41

Now using Table 7.1, the result is (1) = —e3 4+ e~ cost t>0.
Using the residue MATLAB function, [r,p, k] =residue ([0 01 1], [17 17
15]), we obtain

r p k
—1.0000 —3.0000

0.5000 — 0.0000i —2.0000 + 1.0000i

0.5000 +- 0.0000i —2.0000 — 1.0000i []

Therefore, the function becomes

1 05 05 g
s=(=3) s—=(=24)) s—=(=2-)

or f(t)=—e ' +0.5e7 2 405672 = —e3 4 0.5e7 (e + ) = —e 3 4 e cost,

F(s)

which is identical to the value found above. |



Laplace Transform 7-23

In many cases, F(s) is the quotient of two polynomials with real coefficients. If the
numerator polynomial is of the same or higher degree than the denominator polynomial,
we must first divide the numerator polynomial by the denominator polynomial, the
division carried forward until the numerator polynomial is of degree one less than the
denominator polynomial. This procedure results in a polynomial of s plus a proper
function. The proper function can be expanded into a partial fraction expansion. The
result of such an expansion is an expression of the form

A A A A

F(s)=By+Bis+Bys* +--- + + +
S—S S—S8 S$—S83 5s—5p
AZ 3 Ar
+(s _”S )2+(S _PS 7 T Gy _"S 7 (7.25)
P P p

This expression has been written in a form to show three types of terms:

1. Polynomial
2. Simple partial fraction including all terms with distinct roots
3. Partial fraction appropriate to multiple roots

To find the constants A;, A,, As,..., the polynomial terms are removed, leaving the
proper fraction

F(s) = F'(s) — (By + Bis+ Bss* + - +) (7.26)

where F(s) is the partial fraction expansion containing all the A’s. To find the constants,
Ay, which in complex variable terminology are the residues of the function F(s) at the
simple poles s, it is only necessary to note that as s — s, the term Ay /(s — s¢) will
become large compared with all other terms. In the limit,

A = lim [(s — sk)F(s)] (7.27)

Therefore, for each simple pole, upon taking the inverse transform, the result will be a
simple exponential of the form

A
53‘1{ k } = Agett (7.28)
S — Sk

Note also that since F(s) contains only real coefficients, if s is a complex pole with A,
there exists also a conjugate pole si with residue Af. For such complex poles,

A Al *
< {s —ksk e —kSE} = Age™ + Afe™
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These terms can be combined in the following way:

response = (ay +jbk)e(rrk+jwk)t + (ax 7jbk)e(0k*jwk)t
= e [(ak + jbr)(cos it + jsin wyt) + (ag — jbi)(cos it — jsinwit)]
= 2¢"¥ (i cos it — by sinwyt) = 2|Ax|e”* cos (wit + 0y) (7.29)

b
|Ak| =\/a} + b}, 6=tan™" (—k)
ak

When the proper fraction contains a multiple pole of order r, the coefficients in the
partial fraction expansion, which are involved in the terms
A A A Ay
N R -
(s — Sp) (s — 5p) (s — 5p) (s — Sp)

must be evaluated. A simple application of (7.27) is not adequate. Now, the procedure is
to multiply both sides of (7.26) by (s —s,)", which gives

A A A
1 I 2 T k
S—S8 S—5 s — Sk

(s =) F(s) = (s — sp)r< ) + Api(s — SP)F1

+Ap(s = 5p) A Ay (s — ) + Apr (7.30)

In the limit as s =s, all terms on the right vanish with the exception of A,,. Suppose we
know that this equation is differentiated once with respect to s. The constant A,, will
vanish in the differentiation, but A,,_;) will be determined by setting s=s,. This
procedure is continued to find each of the coefficients A,. Specifically, this procedure
is quantified by

1 r—k

d r
Apk:mW[F(S)(S—SP) ] k= 1,2, ...,r 0l=1 (731)

S:SP

Example 7.24
Find the inverse transform of the following function:

) S 4252435 +1
2+

SoLuTION

This fraction is not a proper one. The numerator polynomial is divided by the denom-
inator polynomial by simple long division. The result is

43541

F(s) =1 +752(5+1)
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The proper fraction is expanded into partial fraction form:

2 4+35+1 Ay Ap Ay
Fg) =2 == 211 712
©) s2(s+1) 3 52 +s+1

The value of A; is deduced by using (7.27):

sS4 35+

Ay =[5+ DF)]s=—1 = 52(5_'_]) = —1

s=—1

To find Ay; and A;,, we proceed as specified by (7.31):

243541
Ap = SZF(S)L:O:i =
s+ 1 =0
1 a*! d (s> +3s+1 242542
A= 9 opg _d sc 435+ :5+ s—g
2 —=n!|dsT o s s+ P o))
Therefore,
, 1 1 1 , 7[
F)=1———+2-+= or f{t)=8t)—e'+2+t fort>0

where Table 7.1 was used.

7-25

We can use MATLAB function [r,p, k] =residue (b, a) for multiple roots. For

example, to invert the function

1 1
Cs(s4+ 1) S 45t 653 452 +s

F(s)

we proceed as follows: At the command sign >>, we write

[r,p,k] =residue ([0 0000 1],[146410]); At the enter command,

we find the following values:

r p k
~1.0000 ~1.0000 [
—1.0000 —1.0000

—1.0000 —1.0000

—1.0000 —1.0000

1.0000 0
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Based on these values, we write

Fg=— oty oty ol
Ts= (D) s—(=DP [s—(DP - (D s—(0)

Its inverse LT, consulting Table 7.1, is

7.5 Problem Solving with Laplace Transform

7.5.1 Ordinary Differential Equations

It is instructive to present several examples and their solutions using the LT method.

Example 7.25

Study the changes in the time of the current in an RL series circuit with initial condition
i(0) = constant and input voltage source w(t).
SoLuTioN

The differential equation describing the system (KVL) is

di(t
L (7.32)
dt
With the help of the LT properties (see Section 7.2), we find that the LT of the above
equation and the unknown /(s) is

. L. 1 A
Lsl(s) — Li(0) + RI(s) = V(s) or I(s) = T R/(O) + 1R V() = 1;(s) + I5(s) (7.33)
where
Li(s) = L i(0) = zero-input solution (dependent on initial conditions
=R T P P (7.34)
and independent of inputs)
and

1
= ——V(s) = zero-state solution (dependent on inputs and
[5+R P P (7.35)

independent of initial conditions)

I25(s)

Therefore, the total solution in the transform and time domains is

15) = () + I5(5)  or i(0) = iz(0) + i(D) (7.36)



Laplace Transform 7-27

Impulse response: To find the impulse response of the system, we set the initial
condition equal to zero and a delta function as the input voltage. This implies that the
zero-input solution is zero. Therefore, the system function for this problem, which is
the zero-state solution in transform domain, and the impulse response are

_1 o e 1 1w
MO =1 rmm M0=< {L s+(R/L)}’Le

Superposition: Let us assume that v(t) = v;(t) + v»(t). Then the zero-state solution will be

| | |
G @+l ==+

/25(5) = \/2(5) = /Zsl (s) + 1252(5) (7.37)

Note: The input voltages affect only the zero state part of the solution.

Time invariance: Suppose that the source v(t) is shifted by t,. Then the zero-state
solution is

1 1
lozs(8) = ———= L{v(t — to)ult — to)} =

= V —sto _ / —sto
5+R GoR/oe ssle

This indicates that the current due to a shifted source is of the same form but shifted by
to due to exp(—sto). Hence,

iOzs(t) = izs(t - tO)u(t - ZLO) (738)

Note: A delay of the input results in an equal delay of the zero-state solution.

Step response: If v(1) = u(?) is a unit step signal applied at t=0 to a system with
zero initial conditions, then the resulting zero-state response is called step response.
This step response will be denoted by ug(t). Since the LT of u(t) is 1/s, then (7.35) yields

1 1 11 1 1
Iz5(s) ST 5

Hence,

(0 2 Uy (0) = ;—?m — By 7.39)

Let, for example, the values of the circuit elements be R=2, L = 1. We assume a voltage
input of the form shown in Figure 7.9a and zero initial condition. The input voltage is

v(t) = 2u(t) + u(t — 1) — 2u(t — 2)
Therefore (superposition),

izs(t) = Zusr(t) + Usr(t 1) - 2U5,(f -2)
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1 2
(a) t
1.5 T T T T
1 - -
T o5t
O 1 1 1 1
0 1 2 3 4 5
(b) t(s)
FIGURE 7.9
But

P ./ N e
Usr(t) = R(] e u(t) = 5 (1 e Hu(t)

and, hence, the total current is

—

T—e 2 t>0
(1—e2N) 1<t< oo
—(1—e20) 2<t< oo

/ZS (t> =

N —

This current is plotted in Figure 7.9b. If, however, we had also assumed initial condition
i(0), then the general LT format would have been as follows:

1 /1 1 1 )
/(S)ZE(E_Sﬁ»(R/L)) + S+(R/L)/<O)

zero-state response zero—mput response

Using Table 7.1, the inverse transform of the above equation is

1 1 1

iM=50—e @y joe ™ = i) ——|e @y t>0 [
R —— R R
" Zero-input response  m——m et ~~

zero-state response transient response steady-state
response
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Example 7.26

Find the current in an initially relaxed RL series circuit when the input is a pulse shown
in Figure 7.10a.

SoLuTION

The differential equation describing the system is

di(t)

| =
dt

+ Ri() = v(t)

The input signal is decomposed into two unit step functions, as shown in Figure 7.10:
v(t) = u(t) —ult — 1)

Because the system is LTI, we can straightaway use the superposition property and the
time-invariant properties discussed above. Hence, we write

izs(t) = Usr(t) - U5,(T - 1)
But ug(t) is given by (7.39) and, thus, the current is given by

1 1

i) =2 (1 — e ut) — - (1 — e F D)y — 1)
R R
For L=1 and R=2, the current is shown in Figure 7.10c. |
v(t)
=pos(1-0.
W(#) =po.5(1-0.5) w0
1
1
1
t
—u(t-1)
-1F
@) ! t (b)
0.8 T T T T
0.6 ]
% 041 7
02l (UR(1-e>&D) ]
0 ! ‘ . ‘

0 1 2 3 4 5

(o) t(s)

FIGURE 7.10
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Example 7.27

A force is applied to a relaxed mechanical system of negligible mass, as shown in Figure
7.11a. Find the velocity of the system.
SoLuTioN
From Figure 7.11b, we write
t

Dv + KJ v(X)dx = au(t)

0

Now, define a new variable y(t) = fé v(x)dx; this equation takes the form

dy(0)
DW + Ky = au(t)

Observe that the solution is equal to aul(t), where ug(t) is the step response solution.
Therefore, the LT of the above equation and its inverse are (see Example 7.25)

a 1 a
Y6) = = e y(t) = (1 —e %O >0
9=bsrwon 0Tkl e ) 12
Hence, the velocity is given by
A dy(t) a —(K/D)t
= —=—= t>0
v(t) & — D¢ >

Next, we approach this problem from a different point of view, namely, the use of
convolution. This approach requires that we find the impulse response of the system in
the time and LT domains, which are (h(t) has the same units as the velocity)

t
Dh(t) + th(x)dx =68(t); DH() + éH(s) =1
0

o v(t)
f f v
—|—> X K D
f#) f© T() K =
A
D
@) (b) vg=0

FIGURE 7.11
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from which the transfer function and its impulse response are

T K 1 1 K _worn

H =~ K1 =l
©O=5"msrwp "=

t>0

For a step function input au(t), the output is

0

This result is precisely what we found earlier using a different approach. This makes
sense if we remember that the derivative of a step function is a delta function.
We could have also taken the LT of the defining equation, which yields

DV(s)JrK@:al
s s

By solving for the unknown V(s) and taking the inverse LT, we obtain, as before, the
desired solution:

Example 7.28

Refer to Figure 7.12a, which shows the switching of an inductor into a circuit with an
initial current. Prior to switching, the circuit inductance is L;; after switching, the total
circuit inductance is Ly 4 L. The switching occurs at t = 0. Determine the current in the
circuit for t > 0.

VL/[R(L, +L,)] ¢
(a) (b)

FIGURE 7.12
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SoLuTION

The current just before switching is
2
(0—) = —
i0-) 7

To find the current after switching at t =0+, we employ the law of conservation of flux
linkages. We can write over the switching period,

Li(0=) = (L + L)i(0+) or i(0+) =
The differential equation that governs the circuit response, after the switch S is closed, is
di(t
Ly + L) % + Ri(0) = Vu(@)

The LT of this equation yields

Is) = 0+)

V11 1 .
R {THR/(A +L2)} ST RG D)

Include the value of i(0+) in this expression and then take the inverse LT. The result is

; 4 L —Rt
i)==(1—-—2—e M)} >0
® ( L+ 1L -

The form of the current variation is shown in Figure 7.12b. |

Example 7.29 (Second-order systems—the series RLC circuit)

Let us analyze a series RLC circuit driven by a voltage source, v{t), as shown in Figure
7.13a. Specifically we will be interested in the step response of the system. The output is
the voltage across the capacitor. In our study, the following important parameters are
needed:

L R
Critical resistance: R. = 2\/; Damping: @ = —

2L
1
Resonant frequency: w, = —— Natural frequency: B = /w? — a?
quency: o i quency: B f
R
Q-factor: Q = o Damping ratio: s = 7
2a o, R

which are used to determine the current i(t) and the voltage across the capacitor w(t).
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vi(t)
E
t
()
0.1 1
< (=25 = {=25
= 0.05 S 0
0 -1
0 5 10 0 5 10
0.2 2
< =1 = =1
= 01 ¢ = 1 ¢
0 0
0 5 10 0 5 10
0.5 2
< ~ {=06 = {=06
s 0 S 1
-~ }.3
-05 0
0 5 10 0 5 10
0.5 2
= {=0.06 S {=0.06
E 0 o< 1
5 K
-05 0
0 5 10 0 5 10
(b) t(s) t(s)
FIGURE 7.13

Let us assume that there exist an initial current i(0) and an initial voltage across the
capacitor v(0). The following equation (KVL) characterizes the system:

t

i 1 B
Ri(t) + LT + c JI(X)dX + v(0) = vi(t) (7.40)
0

Taking the transform of both sides, we obtain

RI(s) + Lsl(s) — Li(0) + 1) + 0 = V(s)
Cs s
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Therefore,
Vi(s) Li(0) — (v(0)/s) a
I(s) = A6+ 7.41
O = rrGra/cy Rera/o B9 TG 7.41)
zero-state response Zero—'\nput response

The voltage v(t) can be expressed in terms of the current i(t). Since i(t) = Cldw(t)/dt), we
conclude that /(s) = C[sV(s) — v(0)].
The zero-state response V.(s) of the voltage W) is, therefore, given by

_ T V(s)
VZS(S) = /ZS(S)a = m (7.42)
Step response: If v(t) = Eu(t), then Vi(s) = £/s; hence,
E E/L Fw?
1565 /s / V) = =t (7.43)

:R+L5+(1/Cs):sz+2a5+w,2' :5(52+2a5+w,2)

To obtain the inverse LT of these quantities, we must investigate their poles, which are

R R\ 1 R\’
=L (5] —==—atwny/ (=) -1 7.44
PrLa=—73 (ZL) [c- %= (RC> a4

Based on the above equation, the following three cases may be considered:

1. If R> R, then the roots are real and the time functions are

2
i) = #(e‘” — ™) st =E+ _fEor (l ol — lepzf) (7.45)
Lpy — p2) (o1 — p2) \p1 p>

2. fR=R, thenp; =p, = —a = —w, and

E
i) = Zte*a“; Vys(t) = E— E(1 + w,t)e™™ (7.46)
3. If R< R, then the roots are complex: p1 » = —a %+ jB and the time functions are
: E o —at @
Is(t) = Ee sinBt; vu(t) =E—Ee cos Bt + E sin Bt (7.47)

We note that if R < R, then a < B =2 w,, and (7.47) yields

C
() = E\/;e"” sinwt V() = F — Fe~® cos w,t (7.48)
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It is instructive to find out how the current and the voltage behave when the damping
ratio s varies. Let us assume the following circuit element values: v{t)=u(t), L=1,
C=0.25. The four cases, which we investigate, are shown in Figure 7.13b from top to
bottom. The parameters for these four cases are

a R=10,¢=2.5w, = 2,a = 5roots: —9.5826, —0.4174

b) R=4,¢=1.00, =2,a = 2,roots: —2.0000, —2.0000

) R=24,¢=0.6,0, =2,&a=1.2,ro0ts: —1.2000 + j1.6000, —1.2000 — j1.6000

d) R=0.24,¢ =0.06,w, = 2, = 0.12,roots: —0.1200 + j1.9964, —0.1200 — j1.9964

There exists the MATLAB function step (num,den) where “num’ is a vector
containing the coefficients of the numerator and ““den’” is a vector containing the
coefficients of the denominator. The variable, which we want to find, must be given in a
Laplace-transformed rational fraction form. To plot the output, we write

>>sr =step (num,den) ; plot (sr);. [ ]

Example 7.30

Find the velocity of the system shown in Figure 7.14a when the applied force is
f(t) = exp (—t)u(t). Use the LT method and assume zero initial conditions. Solve the
same problem by means of the convolution technique. The input is the force and the
output is the velocity.

—
M
) %03
M % f » System A
<«—— Dv

«— K_fvdt

; D=5 K=4
CONEVES 2 eI

FIGURE 7.14
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SoLuTioN
From Figure 7.14b, we write the controlling equation:

¢ t
/\/I% + Dv(t) + K J v(dx = () or % +5v0+4 J vixidx = e~"u(t)
0

LT these equations and then solve for Ws). This yields

S S S

= V(5= =
WAk T eI 5 6 61

H(s)

Write the expression in the form

V(s) = A + 8 + <
CsH4 s+ T (s 1)?
where
4 1 d 4 1
A= 5 5 = ——; B:——(L) =—; C:; = ——
S+ 1=y 9 Wds\s+4)|__, 9 s+4|__, 3
The inverse transform of V(s) is given by
4 4 1
Vi) = ——e M 4 el ——te™" t>0

9 9 3

To find the aero state solution, v(t), by the use of the convolution integral, we must first
find the impulse response of the system, h(t). The quantity is specified by

t
+ 5h(t) + 4 J h(x)dx = (1)
0

dh(t)
dt

Because we want to find the impulse response, the system is assumed to have zero
initial conditions. The LT of the equation yields and its inverse are

s 4 1 10 4 1,

H(s) = = N ; t) =
©) 24+5+4 3s4+4 3541 3

Therefore, the output of the system to the input exp(—t)u(t) is written as

)= J hXF(—x)ax = J eyt —x) (ge"‘x —%e’*)u(x)dx

—00 —00

t t
4 1 4 (1
=e ! 3 Je’”dx -3 de —et (§ (—3) e
0 0

This result is identical with that found using the LT technique, as it should. [ |

t

1 4 4 1

——r) =——e e ——te™" >0
0 3
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Example 7.31 (Environmental engineering)

Let us assume that at time t =0, there are a certain number of some species, say n(0), all
of the same age. For convenience, let us classify this age as the zero age. At future time
t, there are ny(t) of these members still in the population. Therefore, n;(t) and n(0) are
connected through a survival function, f(t), as follows

Let us assume that at time, t;, we placed m of zero age. At any future time t > t;, the
number of these individuals will be

m(t) = mt)ft—1t) t>t

Consider that there is a replacement rate () of the age-zero individuals. In the time
interval from 7 to 7 + A7, r(71)A7 individuals are placed in the population. 71 must be in
the range 7 < 71 < 7+ Ar. The survival law dictates that r(r))A7f(t — 71) individuals
will still be present in the population at time t. We, therefore, can think of splitting the
interval [0, t] into subintervals of length A7 and adding up the number of survivors for
each interval. At the limit, as AT approaches zero, the summation becomes an integral.
Hence, the number of species at time t is

r(n)f(t — 7)dr (7.49)

>
=
Il
=
e
)
=
+
O~

Let us assume that in 2005, the population of deer was 55,000, and their survival
function was the exponential function exp(—t). Suppose we need to determine a rate
function r(t) such that the population is linear function of time, that is,

n(t) = n(0) + at

SoLuTION

Here n(0) = 55,000 and a is a constant. Then r(t) must satisfy the equation
t
n(0) + at = n(O)e™" + Jr(x)e’“’x)dx t>0 (7.50)
0

Taking the LT of both sides of the above equation, we find that

0 0 1 0) 0
MJrg: n()+R(S) or R(S):(n()+a)s+a:n()+a a
s 52 s+ 1 s+ 52 s 52
Therefore, the rate function is r(t) = n(0) + a + at [ |

Note: Observe that the LT was used in (7.49), even if it was not a differential equation.
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Example 7.32 (Systems of differential equations)

Find the voltage v,(t) for a delta function (impulse response, h(t)) and step function
(step response) inputs to the system shown in Figure 7.15a. Assuming zero initial
conditions, we find the zero-state response for the step function.

SoLUTION

Using the node equation law, we write

v | av© o wl) dwnl) _ ., di)
T +C ar + I(l’) = I,‘(f), T—" C at — /(f) = O, V1 (f) — Vz(l') = L? (751)

Taking transforms of both sides and setting G=1/R, we obtain

GV1(s) + CsV4(s) + I(s) = 1i(s)
GV5(s) + CsVsr(s) — 1() =0 (7.52)
Vi(s) — Vo(s) — Lsl(s) = O

The desired output is

Ii(s)

_ 7.53
LC23 4+ 2LCGs? + (LG2 + 20)s + 2G (7:53)

Va(s)

Let us assume the following values: L =1, R=4, C=1. Then (7.53) becomes

1

Va(s) =i
29 =) G057 T 2.06255 7 05

Vl(t) Vz(t)

T

1 3
0.5 2
= S
= E
0 1
~o. 0
0% 20 40 0 20 40
(b) £(s) t(s)

FIGURE 7.15
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For the impulse response /(s) =1 and for step response is equal to 1/s. To obtain the
time domain of these two responses, we used the following MATLAB programs:

>>t=0:0.05:40;
>>h=1impulse([0001],[10.52.06250.5],t]);
>>subplot (2,2,1) ;plot (t,h) ;xlabel ('t g') ;ylabel ('h(t)');

For the step response we used the following commands:

>>t=0:0.05:40;
>>sr=step([0001],[10.52.06250.5],¢t]1);

The outputs are shown in Figure 7.15b. |

7.5.2 Partial Differential Equations

The gamma function
If n is positive integer quantity, then the gamma function is defined by

I'n) = Jx”flef"dx (7.54)
0

Integrating by parts the function I'(n + 1) = J;* x"e *dx for n>0, we easily find the
relationship

I'n+1)=n J x" e *dx = nl'(n) (7.55)
0

The gamma function for half-integral arguments is found as follows:
1 T 1 T 2
r <5> = infef"dx =2 J eVdy=m (7.56)
0 0

where we set x =" and dx =2y dy, and we used the mathematical tables for the last
integral. Based on (7.55) and (7.56), we obtain

3\ 1.1\ V@ (5\ 3.(3\ 3T [n+1\ 1e3e5---(n—1)
F(i)*ir(z)*TF(ﬁ*zr(z)* z ’F< 2 >* o V7

(7.57)
For m > —1, the LT of " is
0 x/s=o00
Sl = J e dt = j o dr = jxme*de AR LS
x/5=0 0

where we set x = st.
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Error function
The error and co-error functions are defined as follows:

T 2 2 T 2
erf(x) = Jef" dx, erfc(x) = — J e “dx=1—erf(x) (7.59)
) NZ:

X

3l

By (7.58) and (7.57), we obtain

£71{ 1 } I 7.60)
vm T2 at '
But, from the LT tables we observe that £71{1/(s — 1)} = ¢’ and, therefore, using the

convolution property of the LT, we find that

t t t

o—1 1 _ _ _ 1 (t—x) —e_tji
£ {7\/5(5_1)}fjf(x)h(t x)dxfj\/ﬁe dxfﬁ \/de

0 0 0
y=vit
= J Ze’yzdy = e‘erf(\/f) (7.61)

y=0

where we set x = y* and dx = 2ydy.
Since the LT of e 'f(¢) is F(s+ 1), then (7.61) becomes

59‘1{5\/5_1:7} = erf(Vt) (7.62)

By somewhat similar procedure, transformations, and substitutions, we find the relation

1 k
e Ze Wil —erfe[—) k>0 7.63
{Se } erc(%ﬁ) 769
Transmission line

If R and L are the resistance (in ohms) and the inductance (in Henry) per unit length of
an electrical transmission line, and C and G are the capacitance (in farads) and the
conductance (in mhos) across a transmission line per unit length, then the equations
which characterize the voltage and current transmitted along the line are

I 0i(x, t) L RiGef) = — ov(x, t)
ava(i 9 a?& 9 (7.64)
C En + Gv(x, t) = T ox

These are simultaneous partial differential equations, and the independent variables
are x and t.
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Taking the LT with respect to time t of the above equations and applying the LT
property of a derivative, we obtain

oV(x,s)

(Ls + R)I(x,s) = — 3 + Li(x, 0)
81(’; 9 (7.65)
(Cs + G)V(x,s) = — ax) + Cv(x,0)

where I(x,s) = [~ i(x, )e ' dt, V(x,5) = [ v(x, t)e*dt.

Next, multiplying the first equation of (7.65) by (Cs+ G) and differentiating the
second equation of (7.65) with respect to x, and adding the results, we obtain the ordinary
differential equation

2
P10 s mies+ 6 = 220 pes i Gliwo) (.60
Ox2 0x
Similarly, we find
2 .
OV (et RitCs + GV =170 st Rvw0)  G67)
Ox Ox

Example 7.33 (Semi-infinite transmission line)

It is desired to find the propagation of a signal in an infinitely long line with the initial
voltage v(0, ) =f(t) across the input end of the line. We assume that no initial voltage or
current is present in the line (i(x, 0) =0 and v(x, 0) =0).

SoLUTION

Introducing the initial conditions in (7.66) and (7.67), we obtain

2
OMs) _ [Ls 4+ RI[Cs + GlI(x,5) = O

ox?

Z (7.68)
OV s+ RICs + GV, 5) = 0

x>

The solutions (homogeneous solutions) to the above equations are

10x,s) = Are ™ +Bie™ V(x,s) =Ae ¥ +Be™ a=+vV{Is+R(Cs+G  (7.69

The A’s and B's are functions of s and are to be determined from the conditions
imposed by the problem at hand. For example, let us determine A, and B, from the
conditions of the problem.
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Because we must have a finite-energy signal, it implies that the voltage at x = co
must be equal to zero. That forces us to set

B, =0 (7.70)
Next, with x=0 and the help of (7.69) and (7.70), it follows that
V(0,5) = A, (7.71)
Using the above results and remembering the condition v(0, t) =f(t), we find
V(0,5) = £{v(0, 0} = LU ()} = F() (7.72)
Therefore, the second equation of (7.69) becomes

Vx,s) = /:(S)e—ax _ F(5>e7\/(L5+R)(Cs+G)x (7.73)

Special case | (No attenuation and no distortion case)
If we assume no dissipation in the transmission line, that is,

R=G=0 (7.74)
then (7.73) becomes
Vix,s) = F(s)e™ VI (7.75)
Taking into consideration the time shift of the LT, we obtain
Vi) = £V ) = £ e VI = f(t — VICK) (7.76)
Thus, the voltage at the point x=x is exactly the same as the voltage at x=0 except
that there is a time lag of the amount v/LC x. In other words, signals are propagated

along the line with the velocity 1/+/LC without attenuation or distortion.

Special case Il (Distortionless case)
Another case in which the shape of the signal is not changing, but a decrease in
magnitude is found in a transmission line with the following characteristic:

G
=c (7.77)

For this case, (7.73) becomes

/S . jc
V(x,s) = Fs)e X\ﬂ(uw = F(s)e X\ﬂge* LCs (7.78)
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The ILT of the above equation gives

5 G
Vot = £V, = £ {F(s)ex\ﬂRex Lff} —e \ﬂRsf*{ﬂs)e*X ICs)

C
- e_X\/zRf(t —xVI0) (7.79)

Therefore, in this case signals propagate with a velocity 1/v/LC, do not change their
waveforms but are attenuated by the factor exp (—x+/C/LR). |

Example 7.34 (Semi-infinite transmission lineL=G=0
or heat conduction)

Introducing the values L =G =0 in (7.64), we obtain the following two equations:

o ovix)
Rilx,t) = — o (a
ovix,t) _ 0ilx, 1)
T ®

Taking the derivative with respect to x of equation (a) above, and taking the derivative
with respect to t of equation (b) above and combining the results, we obtain

Ov(x, 1) Ai(x, 1)

o ot

K = thermal conductivity
Qulx,n)  10ulxt)

e 2 o = heat equation, > = K/od = { & = specific heat
6 = density

(7.80)

Consider the following boundary and initial condition problems:

0%vix, 1) 0ix, 1)
= RC 0 >0

e o <X < oot >

(7.81)

B.C.: v(0,t)=f(t) vixt)—0asx — oo

LC: vix,00=0 0<x<o0

By applying the LT to the PDE and boundary conditions, we obtain

2
OV (rovis) =0 0 <x < oo
15)% (7.82)

B.C.. V(O,s) =F(s) V(x,s) — 0asx— oo

where V(x,s) = {vix, t)it — s} and F(s) = £{f(t)}. The general solution of this second-
order DE is
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Vix, s) = A(s)eVACs 4 B(s)e*VACs (7.83)

where A(s) and B(s) are arbitrary functions of s. However, to satisfy the condition
V(x,s) — 0 as x — oo, we must choose A(s) =0. The remaining boundary conditions
demand that B(s) = F(s), and thus

V(x,s) = F(s)e™ V¢ (7.84)
From the extended table at the end of the chapter, we have

£71{€7X\/f‘?? \/5; s} = XV —XZRC/AI

2\/_1‘3/2 (7.85)
Therefore, using the convolution property, we find
t
xv/RC f(7) X2RC
vix t) = N J 72 ex {f T T)] dr (7.86)

An alternate form of the solution of (7.86) can be derived by making a change in

variable z = x/RC/2+/t — 7, which leads to

o]

2
vix,t) = NG J f(t — X’RC/420)e ™ dz (7.87)
X\/%/A/f

Constant input voltage
When the voltage at the input to the line is constant v(0, t) = V;, we obtain from (7.63)

2 o0
vix,t) = —=V f e dr = Voerfc(xv/ RC/Z\ﬁ) (7.88)
N
X\/E/2\/F
where erfc(x) is the complementary error function. |

Example 7.35 (Heat diffusion)

Let us have a finite rod of length g, and a constant source of heat is applied at its end.
Therefore, the problem is stated as follows:

au(x, 1) 0ulx, b
a o
[.C: ux,00=0 0<x<a
B.C. ux,t)=Uy x=at>0
oulx, t)
ox

O0<x<at>0

(7.89)

B.C.

=0 x=0t>0
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SoLuTION

An application of the LT of u(x, t) with respect to t gives

2
o U >——U( 55=0 0O<x<a

2
AR ) (7.90)
The solution of this system is

B.C.:U(a,s) (
Up cosh (x\/g)
K
Ux,s) = ————=

- - (7.91)
s cosh (a\/:)
K
Substituting @ = 1/s/k in the above equation, we obtain
UK, 9 = ulx, 1) = £ {‘f [e7P= 4 emBlaHI] § (1>"e—2"30}
n=0
B UO o0 oo
=9 1) -0 (_]) Bl2n+1) + 2n+1a+x]:|}
ad 2n+ Na —x 2n+ Na +x
= U 1 |effc| — =" +erfc[ — ="~
S e () efc( el
(7.92)
where we used (7.63) (see also Table 7.5). |

Example 7.36 (General form of transmission line)

If we eliminate i(x, t) or v(x, t) from equations (7.65), both i(x, t) and v(x, t) satisfy the same
equation of the form

1 Q%ulx,t)  Q%ulx,t)  Oulxb

- — +a +bulx,t) =0
2 2 2
¢ ot Ox ot 7.93)
1
2 —_— = =
C_LC a=LG+RC b=RG
The above equation can also be written in the form
Qulx, 1) 0%ulx, 1) ou(x, 1)
o = ge TP TaT, T —paukd
(7.94)

ac’ =

=p+q a=1LG+RC b=RG bc®=pqg

ﬁl:a
('\IC.\
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Case:R=G=0
If R=G =0, then (7.93) becomes the wave equation

d%ulx, ) 2 d%ulx, )

a2 ¢ o 7.9
BC:
ulx,t) = Af(t) atx=0,t>0
(7.96)
ulx,t) =0 asx —oo,t >0
1C:
ulx, 1) = 6”; D0 att=0 foro<x<oo (7.97)
An application of LT of u(x, t) with respect to t gives
2 2
U s) fS—U(x,s) =0 0<x< oo
ax? c? _—
Ulx,s) = AF(s) x =0 (7.98)
Ux,s) — 0 X — 00
The solution of the above ordinary differential equation is
_Xg
Ulx,s) = AF(s)e” ¢ (7.99)
Remembering the shift property, the inverse gives the solution
Af(t=3) >3
ux,t) = M (7.100)
0 t>-
c
Case ll: L=G=0 (an RC line)
This type of transmission line reduces to classical diffusion equation
oulx,t)  Q%ulx, 0 1
=k k=— 7.101
ot x? RC 7.101

Assuming the following boundary and initial conditions for the voltage in the line
B.C:

uo, )=V t>0

(7.102)
ux,t) =0 x—o0, t>0
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1C.:
ux,00=0 x>0 (7.103)
and taking the LT with respect to time of (7.101), we obtain
Ux,s) = Ae’x\/i + Bex\/% (7.104)

A and B are integrating constants. To obtain a bounded solution, we must set B=0.
Using U(0,5) =V, (see (7.102)), we obtain the solution

Ulx, s) = \/Oe‘x\/f (7.105)

The inverse LT of the above equation gives us the voltage distribution in space and
time in the transmission line, and it is given by (see Table 7.2)

X
) = Verfc| —=
u(x, t) he c(zm)

TABLE 7.2 Some LT of Functions Corresponding
to Error and Co-Error Functions

{5

)n 2n+1

fZ" 0 (2n+ )n!

£{erfc<%>}:le’2kﬁ k>0 s>0

s

_y sinh (xv/5)] o 1—x+2nm\ 1+x+2n
£ {4s sinh /s =3, |erfc eV AR erfc BEV AR

2 1
${t’1/2erf(\/f)} =——Arctan— s>0

erf(x) =

N
o1 1 _el
< {1+¢1—+s}*m erfe(v/D)

} = elerf(\/1)

{
£-1{;} = dlerfe(v/f)
{

! } = \/L—t — erfc(V1)
T
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The current in the transmission line is given by

. T 0uk)\ Vo 1 2
ix, t) = R( ” >_Rﬁkte (7.107)

Example 7.37 (First-order PDE)
Let us solve the following first-order PDE:

aulx, t) au(x, t)
En + x E® =x x>0t>0 (7.108)

with the boundary and initial conditions

ux,00 =0 forx >0

7.109
u,)=0 fort>0 ( )
We take the LT with respect to t to obtain
du(x,
U s) +x 9% X 0. =0 (7.110)
ax s
Using the integrating factor x°, we write the above equation in the form
d S
= (Ui == (7.111)
dx s
Integrating both sides, we obtain
U(xs)*L—kAX’S*X o + Ax (7.112)
s 4 1) TS 541 ’

Since U(0,5)=0, we must set the constant of integration A equal to zero to have
bounded solution. The ILT of the remaining equation gives the desired solution

ulx,t) = x(1 —e™") (7.113)
|
Example 7.38 (First-order PDE)
Let us find the solution of the equation

. aulx, t) . aulx, t)
ot ox

=x x>0t>0 (7.114)
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having the same boundary and initial conditions as the equation in the previous
example. Applying the LT with respect to t, we obtain

du(x,s)
dx

+ xsU(x, s) = )E( (7.115)
Using the integrating factor x* 5/2 gives the solution
U(Xs)—]-i-Aex L s
e P\72

where Ais an integrating constant. Since U(0,s) = 0, A= —1/s” and, hence, the solution is

1
Ulx,s) = = (1 - eJ?X?S) (7.116)
3
The s in the exponent indicates time shift, and since the ILT of 1/s% is t, the solution
becomes
1 2
ux,t) =t — (tffx2)/-/<t —X—> or
2 2
t 2t < x? (7.117)
ult) =41
X2 2>x
2
In this example, the function H() is the unit step function. |

7.6 Frequency Response of LTI Systems

The frequency response of systems is defined when the initial conditions are zero; hence,
we address only the zero-state response. We know that the output of an analog system is
given by the convolution of the input and the impulse response of the system:

gt = f(t) = h() (7.118)
~ ~~ =~
output input  impulse

response

The LT of both sides of (7.118) gives (see Section 7.2)
G(s) = F(s)H(s) (7.119)
The time and transformed representations of a system are shown diagrammatically in

Figure 7.16. Because h(f) is the inverse LT of H(s), then

h(t) = £ H{H(s)} = E”{%} (7.120)
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A9 h(?) &) =f(t)*h(?)
E(s) H(s) G(s) = F(s)H(s)
FIGURE 7.16
S me | a0 | mo | o
— T —>
E(s) | Hy(s) Gy(s) Hy(s) L Gls)

FIGURE 7.17

When two systems are connected in cascade, as shown in Figure 7.17, we obtain the
following equations:

si(t) =f() xhi(t) Gi(s) = F(s)H1(s); g(t) = gi(t) x ha(t)  G(s) = Gi(s)Ha(s)
Eliminating G;(s) from the transformed equations above, we find
G(s) = Hi(s)Ha(s)E(s)

which shows that the combined transfer function is

[H(s) = Hi(s)Ha(s)] (7.121)

Therefore, if n systems are connected in series, their total transfer function is
H(s) = Hi(s)Ha(s)Hs(s) - - - Ha(s) (7.122)
If two systems are connected in parallel, as shown in Figure 7.18, we have

8(t) = g1(t) + &) = f(1) * hy (£) + [ (2) = hy(2)

________________________________________________

H(s) = Hy(s) + Hy(s)

FIGURE 7.18
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O N w0 e | e e
+ Gy(s) M)
To(t) &) e H,y(s)
Hy(s) 1FH, (s)Hy(s)
FIGURE 7.19
from which
G(s) = F(s)H,(s) + F(s)Hy(s) = F(s)[H1(s) + H,(s)] (7.123)

This equation shows that the transfer function of two systems connected in parallel is
given by

[H(s) = Hy(s) + Hy(s)] (7.124)

For systems with feedback connection, as shown in Figure 7.19, we write

&i(t) = f(t) £g() x hy(t) and  g(t) = gi(£) % hy(t) = f(2) x hy () £ g(£) * hp(2) = hy (2)
The LT of the second equation above gives

G(s) = F(s)H(s) = G(s)H1(s)Hx(s)

from which
_ H(s)
and
_ @ _ H(s)
HO =56 " 15 mOmE (7126

These results are consistent with those discussed for block-diagram configurations (see
Chapter 1).

Example 7.39

Determine the transfer function, /5(s)/V(s), for the system shown in Figure 7.20a. Also,
find the magnitude and the phase response functions.
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+
v(t) () D ;R D L} ﬂ, System 12—(),‘)>

%O [ AT 5(s)

FIGURE 7.20

SoLuTION

The differential equations describing the system are

dix(t)
dt

Ri (t) — Rip(t) = v(t) L + Rir(t) = Ri1(H) =0

from which

1 R
his) = EV(S) +h(s) his)=h(s GTR

These two equations are shown in block-diagram representation in Figure 7.20b. By
block-diagram simplification or by eliminating /;(s) from these equations, we obtain

h(s) 1 ) 1
Hi) = 22 = Hijw) = —
(s) Ve " LS or  Hjw) ol
As a consequence,
. 1 T
|H(jw)| = —  ¢(w) = — = = constant n
wl 2

Example 7.40

Deduce an expression for the current (voltage input—current output) in the circuit
shown in Figure 7.21, if a cosine is applied with @ = 5.

SoLuTION

Taking the LT of the KVL equation that describes the system, we find the transfer
function to be equal to
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FIGURE 7.21

The output of the system, if the input is a complex exponential function, is

i(t) = Refe® * h(t)} = Re J h(x)etgy % = Red &t J h(x)e " dx

= Re{d'H(jo)}

Note: For linear operations (integrations, differentiations, etc), we can exchange those
operations with the Re{} or Im{} operations.

Based on our results above, we write the output as follows:

1 ; 1 i 1
i(t) = R L —R M — —tan' (5/2
/(Z’) e{jS +2 e/ } e{ 52 + 2Zef tan~! (5/2) e’ } \/2_g €08 [Sr e (5/ )]

When there is a sum of exponential functions inputs
f(t) = @@ 4 0@ + - + €'a, (7.127)

the output function becomes

9(t) = a1H(jw,)é'" + aH(jw,)e™! + - - - + a,H(jow,)e®r! (7.128)

Example 7.41
Repeat Example 7.40 for an input voltage v(t) = 2 + 5 cos 3t + 6 sin 6t.
SoLUTION

For the given circuit H(jw) = and, thus, we write

1

Jo+2

i(t) = Re 2#4‘” +Re 5#4“ +1m 6Lé‘6f
jO+2 342 j6 + 2

=1 +i cos (3t7 tan™! §> +i cos (6t7 tan™! §>
VE 3) 2
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A basic and very important property of any system is its filtering properties that
define how different frequencies are attenuated and phase shifted as they pass through
the system. Further, the energy of a signal is associated with the amplitude of each
harmonic. Thus, the filtering properties of a system will dictate the amount of energy
that is to be transferred by the system and the percentage for each particular frequency
component. Therefore, we generally prefer to plot the magnitude |H(jw)| and the phase
d(w) = tan~! [Hi(w)/H, ()] versus frequency w, where H(w) and H,(w) are the imaginary
and real components of H(jw). [ |

Example 7.42

Deduce and plot the frequency characteristics (filtering) of the circuit shown in
Figure 7.22a.

v(t)

System

N
AVAYAY
=
|°7
= +

(@ ]
2 0
v 15 R Cc=1 -0.5
ks
2 2
g 1 s -1
@ =
= 0.5 -1.5
0 -2
0 5 10 0 5 10
wrad/s wrad/s
2 0
Y 15 R/2 C=0.25 _05 /4
sqrt(3)/RC
2 art(3) 2 1/RC
c 1 & -1
op ~
= 0.5 -1.5
0 -2
0 5 10 0 5 10
(b) w rad/s o rad/s

FIGURE 7.22
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SoLuTION

Applying the KCL and taking the LT of the differential equation, we obtain

avi) vl IO S
Ca TR0 Y=g = sra/m0

The magnitude and phase spectra are obtained by setting s = jw. These are

1 1

Hjo)| = 2 ——=¢l) = —tan"' (@RO)
\J@? + (1/RC)?
The magnitude and phase characteristics are graphed in Figure 7.22b. |

Example 7.43
Deduce and plot the frequency characteristics of the system shown in Figure 7.23a.

SoLUTION

From an inspection of the circuit, we write the following two KCL equations:

ave(t) 1 .
el 7 J[vc(n — vo(01dt = i)
%Jmm—%mm+%m:o
The LT of these equations are
COVAS) + Vel = Vol = 1) ~-1vots) — Vsl 4+ — g
Ls Ls R

A

Eliminate V(s) from these last equations and solve for H(s) = V,(s)/I(s). The result is

A Vo (8) _ R/LC
His) = Is) — s2+(R/L)s+ 1/LC
Therefore,
o 1/LC o R/
|Hjw)| = 77 dw) = —tan (W/LC — w2)

R 2
[uﬂ /L0 + (z> wﬂ

The above characteristics are plotted in Figure 7.23b for L=R=1 and C=0.2. These
plots can be done by two different approaches.



7-56 Transforms and Applications Primer for Engineers with Examples and MATLAB®

Vo)  —— System |~ »

3 - - - - -
R=L=1,C=0.2

Magnitude

0 1 2 3 4 5 6
wrad/s
2 - - - - -

Phase

-2 L L L L L
0 1 2 3 4 5 6

(b) wrad/s

FIGURE 7.23

(a) Book MATLAB calculations
>>w=0:0.02:6;
>>r=1;1=1;c=0.2;
>>H= (r/(1*c))./sqrt ((—w."2+1/(1*c)) 2+ (r/1) "2*w."2) ;
>>phw=—atan ((r/1) *w./(1/(1*c) -w."2)) ;
>>subplot (2,1,1) ;plot (w,H) ;subplot(2,1,2) ;plot (w,phw) ;
(b) MATLAB functions
>>w=0:0.02:6;
>>r=1;1=1;c=0.2;
>>num= [0 0 r/(1l*c)]; den[l r/1 1/(1*c)];%numerator and
%denominator coefficients;
>>H=fregs (num,den, w) ; $the function fregs () is used for
$Laplace transformrational functions;
>>phw=angle (H) ;
>>subplot (2,1,1) ;plot (w,abs (H)) ;
subplot (2,1,2) ;plot (w,phw) ; $note that we used the function
$abs(); N
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Example 7.44

A signal 2 4 3sin5t is the input to the system of Example 7.43. Find the output v,(1).

SoLuTION

The output is given by
Vo(t) = Rel2H(j0)} + IM{3H(j5)e”"t = Ref2|H(j0)|€4Pe”} + Im{3|H(j5)|e*) e}

Therefore, we obtain

Vo) =2 R/LC +3 R/LC sin (Sr —tan™! {L/L} )
O + RIDPOT? T T (=25 +1/107%25) 2 1/LC— 25

7.7 Pole Location and the Stability of LTI Systems

The physical idea of stability is closely related to a bounded system response to a sudden
disturbance or input. If the system is displaced slightly from its equilibrium state, several
different behaviors are possible. If the system remains near the equilibrium state, the
system is said to be stable. If the system tends to return to the equilibrium state or tends
to a bounded or limited state, it is said to be asymptotically stable. Here, it should be
noted that the stability can be examined by studying a system either through its impulse
response h(t) or through its Laplace-transformed system H(s).

Let us assume that we can expand the transfer function in terms of its roots as
follows:

A A A A
1 + 2 + + k . n

s—398 Ss—$5 S — Sk S — Sy

(7.129)

The time response for an applied impulse due to kth pole will be of the form Age®’. Thus,
the nature of the response will depend on the location of the roots s; in the s-plane.
Because the controlling differential equation that describes the system has real coeffi-
cients, the roots are either real or, if complex, will occur in complex conjugate pairs.
Three general cases exist that depend intimately on the order and location of the poles s
in the s-plane. These are

1. The point representing sy lies to the left of the imaginary axis in the s-plane.
2. The point representing sy lies on the jw-axis.
3. The point representing sy lies to the right of the imaginary axis in the s-plane.

We examine each of these alternatives for both simple-order and higher order poles.
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Simple-order poles

Case I: The root is a real number s; = o7, and it is located on the negative real axis of the
s-plane. The response due to this root will be of the form

response = Axe”™ o < 0 (7.130)

This expression indicates that after a lapse time, the response will be vanishing small.
For the case when a pair of complex conjugate roots exists, the response is given by

*
response = Age™’ + Afe™! (7.131)
The response terms can be combined, noting that Ax = a + jb and sy = oy + jwx:
response = (a -+ jb)el "N 1 (g — jb)elTx Tt

or

response = 2V a? + b2e”' cos (wit + ¢y), ¢ =tan"! (b/a), 0% <0 (7.132)

This response is a damped sinusoid, and it ultimately decays to zero.

Case II: The point representing s lies in the imaginary axis. This condition is a special
case of Case I, but now o = 0. The response for complex conjugate poles (see 7.132) is

response = 2v/a? + b2 cos (wit + ¢;), ¢y = tan™! (b/a), or=0 (7.133)
Observe that there is no damping, and the response is thus a sustained oscillatory
function. Such a system has a bounded response to a bounded input, and the system is

defined as stable even though it is oscillatory.

Case III: The point representing s; lies in the right half of the s-plane. The response
function will be of the form

response = Age”™ o > 0 (7.134)
for real roots and will be of the form
response = 2v/a? + b2e” cos (wit + ¢y), ¢y =tan"! (b/a), 0% >0 (7.135)

for complex conjugate roots. Because both functions increase with time without limit
even for bounded inputs, the system for which these functions are roots is said to be
unstable.
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Multiple-order poles
We now examine the situation when multiple-order poles exist. The following cases
are examined.

Case I: Multiple real poles exist in the left-half of the s-plane. As previously discussed,
a second-order real pole (two repeated roots) gives rise to the response function

response = (A + Apt)e”™ o <0 (7.136)

Because oy is negative, and because the exponential decreases faster than the linearly
increasing time, the response eventually becomes zero. The system with such poles is
stable.

Case II: Multiple poles exist on the imaginary axis. The response function is made up of
the responses due to each pair of poles and it is

response = (A, + At)e + (Ag + Abt)e 7o (7.137)

Following the procedure discussed above for the simple complex poles, this result can be
written as

response = 2V a? + b? cos (wit + ¢y) + 2V 2 + d?t cos (wit + O)

¢ = tan”"' (b/a) 6 = tan"' (d/c) (7.138)

Because the second term is oscillatory and increases linearly with time, the system is
unstable.

Case III: Multiple roots exist in the right-hand of the s-plane. For a double real root, for
example, the solution in this case will be

response = (Ag + At)e”™ o >0 (7.139)

For complex roots, the solution will be

response = e’ [2v/a% + b2 cos (wit + ¢;) + 2V 2 + d? t cos (wit + ;)] (7.140)

In both cases, owing to the exponential factor, the response increases with time and the
system is unstable.

Note:

1. A system with simple poles is unstable if one or more poles of its transfer function
appears in the right half of the s-plane.

2. A system whose transfer function has simple poles is stable when all of the poles are
in the left-half of the s-plane and on its boundary (imaginary axis).
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3. A system with multiple poles is unstable if one or more of its poles appear on the
imaginary axis or in the right half of the s-plane.

4. When all of the multiple poles of the system are confined to the left-hand s-plane, the
system is stable.

The impulse response of a system and the location of its poles are shown in Figure 7.24.

7.8 Feedback for Linear Systems

The feedback concept is one of the most important engineering discoveries of the last
century. In general, the introduction of feedback is to adjust the output so that it
coincides with the desired one. The following are some of the features that can be
achieved by using feedback:

1. Stabilization of the system is possible

2. The system output sensitivity may be reduced due to the system parameter
variations

3. Reduction of input disturbance to the system is possible

4. Feedback improves system transient response

5. Feedback improves the steady-state output
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Cascade stabilization of systems
For cascaded systems, it is possible, by selecting the appropriate transfer functions, to
cancel zeros or poles and thus produce stabilization. It has been found in Chapter 1 that
the combined transfer function of two systems in cascade is given by
H(s)=H,(s)H,(s). If the first system transfer function is of the form H(s)=
s/(s —1.2), we observe that the pole is on the right side of the s-plane, which indicates
a non-stable system. Hence if we add in series a second system with the transfer function
of the form H,(s) = (s — 1.2)/s, the combined transfer function will be H(s) = 1. Hence,
we succeeded to create a stable system because the ROC is the whole s-plane. In practice,
however, most of the times we cannot create a system with a pole having the exact
value that is needed for stabilization. If the first system, for example, is of the form
H(s) =s/(s — 1.2001), then the total transfer function is

s s—1.2_ s—1.2

H(s) = H;(s)H = -
(S) 1(5) 2(5) s—1.2001 s s —1.2001

and indicates an unstable combined system.

In communications, for example, a signal leaves a transmitter (antenna), propagates
through space, and reaches the receiver (cell phone). During transmissions, the
information-carrying signal is distorted by the transfer function of the space it traveled
known as channel. One remedy would be to create a system in front of the receiver that
would be the reciprocal of the space transfer function. This system is known as an
equalizer and acts as a compensator that reduces the distortion or completely eliminates
it. Let, for example, the channel transfer function be of the form

S

H1(3)=S+05

The equalizer must have a transfer function of the form

Hy(s) = {(Hy(9)) ' = ¥

1
=1+4+0.5-
N

The impulse response of the above filter is h,(t) = 8(f) 4+ 0.5u(¢). This filter is stable and
can serve as an equalizer.

Most of the times, the functional form of the communication channel is not known.
One way to circumvent this difficulty, especially in slow-changing channels, is to transmit
a known signal and, then, design the appropriate inverse filter that eliminates the channel
disturbance. The sequence of the known signals is called the training sequence.

Parallel composition
The transfer function of two systems in parallel is given by

H(s) = H,(s) + Hy(s)
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D(s)

FIGURE 7.25

The transfer function of the system shown in Figure 7.25 is
Y(s) = D(s) + [Hi(s) + Ha(s)]V(s)

where D(s) is the transformed desired signal and V(s) is the transformed noise that must be
eliminated. If we can create a filter such that Hy(s) = —H,(s), then the desired signal is
detected. This type of process is known as noise cancellation. One of the important tasks of
engineers is to build noise cancellers that suppress or remove unwanted signals (noise). One
common case is when a person speaks through microphone, as a person in a convention
center or a pilot in cockpit, and noise is also introduced (the noise of the attendees or the
engine noise). Figure 7.26a shows a physical setup of the situation discussed, and Figure
7.26b shows the diagrammatic representation of the system. From the figure, we obtain

V(s)H:(s) + D(s) + V(s)[Ha(s)H3(s)] = Y(s)

or we can write

Y() = VOH, () + D(s) + V() Ha(s) (— ﬁig) — D(s)

D(s)

LHL(s) ! Y(s)
[R— ' Voice barrier
L/
Noise e
source | Hy(s) —> @———{H(s)
V() N :
a (b)

FIGURE 7.26
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G GyG,

FIGURE 7.27

From the above results, we observe that if we introduce in the second parallel branch a
system with the transfer function —H,(s)/H,(s), we are able to eliminate the noise and
receive the desired signal. A common use of such a scheme is in the telephone systems. At
the receiving and sending ends, the two-wire transmission changes into a four-wire
transmission by device known as the hybrid. The imperfection of the hybrid devices
create echoes that we, sometimes, encounter during our conversation.

Feedback stabilization
Figure 7.27 shows a simple negative feedback system with unity return. Let the open loop
transfer function be of the form

1
G(s) = Gl(S)GZ(S) = m

This system is unstable due to the pole at +0.6. This pole creates in time domain an
exponential function of the form *®, which becomes unbounded as ¢t — oo. If the open
system is modified to a negative feedback system, as shown in Figure 7.27, the total
transfer function (closed loop transfer function) is

_C 1
TR 240654028

The poles of this new system are —0.3000 4 j0.4359; —0.3000 —j0.4359. Because
the real part of both poles is negative, it indicates a sinusoidal decaying function in the
time domain. Observe also that the closed loop poles are different from those of the open
loop.

Note: An unstable system may become stable by introducing a negative feedback path.

Sensitivity in feedback
The input-output relation for a unit feedback system (see Figure 7.27) is

G(s)

=176

R(s)
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If we assume that there is an incremental change of the open-loop transfer function by
AG(s), there will be an incremental change of the output. Therefore, we will have the
following relation:

~ G(s) +AG(s)

Proceeding to rearrange the above equation, we find that

~ G(s) +AG(s) ~ G(s) +AG() B G(s)
ACY) =16 a0 Y V=160 T 260 R T 6 RY
AG(s) R(s)

T 1+ GO+ AGOI + GO
Since, in general, |[AG(s)| < |G(s)|, the last expression can be approximated as follows:

N AG(s) B G(s)AG(s) _AG(s) 1
A = o+ el ™Y e reon e Y " 6w 1566 Y

We can now write the above equation in the form

AC) 1 AGE) o AG()
o) 1160 6o 95H (7.141)

where S(s) is called the system output sensitivity function. Since [S(s)| = |1/[1+
G(s)]] < 1, it indicates that the variation of the open-loop transfer function due to the
perturbation of its parameter will reduce the perturbation of the output by the factor of
|S(s)| < 1.

Rejection of disturbance using feedback

Figure 7.28 shows a feedback configuration that completely eliminates the disturbance V(s).
Based on the design shown and referring to systems block-diagram transformations
Table 1.3, we obtain

C(s) = V(s) + G(s)[R(s) — C(s)]
The above equation can be written in the form

o) =39 _pet—L y=_99

1+ G(s) 1+ G(s) 17 6o RO FSOVE (7.142)

FIGURE 7.28
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It is apparent that for |S(s)V(s)| =2 0 in the frequency range of V(s), the feedback
configuration is able to diminish and eliminate the disturbance.

Step response
The voltage across the capacitor of an RLC series circuit to a step input is given by (7.43)
and is given also here with the following substitutions: E = 1,0? = K, 2a = 6.

1 K
BT s2+65+K

The second factor of the above equation is produced by a feedback system shown in
Figure 7.29a. The voltage responses for K=5, 15, and 60 are shown in Figure 7.29b. We
observe that we can shorten the rise time with the drawback in creating overshoots. In
this case, the percent overshoot is about 25%. The rise time is defined as the time
required for the response to rise from 10% to 90% of the steady-state value. From Figure
7.29b, we can categorize the step responses in three main categories. For this case, we
have (a) K<5 is said to be an over-damped case, (b) K=15 is said to be critically
damped, and (c) K> 15 is said to be under-damped.

O K 1/[s(s +6)] >
(a) '\T/

1.4

FIGURE 7.29
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Book MATLAB m-File: step7_8_1
%step7_8_1 is anm file to produce one of the
$curves of Fig 7.29b;n=numerator coefficient vector;
%$d =denomenator coefficient vector;H(s) = 15/ (g 2465+15) ;
n=15;d=1[16 15];
sys=tf(n,d);
[y,t] =step(sys,4) ;%4 is the desired end of time axis;
plot(t,y);
text (3,1.2,'a)') ;%this sets the text 'a)'at point (3,1.2);

Proportional controllers
Let a voltage source be attached to an inductor. The relationship is well known to be

equal to
di(t) di(t) 1 _ 1 B & _ 1
LW =v(t) or T Lv(t) also I(s) = Is V(s) or Hy(s)= V() Ls
where

i(t) is the current in the circuit at time ¢
v(t) is the voltage source
L is the inductance

Based on the above relationships, we can create a unity feedback system made of the
plant and the controller. The feedback configuration is shown in Figure 7.30 where G, is
called the plant and G; is called the controller. This particular feedback controller is
known as the proportional controller. Since the feedback loop transfers the output I to
summation point, it is apparent that the error signal E will be zero if the input is equal to
the output. The total transfer function for the feedback system is

T(S) . KG, (S) _ K/L

1+ KGy(s) s+ (K/L) (7.143)

with a pole at —K/L. To obtain the range of values of the gain K must take to create
a bounded feedback system we can vary K and plot the values of the root in the s-plane.

Controller Plant
Vis) E L 1(s)
m G, =K Gy=1/Ls
____________ kL
V. s+(K/L)

FIGURE 7.30



Laplace Transform 7-67

s-plane

f— 0<KiL<teo —se— 0<K/L<—o )

FIGURE 7.31

For the present case, as K vary from —oo to +o0o the pole varies from +o00 to —co. The
trace of the values of the roots is known as the root locus. Figure 7.31 shows the root
locus for this case. If the system had additional roots, each root would have produced its
own root locus (branch).

If the input is a step function, the output in LT form and in time domain is

1

K/L 1
Tsr&/D) s

s+ (K/L)

1
I(s) = = or i(t) = u(t) — e KMy
s
We observe that at time infinity the current is equal to its input. The first term is known
as the steady-state response i (f). Hence, the error signal (tracking error), i(t) — u(t) =

e(t) = —exp[—(K/L)T], decreases faster the larger the K values are.

Example 7.45

The position of the mass shown in Figure 7.32a is found by solving the equation

dv(t) () ax(
MZE+ DV = M2+ DEZE = A

where
M is the mass
D is the damping factor
A is a constant

The transfer function of this system is

X(s) A AIM

() Ms2+Ds _ s[s+ (D/M)

e

Gy(s)

The step response of this system is unstable due to the double root at s =0. If we use a
proportional controller with unit feedback loop, as shown in Figure 7.30, the total
transfer function is

A X(©) KG;(s) KA

T — —
O = R T3 K0 ~ M1 Ds 1 kA"

S1 = 72 + D—z - @ = roots of the characteristic equation Ms? 4+ Ds + KA
2ETomTIN e T M d

If K is positive, both roots have negative real parts and the system is stable. If,
K < [D?/(4MA)], both poles are real. If, however, K > [D?/(4MA)]
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the two roots are complex conjugate, which are

. __ D, A D
2= TN T e

If we set A/IM=05, D/M=1, the transfer function becomes

0.5K
)= — 2"
© = T os+ 05K
Figure 7.32b shows the roots for different values of the gain K, and Figure 7.32c shows
the unit step response of the feedback system.

Book MATLAB m-File Name ex7_8_8
sm-file for plotting the roots of the total
$transfer function of the Ex 7.45; name:ex7_8 8;

fork=1:5

z(:,k) =roots([110.5*%2*k]);

end;

plot (real(z(1,:)),imag(z(1,:)),'xk") $'xk'=plot black x's;
hold on;

plot (real(z(2,:)),imag(z(2,:)),'xk");

form=1:5

z1(:,k) =roots([11 —0.5*2*k]);

end;

plot (real(zl(1,:)),imag(z1l(1,:)),'xk");

hold on;

plot (real(z1(2,:)),imag(z1(2,:)),'xk"); [ |

We must mention that proportional controller does not always produce a closed-loop

stability.

Proportional integral differential controllers (PID controllers)

Before we proceed with an example, we must mention that a proportional controller is
just a constant, as it was developed above. If the controller has an integrator, its transform
domain representation is proportional to 1/s. And similarly the differentiator is propor-
tional to s. This type of controller is, basically, a generalization of a proportional
controller.

Example 7.46

The KVL of a series RLC-relaxed circuit and the equivalent differential equation with
respect to charge are

@ d 1
01880 g =v0 G144

aity o[
L=+ RO + = J/(t)dr =vlt) or L



7-70 Transforms and Applications Primer for Engineers with Examples and MATLAB®

V(s) K2+ Kys + K. 1 Qs)
I SRS TR Gyls) = ———————— >
G1(s) S ) Ls®+Rs+(1/C)
PID controller Plant
_ () _ G1(5)Gy(s)
0= Y " T9 6,060
FIGURE 7.33
The LT of the second equation and the transfer function are
Qs 1
Ls*Q(s) + RsQ(s) + (1/0)QLs) = V(s); G2(5) 2 1 (7.145)

(s) L2+ Rs+(1/0)

If, for example, we set L=R=1 and 1/C=13 in (7.145) we will observe that the
transient of a step input disappears to about 10 units of time, which may be very
slow for some applications. In addition, the overshoot may also be objectionable.

To alleviate these objections, we can use a PID controller, which is of the form

K K352 4+ Kis 4+ K.
Gi(s) = K, +?2+K35:¥ (7.146)

The feedback controller is shown in Figure 7.33. The configuration indicates that by
selecting the values of Ks, we can create the following individual controllers:
(a) Proportional controller, K3=K,=0; (b) integral controller, K3=K;=0; and (c)
derivative controller, K; =K, =0. [ |

Example 7.47

To evaluate the PID controller, we set L=R=1 and 1/C=1.30. The total transfer
function (closed-loop transfer function) is

Gi)Gs) Kss? + Kis + ks

T(s) = =
© T4+ G)GS) P+ (1 +K)s>+(1.34+K)s+ K,

(7.147)

Setting K; =8 and K, = K5 =0, the step response of the P controller is given by

8

1
)=
() ss24+5+93

(7.148)

Setting Ky =K3 =8 and K, =0, the step response of the PD controller is given by

1 8548

Qols) = $2+95+93

(7.149)
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FIGURE 7.34
Finally, with K; = K5 =28 and K, =4 the step response of the PID controller is given by

1 824+8+4
Qppp(s) =

= 7.150
553492493544 ( )

Figure 7.34 shows the step responses for the above three cases and the open loop
response with L=R=1and (1/0)=13. |

7.9 Bode Plots

Bode plots represent the magnitude and phase versus frequency based on 10 base log-log
scales. The data are plotted as follows:

decibels (dB) = 20log |H(jw)| versus logw, log(:) £} log,, () (7.151)
0(w) versus log(w) (7.152)

Bode plots are extensively used in feedback control studies since they are one of the
several techniques to specify if a system is stable or not.

Bode plots of constants
Based on (7.151) and, due to the fact that C = Ce® and —C = Cé™ = Ce /™, we obtain

positive number  |C| > 1
dB =20log|C| = )
negative number  |C < 1]

6—{0 Cc>1
T=—-m7 (C<1

(7.153)

For example, the number —0.5 gives 20log (0.5) = —6.0206 and 6 = 7 or — . This
means that the plot will show a straight line at height —6.0206.
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Bode diagram for differentiator

The frequency transfer function, amplitude, and phase of a differentiator are

H(jw) = jo = wé'2; |H(jw)| ;5 = 10log v/ (jw)(—jw) = 20 log w; 6(w) :g
(7.154)

Since s = jw, the transfer function of a differentiator is H(s) =s/1. Based on the Book
MATLAB function given below, Figure 7.35 was found.

Book MATLAB m-File: bode_differentiator

tm-file: bode differentiator

num= [1 0] ;den= [0 1];

sys=tf (num, den) ;

w=1logspace(—2,3,100);%(—2,3,100) =create 100 points
%along x-axis from 10"{—2} =0.01 to 10"{3} =1000
%in a log scale;

[ma, ph] =bode (sys,w) ;

mag =reshape (ma, [100,1]) ;%$since ma=1x1x100 it reshapes

%to 100 by 1 vector;

phg=reshape (ph, [100,1]) ;

subplot (2,1,1) ;semilogx (w,20*1ogl0 (mag) , k') ;

xlabel (‘\omega rad/s') ;ylabel ('Magnitude (dB)') ;

subplot (2,1, 2) ;semilogx (w, phg, k') ;

xlabel ("\omega rad/s') ;ylabel ('Phase (deg)');

Bode diagram for an integrator
The frequency transfer function, amplitude, and phase of an integrator are (log(1) =0).

100 . . . ,
=
I
L
a1
Z
b=l
oo
-]
S
w rad/s

91 . . . ,
% 905} E
[}
I
o 90
k:
~ 895} E

39 , , , ,

1072 1071 100 10! 10% 10%
w rad/s

FIGURE 7.35
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1 1
H(jo) == |HG)lys = 20log | = ~20logo. 0(w) = —g (7.155)

If we plot the Bode diagram of an integrator, the magnitude line has an opposite
inclination to that of the differentiator.

Bode diagram for a real pole
Let the transfer function of a system be given by
p 1 1

__r i) — - — Sjtan (2) _ ppes o)
H(s) P+ or H(jw) prie 148 a)ze ¢») = |H(jw)|é
1+

p
(7.156)

The magnitude and phase of the above transfer function for a Bode plot are

2 2
|H(jew)| = 20log——— — 20log (1) — 20log 1—r(3) = —20log 1—%(5)
N Vb Vb
V) (
-
(w) an p

For w < p, the magnitude is equal to about —20log(~1) = 0, a constant. For the same case,
the angle is equal to — tan™! (~0) = ~0. On the other hand, if  >> p the magnitude is equal
to about —20log (w/p) = —20log (w) + 201og (p) which is a straight line with negative
slope of —20 dB/decade. The Bode plots are shown in Figure 7.36 as curves, and the
approximations are shown as straight lines for the particular case when p=1.

7.157)

0
=
Z
> -10t .
s~
2
§& -20F
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FIGURE 7.36
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121 V2

FIGURE 7.37

For the case of a transfer function having a real zero, we expect the curves to be
reflected with respect to frequency axis since the zero is the reciprocal of the pole.

Example 7.48

Find the transfer function for the system shown in Figure 7.37. Plot the s-plane of zeros
and poles, the locus and the Bode plots.

SoLuTioN
The voltage ratio system function is

1 1 1
V5(s) a Cs 1 RC . RC
—— =H(s = H(jw) =
V16) /

Y .
Ri _ _
TG "t JO+5e

There are three critical ranges to be examined:

1. For low frequencies H(jw) — 1, with phase angle approximately zero
2. For high frequencies H(jw) — 1/(jwRC), with angle approximately —90°
3. For frequency w = 1/RC,H(jw) = 1/(1 +j1) = 0.707/ —45°

The appropriate figures are given in Figure 7.38a through c.
The following Book MATLAB m-files can be used to produce Figure 7.38c.

Book MATLAB m-File
sm-file for Ex7.48:ex7 9 1
num= [0 1] ;den=[11];
sys=tf (num, den) ;
bode (sys, k', {0.1 100});

Book MATLAB m-File
%$another way to find the Body plots;
tmfile: ex7 9 1la
num= [0 1]; den=[11];
w=0.1:0.01:100;
[mag, pha,w] =bode (num, den, w) ;
subplot (2,1,1) ;semilogx (w,20*1ogl0 (mag) , 'k') ;
xlabel ("\omega rad/s') ;ylabel ('Magnitude (dB)') ;
subplot (2,1,2) ;semilogx (w,pha,'k') ;
xlabel ("\omega rad/s') ;ylabel ('Phase (deg)') ; [ |
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3
s-plane £ 45 Re{H(jo)}
E
-1/RC -
(@ (b) w=1/RC
0 Bode diagram
g —10} 38 —20 dB/decade
o -20
<
2
= -30t
&
S —d0f
~50 .
0 v
_ \
L
i
o 45 d
3
=
~
90k . il M sl
107! 10° 10 10?
(o) Frequency (rad/sec)

FIGURE 7.38

*7.10 Inversion Integral

When the Laplace F(s) of a one-sided time function is known, the corresponding time
function is found using the inversion formula:

a+joo

f) = £ HF()} = ziﬂ_] J F(s)eds (7.158)
T—joo

This equation applies equally well to both the one-sided and two-sided LTs.

The line of integration is restricted to values of ¢ for which the direct Laplace
formula converges (it is drawn in the ROC). As we will see later in this chapter, for the
two-sided LT the ROC must be specified so that we obtain the time function uniquely.
For the one-sided transform, the ROC is given by o, where ¢ is the abscissa of absolute
convergence.

The path of integration in (7.158) is usually taken as shown in Figure 7.39, and consists
of the straight line ABC displaced to the right of the origin by o and extending in the
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jo
_\C s-plane
T
I, 2
R
I
T I
B o
o

<9 4
L —A

FIGURE 7.39

limit from —joo to +joo with connecting semicircles. The evaluation of the integral

usually proceeds by using the Cauchy integral theorem (see appendix on complex
variables at the end of the book), which specifies that

_ 1 . St
f() —2—77_]R11_>rr01O %F(s)e ds

I
= Z [residues of F(s)e” at the singularities to the left of ABC], for t >0

(7.159)
The integration is taken counterclockwise.

Example 7.49

A one-sided signal (t > 0) has the following LT: /(s> + w?). The inversion is written in a
form that shows the poles of the integrand
1 we'
fit)==—¢————ds
® 2] Fi;(s + jw)(s — jw)

Since the time function is one sided for t >0, the path of integration must be I'y in
Figure 7.39. Next, we evaluate the residues

Res {(5 — jw) we? ] = we” = e/—w
SCES] R ) R
west wesr e—jm
Res|(s + jw) ——: = - =
{( Jolay wZJ o @)

s:—jwi -2
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Therefore,

e/w _ pjo

ft)y = Z Res = T'e =sinwt

Example 7.50

To find the inverse LT of the function F(s) = 1/+/5, we must observe that the function is
a double-valued one because of the square root operation. That is, if s is represented in
polar form by reé?, then rd®?™ is a second accepted representation, and
Vs = Vred®+2m = _\/re, thus showing two different values for /5. But a double-
valued function is not analytic and requires a special procedure in its solution.

The procedure is to make the function analytic by restricting the angle of s to the
range —mr < 6 < ar and by excluding the point at s =0. This is done by constructing a
branch cut along the negative axis, as shown in Figure 7.40. The end of the branch cut,
which is the origin in this case, is called the branch point. Since the branch cut can
never be crossed, this essentially ensures that £(s) is single-valued function. Therefore,
the inversion integral (7.158) becomes and, hence, for t >0, we have

o+joo
f(t) = lim a J F(s)e“ds:i, J F(s)e*'ds
Jl 2]

GAB g—joo
1
__ J+J+J+J+J+J+J (7.160)
27)
8C

which does not include any singularity.

B s-plane

FIGURE 7.40
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First we will show that for t > 0 the integrals over the contours BC and CD vanish
as R— oo, from which [. = f. = [ = J;; =0 Note from Figure 740 that

B = cos™!

Il\sj

BC

(o/R), so that the integral over the arc BC is, since |¢?] =1,

/2
iﬂ?é"de = "R/ J do = e”R'/? (z —cos™! g) — R 5in1 Z
2 R R
B

R1/24i0/2

ag ag
But for small arguments sin~"' il and in the limit as R — oo,/ — 0. By similar

R
approach, we find that the integral over CD is zero. Thus, the integrals over the contours

I'; and I's are also zero as R — oo.
For evaluating the integral over v, let s = ré? = r(cos @ + jsin @) and

e[( Cos 0+ sin ) .
JF(s)e“ds = J ere’ode =0 asr—0 (7.161)
rel

ks

The remaining integrals in (7.160) are written as

f(t) = —L J F(s)e''ds + J F(s)es'ds (7.162)
2]
- I+

Along the path /-, let s=—u; v/s = j3/U, and ds= —du, where u and /u are real
positive quantities. Then,

—
-
%)
m«n
&

Il

I

O3
ﬂ)‘
s
Q
-
Il
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which is a standard form integral listed in most handbooks of mathematical tables, with
the result

Example 7.51

The RC transmission line equation with its initial and boundary conditions for this
example are (see also (7.101))

O%v(t,x) ov(t,x)

e RC B (7.164)

B.C.
v(t,0) =acoswt t>0 (7.165)

1.C.
vi0O,x) =0 x>0 (7.166)

Taking the LT of the above equations, we obtain the following set:

2
V
IV pesvis) =0 x>0 (7.167)
dx?
as
VO,x) =0 t=0 (7.169)

The characteristic equation of (7.167) is

D> —RCs=0 or D==+VRC+s
Therefore, the solution is

V(s x) = AeVRCVH | o= VRCVSX (7.170)

Since the voltage at infinity must be zero, V(s,00) = 0, constant A is set equal to zero.
Hence,

V(s x) = Be~ VARGV (7.171)
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From (7.168) and (7.171), we obtain

. as _\/E\/'
V(S/X) = me X (7]72)

Therefore, the voltage in the transmission line is found by using the inverse LT

o-+joo
a S
Vit x) = —— eStVRCS 2 g 7.173
(t.x) 27 J 2+ o2 7.173)
o—joo

The above integral is found by applying the Cauchy theorem around the contour in a
counterclockwise sense as shown in Figure 7.41. From (7.173), we observe that there
exist a branch point at the origin and two poles at s = +jw. The application of the
theorem gives the following relation:

e R R R e Y R

AB BB BF GA G G FE  ED DG

, s-plane
B $=0+jw
Poles s =t jw
R G
:> L T~—R
R
C
0
R,
F E é{xﬁ
G _)/ o
A

FIGURE 7.41
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We will show below that the integral B8, B'F, and GA are all equal to zero. From Figure
741, we obtain the relations

p=cos T, Ri=[Re"—jo| w=0=p R =|f"+jo| m>0>p

We also have the following relations:

R R R
—<1 (), R>R—w ), —<——<2 ifR>20 ()
R, R “R—w

Multiply (1) and (3) to find

2

R
— <2 fR>2 4
R]R2< if R>2w (4)

Over BB’
We proceed to find the value of the integral BB'. Hence,

s [Re”]

I | < sti| ,~VRCYsx| 1Pl d J ot+jwt _ . dRéﬂ
|BBBJ;, le]e |52+w2‘| 5‘<BB, ’6 ||R€/9 — jwl||Re? + jo (Re”)
= | et il dg = e il T de < 2¢” (Tr B) =2¢""sin 2 (see (4)
o R1R2 - RW RZ 2 ; R

88’ B

As R — oo, the last expression approaches zero and, hence, |lgs| = 0.
Over B'F

We, next, proceed to find the value of the integral over the contour B'f. Following
the same procedure as above, we obtain

|/B’F| < J |eST|L2d9:L2 J ‘e”‘d@:iz J {e(RCOSO-Fjs'\nB)r}dG:LZ J |eth059|d0
RiR» RiR» RiR» RiRy

BF BF BF BF

Next, we make the following substitutions:
ng-i-(p, = cosh = —sing, a|500:7—27:>go:(), 0:77:><p:7—27, and df =de

Therefore, the above inequality becomes (see also 4)

/2 /2

R .
| < —— | stdp < 2 | e nedp <2 | e2/mdp < = lim |lge| =0
R1 Rz Rt R—o0
B'F 0 0
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From (7.174), we obtain

o+joo
a s a ! .
— J et~ VRCY ————ds = >— (value around the branch point counterclockwise
2] s+ w 271j

T—joo

and branch lines opposite to figure since we eliminated the (—)signe + ijz Res)

a e \/ﬁ‘/gxs esf—\/%\/gxs
= — (branch point) +g——— yg— >
2] P (5 + jw) (s — jow)
—_———
Iy h s=jo=we/? L s=—jw=we /2

iwi—/RC a2 .
aejwr VRCVe \/EXJ(;) _ gejmre—\/ﬁf\/ax(cos%—/sim%)
2jw 2

e o VRCVETIVo ()

—/wr \/w\/ax(cos——/sm)
“Jjw =3¢

Evaluation of /,

On GD (we have reversed the integration path)

s=pe’"=s=—R=p=R and s=—e=>p=g, also/—p=+/peIT=/pe T =—j/p

+e& +e&

_a o - pe ™ _ .a ot AT
lim — | ePte=VRCVPX __P" " ooimgy — fim L | ertaVRCVR_ P4
R 2] J p2e*j2ﬂ' + w? P o0 2mf 2 +w2 P
) +R +R
R
— _i efpte/\/ﬁ\/ﬁx p dp
271j P>+’
0
On EF

s=pd"=—p=>s=—R and p=4R s=-e=p=¢ ds=—dp=¢€"dp

R R

277/

pelT wz dp

P2+w2

&
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Around the circle on the origin gives zero. Therefore, putting together the above
relations we find that the voltage at any time and any point along the transmission
line is

V() :g ot g RCwx/V3 - WRCax/ 3 | g g0t e VRCox[VIGVRCon VT ||,

—ae™ RCw/2XCOS(wlL_ /RCw/2X> +2ij Jefﬂf%(e*j\/RCpx _e/'\/RCPX> dp
) pP+w
0

— qp—V/RCw/2x . At P
ae cos(wt \/RCw/2x> Wje 5'”(‘/RCPX)pz+wzdP [
0
Example 7.52
It is desired to find the inverse transform of the function
1
F(s) (7.175)

Tt

which has infinite number of poles. The integrand in the inversion integral has the
simple poles

s=0, and s=jnm n=+1,43 +---(odd values) (7.176)

These are illustrated in Figure 7.42. This means that the function € /[s(1 4+ e~*)] is
analytic in the s-plane except at the simple poles s = 0 and s = jnar. Hence, the integral
is specified in terms of the residues in the various poles. We thus have

:9 (7.177)

s=jnm

(s — jnar)e’t
s(s 4+ e79)

For s =0 Res e’ _ For s = jnm Res
o s(s + e=s) T2 =

The problem we now face in this evaluation is that

n(s)
Re s{(s — a)%}

where the roots of d(s) are such that s =a cannot be factored. However, the appendix
on complex variables develops this situation and the results are

5=0

0

s=a

dld(s)]
ds

_d)—d@ . ds)
= lim = lim ,
s—a s—a s—as—A34a

s=a
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jo
s-plane

(k+ 1)th pole

B
kth pole

\R
o
C

—kth pole

A
—(k+1)th pole

FIGURE 7.42

since d(a) = 0. Combine this expression with the above equation to obtain

Res{(s — a)%} = dn(s) (7.178)
s=a __
ds [d(S)] s=a
We use (7.178) in evaluating (7.177) to find
esr e/m-rt
Re s o =- (n odd)
= (1+e7) o
ds s=a
Adding all the residues, we obtain
1 o) ejnm
=27 2o

The above equation can be written as follows:

f(t) == . —
® 2 + + —j37  —jm  jm 3w

1 e Bt gmt  gmt Bt 1 & 2jsinnat
N e ] _ Ly gsnomt
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which we write, finally as

1 _Zsm2k—1 (7.179)
B 2k —1 ’

As a second approach to a solution to this problem, we will use the contour integration.
We choose the path shown in Figure 7.42 that includes semicircular hooks around each
pole, the vertical connecting line from hook to hook, and semicircular path at R — oc.
Thus, we have

1 eS t

flo = 2mj J's(s +e~9) o

ZZLWJ J n [ +3 J ~ 3 Fes (7.180)

BCA vertical connecting lines hooks
N ————
h L I

Next, we consider the several integrals:

Integral I; By setting s=ré® and taking into consideration that cos@ =
—cosf for > /2, the integral /; — 0 as r — oo.

Integral I, Along the y-axis, s=jy and

N
] [ W +eP)

r—0

dy

Note that the integrand is an odd function, hence /, =0.
Integral I3 Consider a typical hook at s = jnar. Since

I (s —jnmer] 0
o Ls(+e) ] 0

we evaluate this expression with the help of (7.178). The result is the expression
e [inar. Thus, for all poles

/2

1 et N L 2 X sin mrt
/3 =5 J 7_(3 = jf E - + = b E
2] s(1+e9) 2mj | &= jnm 2 27 e
—w/2 n odd n odd

r—0
s—jnm

Finally, the residues enclosed within the contour are

et 1T XXM 2 X sin m-rt
Res———— = — == _
s(1+e%) 2 + ; jnmw Z

n odd




7-86 Transforms and Applications Primer for Engineers with Examples and MATLAB®
which is seen to be twice the value around the hooks. Then when all terms are included
in (7.180)

00

sinnt 11 2 & sin(k — Nt
- — _ 7.181
> +3 +ﬂ; (7.181)

n 2 2k—1

*7.11 Complex Integration and the Bilateral
Laplace Transform

We have discussed the fact that the region of absolute convergence of the unilateral LT is
the region to the left of the abscissa of convergence. This is not true for the bilateral LT:
the ROC must be specified to invert a function F(s) obtained using the bilateral trans-
form. This requirement is necessary because different time signals might have the same
LT, but different ROC.

To establish the ROC, we write the LT in the form

0

F(s) = [e‘“f(t)dwr J e f(Ddt (7.182)
0

—00

If the function f{¥) is of exponential order (e”'*), then the ROC for t > 0 is Re{s} > o. If
the function f(t) for t <0 is of exponential order (e”?*), then the ROC is Re{s} < 0.
Hence, the function F,(s) exists and is analytic in the vertical strip defined by

o] < Refs} < o, (7.183)

Provided, of course, that o < o7,. If the inequality is reversed, no ROC would exist and
the inversion process could not be performed. This ROC is shown in Figure 7.43.

w N\ jeo s-plane
.
|

Q
S
[=)
Q
&

Tk

g
<
8

FIGURE 7.43
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Example 7.53

It is desired to find the bilateral LT of the signals (a) f(t) =e “u(t) and (b)
g(t) = —e % u(—t) and to specify their regions of convergence.
Applying the basic definition of the transform, we obtain

(@)

oo 00 ]
Fiy(s) = [ e uetdr = Je’“*")‘dr =
0 0

s+a
and its ROC is
Re{s} = —a
(b)
o] 0 1
Gyls) = J —eMy(—t)e~dt = J e SHgr = ——
s+a
and the ROC is
Re{s} < —a

Clearly, the knowledge of the ROC is necessary to find the time function unambigu-
ously. |

Example 7.54

The inverse LT of the function

3
Fis) = m —2 < Refs} < —1

is found with the help of the Figure 7.44.
For t >0, we close the contour to the left, and we obtain

3651
s—=4+1)

1
=—e >0

fe) = 3

s=—2

For t <0, the contour closes t to the right, and now

3¢ N 3¢t
(s=Ds+2__, +2A6+1)

3 1
=_—Zelqy—e" t<o0 m

fo = 5 10

s=4
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jo
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FIGURE 7.44

*7.12 State Space and State Equations

A state space representation of the dynamics of linear time-invariant system, both
continuous time and discrete time, is an important description. In this representation,
systems are described by a set of equations that describe unique relations among the
input, the output, and the state of the system instead of a system description in terms of
input-output relationships. The most important features are (a) This type of description
has been extensively investigated and is important in both analysis and synthesis in
controlled systems. (b) The technique can be extended to time-varying and nonlinear
systems. (c) The state variables are part of the solution and are often important factors in
the solution. (d) The form is compact in its representation and is suitable for analog and
digital computer solution. (e) The form of solution is common to all systems. (f) General
system characteristics can be discussed and developed from the state equations.

The state space model of a continuous-time linear system is represented by # linear
first-order differential equations. In matrix form, this is given by

(0 A dx(t)

o = Ax(t) + Bw() x(0) = %o (7.184)

y(t) = Cx(t) + Dw(t)

where the dimensions of the matrices, the state vector, and the derivatives of the state
vector, the input vector, and the output vector are given below:

x1(8) x1(t) wi(t) y1(t)
X t
Anxn’anr)Cpxn)Dpxr’x(t) _ xz:(t) x() = xzz(t) sz(t) )’2:( )

ww(t) = Q) =

(1) (1) w0 ()
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Matrix A describes the internal behavior of the system, while matrices B, C, and D
represent connections between the external world and the system. If there are no direct
paths between inputs and outputs, which is often the case, matrix D is zero.

In one-dimensional rigid-body mechanics (Newtonian), we know that an (output of
the system) of the body for t > t, is uniquely defined if we know the position and its
velocity at t=1t,. Hence, the position and velocity may be used as state variables. For
electrical systems, assuming that we do not have loops made up exclusively of voltage
sources and capacitors or nodes made up exclusively of current sources and inductors, we
can proceed in the selection of the state variables as follows:

1. Currents (through-variables) associated with inductor-type elements (inductors
springs).

2. Voltage (across-variables) associated with capacitor-type elements (capacitors,
mass elements).

3. Dissipative-type elements do not specify independent state variables.

4. When closed loops of capacitors or junctions of inductors exist, not all state
variables chosen according to Rules 1 and 2 are independent.

Example 7.55

[t is desired to find the state model representation for the system shown in Figure 7.45a.
Therefore, the KVL around the loop yields the expression

i)y R, 1
=10+ v (7.185)
Vo(t) = Ri(t)

If we set the current through the inductor as the state variable with x=i, y=v,,
a=—R/L,b=1/L, c=R, and v=w in these equations, the resulting equations are the

i) ~M™M

L

()

FIGURE 7.45
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standard form of (7.184). Here, of course, since the system is of the first order, the vector
functions become simple functions and the matrices become constant numbers. The
transformed equations are

X = ax + bw
(7.186)
y =

And it is the state variable description of the system. Figure 7.45b shows the implicit
feedback structure of the state equations, and this is apparent from the block diagram
representation. |

7.12.1 State Equations in Phase Variable Form

Let us assume that the input-output relationship of a system is described by an nth-order
ordinary differential equation. It is readily possible to convert these higher order differ-
ential equations into normal form, a set of first-order differential equations. This form
expressed in state matrix form is known as the phase variable form.

Example 7.56

We must deduce the following differential equation

d’y  _dy dw
4—=4+3=—2y=2—+5 7.187
dr? + a7 dt o ( )

to its normal form, where y is the output and w is the input to the system. We next write

d’n  ,dn
4= L _Jdn= 7.1
a2 + 3 it n=w (7.188)

The response now is 1 under the excitation w. Therefore, the response to the input

d" w/dt" will be d'n/dt" (due to linearity). This conclusion follows by the straightforward
differentiation of (7.188), with the result

& (dn d (dn dn\ dw
ﬁﬁ(w)+3&(w)’2&w)_m' (7.189)

Next, we multiply (7.188) by 5 and multiply the derivative of the same equation by 2.
The two resulting equations are

d’n dn
4xXx5—43%x5—
dt? + dt

d*> (dn d (dn dn dw
4xzﬁ<a>+3x2&(3)72x2<5) =2

—2x5n="5w
(7.190)
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Add these two equations to obtain

> (_dn d (_dn dn aw

By comparing (7.191) and (7.187), we see that

dn

5 7.192
7 + 57 ( )

y=2

We now write in (7.192) and (7.188),

X1=m

. dn
X2—X]—E

_dn_ 3w,
Cdr . 4d 4

. w
X2 = —
4

The above equations attain the form
).(1 = X2
3 2 1
=2 z — 7.193
5} 4)(2 + 4X1 + 7 w ( )
y =2+ 5x

In matrix form, the above equations are

INI NI}
w
_|_
I )
<

(7.194)

y=1[5 2][?]

The block-diagram representation of (7.193) is given in Figure 7.46. When (7.194) is
written in the matrix form

x = Ax + Bw

(7.195)
y=«

Example 7.57

Consider the simple RLC electric circuit shown in Figure 7.47. Applying the basic circuit
laws for voltage and currents, we obtain

di (1)

v(t) = L7 =+ Rir (t) + vo (1) (7.196)
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w 1 + y
4 Zr N <Z>
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FIGURE 7.46
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| |
| |
| |
| |
FIGURE 7.47
r d
Vo(t) = Raia(t) = ]E Jfg(T)dT +ve(0), iH=C :jz‘(r) (7.197)
0
i1(0) = () 4+ i3(t) (7.198)
Referring to (7.197) and (7.198), we obtain
o] avi(t)
ih(t) = sz Vo(t) +C g (7.199)

Taking the derivative of (7.199) and combining (7.196) and (7.199), we obtain the
desired second-order differential equation:

2
d \/o(l“) i <L + R]R2C> dVO(f) i (R] + Rz) \/O([‘) _ LL\/([‘) (7200)

dt? RyLC dt RyLC C

This equation relates the input and the output of the system, and represents a
mathematical model of the given circuit. In order to solve this equation for the voltage
output, we must know the initial conditions v,(0) and dv,(0)/dt. For electrical circuits,
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the initial conditions are usually specified in terms of capacitor voltages and inductor
currents. Hence, in this example, v,(0) and dv,(0)/dt should be expressed in terms of
vc(0) and i1(0).

Next, introduce the following change of variables:

ai () _ dvo(t)

x1(6) = vo(0) o ar = x(t)
dvo(0)
ol =—4 (7.201)
w(t) = v(t)
YO = vo(D) = y(t) = x1 ()
Combining the above variables with (7.200), we obtain
dXz(f) L+R1R2C R] -‘rRz - 1
P ( RLC )Xz(r) + ( RiLC ))q 0= Ew(r) (7.202)

The first equation of (7.201) and (7.202) can be put in the matrix form as

I 40 0 1 X0 0
*(1) TTRIC T Ric | Lx®

Lc
The last equation of (7.201), in matrix form, is written as

(7.204)

=0 o]

The last two equations correspond to the state space model with

0 1 0
A:[ R+ R, L+R1RZC} B:[1} C=[1 0], D=[0] (7.205)
RLC RLC LC

Consider a general nth-order model represented by an nth-order differential equation

d"y(t) d"1y(1) dy(t)
g Tl g T T + agy(t)

_, A" d"w(t) dw(?)

= byt b b= bow(D) (7.206)

We assume that all initial conditions for this differential equation, that is,
y(07),dy(07)/dt, ...,d""1(y07)/dt""}, are equal to zero.
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To proceed, we first rewrite the above equation with only a single input as follows:

d"y(t) d"'y(1) A0
d T g ey

+ agy(t) = w(t) (7.207)

We, next, introduce the following change of variables:

t y(t dly(t
50 =30, w0=20 =00 =T XD o
which, after taking derivatives, leads to
dx (£) dy(t)
10 =i =22 = n
dxz(t) & y(t)
g x(t) = i x3(t)
dxs(t) _ @y
gt x3(t) = a5 x4(t)
dx,(t) . . d"y()
a0 ="
dy(t) d’y(1) d"'y(t)
=—ay(t) —am = = =@ = e ()
= —aox1(t) — axp(t) — axxs(t) — - -+ — an_1x,(8) + w(t) (7.209)
The state space in matrix form is
@) 7 [0 1 0 - -« 0 [ x® 71 [0]
X (t) o 0 1 0 - 0 () 0
= f S N I 65
Xp—1(8) o 0o - 0 1 Xn—1(t)
L x.(t) | L—a0 —a1 —ay - o —apa ] L ox.(t) I L1
(7.210)
and the corresponding output is obtained from (7.208) as
[ oxa(t) 7
x(t)
y)=[1 0 0 --- 0] (7.211)
xnfl(t)
L x.(t) |
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The general state space form in (7.210) and (7.211) is known as the phase variable
canonical form.

In order to extend this approach to the general case defined by (7.206), which
includes derivatives with respect to the input, we proceed by setting an auxiliary
equation:

d"n(t) d"n(t) dn(t)
e g ey

+ agm(t) = w(t) (7.212)

with the change of variables

d"'m(t)
dt”_l

d d>
x1(t) =), x() = %, x3(t) = dzgt),...,

x,(t) = (7.213)

and then apply the superposition principle to (7.206) and (7.212). Since n(t) is the
response of (7.212), by superposition principle the response of (7.206) is given by

d*n(t)
dr

dn(t)
dt

d"n(t)
dt"

+ b, 4ot b, (7.214)

y(t) = bom(t) + by

Equations 7.213 produce the state space equations in the form already given by (7.210).

The output equation can be obtained by eliminating % from (7.214), using (7.212):

a'n(t)
dgn

= w(t) — ap_1%, — - - — a1x2(t) — apx1 (%)

This leads to the output equation

x1(t)

x(1)
)’(t) = [(bO - aObn) (bl - albn) e (bnfl - anflbn)] : + an(t) (7215)

xnkt)

Example 7.58

Consider an LTI system that is represented by the differential equation

YOO + 5970 — 270 + Y20 — 590 + 3y(0) = 7w 0 + W) + 4w (o)
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where the exponent stands for the order of the derivative. According to (7.210) and
(7.211), we write

, C=[410700] D=[0] m

o O O O O
O O O o —
o O O — O
o O o — O O
N O — O O O
O O O O O
— O O O O O

-5
The transfer function of (7.206), which is obtained using LT, is

by by 1" 4+ bis+ bo

H(s) = 7.216
© s" a1 4 Fas+ag ( )

Example 7.59

Let the transfer function of a system be

_ 20 05> +0s” +0s + 20
TS 421242454+ 80 3+ 2152 + 245 + 80

H(s)
This transfer function corresponds to the following differential equation:

v + 21y20) + 24y (1) + 80y(1) = 20

Based on (7.210) and (7.215), the state space phase variable canonical form is given by

o 1 o 0
A=| 0 0o 1|, B=]|0|, €=[20 0 0] D=[0]
—80 —20 —21 1

MATLAB has built-in function called tf2ss (transfer function to state space), which
produces the state space form from the coefficients of the transfer function. For this
example, we write in the command window:

>>num= [0 0 0 20] ;
>>den= [1 21 24 80] ;
>>[A,B,C,D] =tf2ss(num,den) ;

The resulting matrices are

—21 —24 —80 1
A=| 1 0 0|, B=|0|, €=[0 0 20] D=[0]
o 1 o 0
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Also, the MATLAB function ss2tf (state space to transfer function) produces the system
transfer function given the state space matrices. For this case, we write

>> [num, den] =ss2tf (A,B,C,D) ;
The results are num= [0 0.0000 0.0000 20.0000], den=[1.0000
21.0000 20.0000 80.0000] |

Note that the space state form obtained using the MATLAB command differs from the
space state form derived above and indicates that the space state form is not unique. To
produce the MATLAB version, we make the following substitutions:

dy(t) dzy(t) d"*ly(t)
xu(8) = y(t), x4—1(t) = TR Xn—a(t) = F7PRRRERE xi1(t) = = (7.217)
Example 7.60
A space state representation of a system is given by the matrices
X] (f) 0 1 0 X (f) 0 X1 (f)
Ol=]10 0 1|0 +]|0|we yo=[0 3 1]|x0
)'(3(1’) —1 —4 =2 Xg(f) 1 Xg(f)

The block diagram representing the above phase variable form is shown in
Figure 7.48. |

— 2 ) ] % @—y’

+

X3

%)

X

X

X1

FIGURE 7.48
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7.12.2 Time Response Using State Space Representation

The solution of the state space equations (7.184) can be either obtained in the time
domain or in the frequency domain using the LT technique.

Time domain solution
Let us start with the scalar case

x(t) = ax(t) + bw(t) (7.218)

with given initial condition x(0). The homogeneous solution of the equation
x(t) — ax(t) = 0 is x(¢) = x(0)e™. To proceed, we multiply the above equation by the
negative exponent of the homogeneous solution and write the results in the form

d —at _ at
E[e x(t)] = be® w(t) (7.219)

Integrate both sides of this equation from 0 to ¢ to obtain

t
x(t) = *x(0) + Je““*f)bw(f)df (7.220)
N——

zero-input 0
response D e —

zero-state
response

The exponential term can be expanded in Taylor’s series about x(0) =0 as
“—1+tat+— at2+la3t3+~--—il(at)i (7.221)
3! 4l '

i=0

Analogously, we write the solution for a general nth-order matrix state equation as
follows:

x(t) = A'x(0) + Jef“’*”df (7.222)

0
Let us first consider the homogeneous system without an input
x(t) = Ax(t) x(0) = initial condition (7.223)
By analogy with the scalar case, the homogeneous solution is
x(t) = e*x(0) (7.224)
The matrix exponential is defined using the Taylor series expansion as

o0

At =I+At+ Azt +3 A3t3 Z (7.225)
i—0 !
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Next, we find the derivative of the matrix exponential as follows:

3
3!

A2 ...

det _ d
dt dt

1 2
I+At+5A2t2+-~~) :A+5A2t+

1 1
= <1+FAt+5A2t2 + - -)A =etA
Next, substitute (7.224) in differential equation (7.223) to find
x(t) = ix(t) = Ee‘“x(O) = Aet'x(0) = Ax(t)
dt dt

The above result indicates that the matrix differential equation (7.223) is satisfied, and
hence x(t) = e4x(0) is its solution. Note that at t=0, we have x(0) = eA%x(0) =
Ix(0) = x(0), which shows that the initial conditions are also satisfied.

The matrix e’ is known as the state transition or fundamental matrix. This matrix
relates the system state at time ¢ to that at time zero, and is denoted by

2
(p(t)=eAf:I+At+A2%+-~-=ZAi— (7.226)

Properties of ®(¢)
The solution (7.224) can now be written in the form

x(t) = D(t)x(0)

Property 1
d0)=1
Property 2
@' (t) = ®(—t) = P(t) is nonsingular for every ¢
Property 3
D(t; — to) = Pt — 11)D(t) — to)
Property 4
@'(t) = D(it) i = integer
Property 5

d d t__ t _ t
SP(0) = AD() & - M = MA = At

The proofs are straightforward. Property 5 has already been established.
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The state transition matrix @(¢) can be found using several methods. The first is
already given in (7.226), the second is based on the use of the LT, and another is based on
the Cayley-Hamilton theorem. These last two approaches will be given in subsequent
sections.

In the case when the input w(t) is present in the system (forced response), then the
equation is

x(t) = Ax(t) + Bw(t) x(0) = initial condition (7.227)

Multiply each term in this equation by the factor ™4/, a procedure that is suggested by
the method of variation of parameters. The result is

e A %(t) = Ae A'x(t) + e A'Bw(t)
Rearrange this equation to the form
e A x(t) — e M Ax(t) = e A" Bw(t)

which is

d. _a At
E(e x(t)) = e *'Bw(t)

Multiply by dt and integrate over the interval t, < 7 < t. The result is

t

J i(efATx(T))dT = JeiATBW(T)dT
dr

to fy
This expression yields

Alx(t) — eAox(ty) = JeA“_T)Bw(T)dT

to
Now, multiply all the terms with the positive exponential function, we obtain

x(t) = A 0x(1) + JeAO*T)Bw(T)dT (7.228)

)
When written in terms of the fundamental matrix, the above expression becomes

t
x(t) = D(t — to)x(to) + J¢(t — 7)Bw(T)dr (7.229)

fo



Laplace Transform 7-101

From the output equation of the state space formulation and (7.228), we obtain
t
y(t) = CAx(ty) + J A Bw(r)dr + Dw(t) (7.230)
to

Example 7.61

For the system given below

-1 0 0 1
x)=]10 =2 0 [xO+ [1|w@), yt)=[6 —6 1]x{t), t>0
0 0 -3 1

we will first find the transition matrix, next we will find the state variable, and then the
output. Therefore,

100
0-=201c 1oo] [-10 0 ]—1002 ]—1003
®(=eL 0 0 =3] —lo10|+ 0 =20 {45 0 =20 | fgg) 020 | e
001 00 -3 1o o0 -3 1o 03

1 1
_ (=1’ 0 0 =(=1’F 0 0
100] [-t0 0 2! 3!
1 1
=[010{+[0 -2t O [+ 0 5(72)%Z o |+ 0 5(72)3[3 0 |4
1001 0 0 -3t ) 1 2 ‘ | ,
0 53 0 0 =3
r 1 1
T (=Dt (=12 = (=13
+( )r+2!( )r+3!( s 0 0 0 0
1 1
= 0 1D =2 gy =2 0 ={oe” o0
’ : 1 1 0 0 e
0 0 1+(73)(+§(73)2f2+§(73)3(3»-~

At any particular time t, the MATLAB function expm (A*t) will evaluate the transition
matrix given values at each of its elements.
The state variables to a unit step response is given by

t t [e-t=D 0 0 1 t
x(t) = J(D(r — 7)Bw(r)dr = J 0 e A7 0 1| 1dr = J e~ 2t=7 | dr
0 0 0 0 e—S(t—T) 1 0 e—S(r—T)
1 —et
=| 0501 —e%

0.333(1 —e™3)

The output is
1—et
y=[3 =3 1]| 0501 —e2) | =301 —e)—1501—e) +0333(1 —e
0.333(1 — ™)
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For the step response, the initial conditions are set equal to zero and MATLAB uses the
following function: [y, x,t] =step (A, B, C,D). The plot of the state variables is
accomplished by the command plot (t, x). |

7.12.3 Solution Using the Laplace Transform

The time trajectory (solution) of the state vector x(f) can also be found using the LT
method.
The LT applied to the state equation (7.184) gives

sX(s) — x(0) = AX(s) + BW(s) or (sI —A)X(s) = x(0)+ BW(s)

where I is the identity matrix of order n. Since we are dealing with matrices, we must use
their inverses, and thus the above matrix becomes

X(s) = (sI — A)7'x(0) + (sI — A)"'BW(s) (7.231)

Comparing (7.231) and (7.229) with t, = 0, we conclude that the Laplace of the transition
matrix is equal to (sI — A)~ 1. Therefore, we write

D(s) = (sI —A) ' = adj(sI — A) = £{D(1)}

1
det (sI — A)
or (7.232)

D(1) = £ HP(s)) = £ (T - A)7}

Therefore, the time form of the state vector is obtained by applying the inverse LT of the
following equation:

X(s) = D(s)x(0) + P(s)BW(s) (7.233)

Since the last term is a product in the s-domain, it becomes a convolution integral in the
time domain (see LT properties). Hence,

x(t) = x,(t) + x(t) = eAx(0) + JeA(t_T)BW(T)dT (7.234)
0

where x,(t) and x,((t) are the zero-input and the zero-state components of the system
state response.
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Once the state vector x(f) is determined, the system output y(¢) is simply obtained by
substituting x(f) into (7.230), hence,

y(t) = y,(t) + y,(t) = Ce*'x(0) + C J A7 Bw(r)dr + Dw(t) (7.235)
0

Where y,,(t) and y,,(t) are the zero-input and zero-state components of the output y(¢) of
the system. The LT of (7.235) becomes

Y(s) = Y,i(s) + Y (s) = CD(s)x(0) + [CD(s)B + D]W(s) (7.236)

Example 7.62

Let the state space matrices be

Then, the state transition matrix is

-1

s 0 0 1 s =1
D(s)= (sl — A = [ } - { =
0 s —6 —5 6 s+5
. s+5 1
B 1 SHS =6 G+ 2A6+3) +26+3)
Cs(sH5)+6] s —6 s

+206+3) +2(+3)

This implies that

30 2 :
3 3 it2 3
D)= = D= [T TS st s
6,6 -2 3
s+2 s+3 s+2 s+3

3e72 — e 3t et — et

—6e7 2 673 D7 4 307
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If the system input and the initial condition are

wt) =eMut) xO0) =01 o

Then, the state variable response is obtained from (7.234)

t
X(0) = X0+ Xos(0) = {X* “)] _ o F ] s Je’AT m e
Xz(l') 0 1

0
t
372 — e e —e ¥
= { -2 734 +€ATJ { 2 3 }e_MdT
—6e" % +6e —2e’ + 3"
0

|: 36_2t*2€_3[ :| I: %€—2r76—3r+%e—4r ] [ %6—2[736—3t+%e—4t

t>0
766—2r + 66—3r *6_2[ + 36—3t _ 26—41 776—21‘ + ge—Sr _ 26—4r -
The system output is obtained as follows:
7 3,
yit) =Cx@) =01 0lx() = x;(0) = 56 — 3¢+ 5@ t>0 ]

The state of the system and its output can also be obtained using the transform domain.

We use the formulas (7.233) and (7.236) by applying the inverse LT. Therefore, to show
this procedure, we write

1 0
X(s) = D(s)x(0) + DP(s)BW(s) = D(s) [0} + D(s) [ ) } o
s+5 1
(s+2)(s+3) G+2)(+3)s+4)| {Xﬂs)}
Jr =
—6 5 X5(9)
(s+2)(s+3) (s+2)(s+3)(s+4)
Y(s) = CX(s) = [1 0]X(s) = Xy(s)
The time domain solution is found from the above equation to be
3 _ 2 r 0.5 _ 1 n 0.5
(s+2) s+2 (s+2) s+3 s+4
— o1 —
x(t) = £ H{X(9)} = P 6 | T ) 3 5
(s+2) s+3 L (s+2) s+3 s+4
7 1 -
_ Eefzt — 3¢+ Ee74t _ x1(t)
—T7e % 4 9p3t _ pet x(t) ]

y(t) =[1 0]x(t) =x ()
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Book MATLAB file: state_response_7_12_3_1
%Book MATLAB file: state response 7 12 3 1
A=[01;-6 -5];B=1[0;1];C=[10];D=1[0];x0=1[10];
t=0:0.1:4;
w=exp(-4*t) ;
[y,x] =1sim(A,B,C,D,w,t,x0) ;%1lsim is a MATLAB function;
subplot (2,1,1) ;plot (t,x,'k") ;grid;
xlabel ('Time (s)') ;ylabel ('System state response') ;
subplot(2,1,2) ;plot(x(:,1),x(:,2),%");
xlabel ('x_1(t)") ;ylabel ('x_2(t)");

The above script file produces Figure 7.49.

7.12.4 State Space Transfer Function

The transfer function is defined with zero initial conditions, and it is the ratio of the
output to the input of the system in the s-domain. From (7.236), we obtain the transfer
function

H(s) = % = C®(s)B+D=C(sI —A)'B+D (7.237)

MATLAB has a special function that gives the numerator and denominator factors. The
function is
> [num, den] =ss2tf (A,B,C,D) ;

System state response

\ <— Time direction /

Time=0
-0.5 rTime =4 1

X,(t)

x;(t)

FIGURE 7.49
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7.12.5 Impulse and Step Response

One of the most useful outputs of a system is when it is excited by an impulse or step
response. Therefore, for a MIMO system with zero initial conditions, we have

x(t) = JeA(t_T)BW(T)dT
0
y(t) = Cx(t) + Dw(t)

(7.238)

Let the input function have r components, each one is zero besides the jth component.
Then, we write

wd =00 0---0 wi(t) 0---0]" (7.239)
Based on the above definition, we also have
Bw(t) = wi(t)b; B=1[by by---by b byi---b_i b (7.240)
The state and output responses, due to the jth component of the input signal, are

t

() = JeA(f*ﬂbjwj(T)dT

) (7.241)
yO() = CxP(t) + DWO(t) = CxV(t) + djwi(t)
where d; is the jth column of the matrix D.
If wj(t) is an impulse, then the state variables and output will be
t
xU(t) = Jef‘(f-”bjs(f)df = e*'b;
(7.242)

0
}’(j)(t) = CeAtbj + d;5(t) A h(j)(t)

In the same way, if w;(t) = u(t), with all the other inputs equal to zero, then the system
variables and system output are

t t
X0 (0) = Jef“f bju(r)dr = JeA(f ) drb,

0
Yo (1) = Cx () + dju(r)

(7.243)

Taking the derivative of both sides of (7.243), we obtain

K1) = o yi’t)ep(t) (7.244)
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The differentiation in (7.244) must be performed component-wise; that is, the derivative
operator must be applied to every component of the output vector.

The impulse and step responses of MIMO systems can be found using the following

MATLAB statements:

>t=ti:dt:tf;

> [y,x] =impulse(A,B,C,D,in, t) ;%$in=number of inputs to the

> $system;

> $ti=initial time; dt =sampling time;

>[y,x] =step(A,B,C,D,in,t); $tf=£final time; t =response
%$time interval;

TABLE 7.3 LT Pairs

F(s) )
1S 8" (1) n™ derivative of the delta function
2 s daé(t)

dt
3 1 8(t)
4 1 1
s
5 1 t
2
1 tn—l
6 —(n=12
o : (n—1)!
7 L 1
\ﬁ Tt
8 5—3/2 ) i
T
9 s’[’”(l/z)](n -12...) ongn—(1/2)
1-3:5---2n— D@
10 LP(k > 0) 1
s
n ! ot
s—a
12 1 teat
(s—a)
1 1
13 — n—1 at
(sfa)"(n L2 n—1)!
14 F(k) - (k > 0) tk*leat
(s —a)
1
3 at bt
G—a)s—b) @ )
6 S 1 at _ 1 bt
(s—a)(s—b) ) (ae™ — be™)
IS (b= 0" + (c —a)e + (a — b)e”
(s—a)s—b)s—0 @—bhb-oc—a

(continued)
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TABLE 7.3 (continued) LT Pairs

F(s) 0]
18 1 e~ valid for complex a
(s+a)
19 1 1o _
s(s+a) a (1=e™)
20 L i(e’”t +at—1)
s2(s +a) a?
21 1 L[, e 1
$(s+a) a2 |a + 2
22 ; 1 (e—at _ e—ht)
(s+a)s+b) (b—a)
23 1 i 1 —at __ bt
Grastb ab {1 Ta—ple e )}
24 1 R 1 2,-bt _ 12 —at o
SGra6ED by Laih)(ae b'e™™)+abt —a b}
25 1 R a—b lzi(“"‘b) 1 Efatii —bt
TR ) (ab) Lama 2 T Taon\@ e
26 1 1 —at 1 —bt 1 —ct
G+aG+bG+o G-ac-a° @-hec-b° @-ab-0°
27 ! 1 1 at 1 bt 1 —at
A — — e — et — e
s(s+a)(s + b)(s +¢) abc a(b—a)(c—a) bla—Db)(c—Db) cla—c)(b—c)
. 1 ab(ct — 1) — ac — bc 1 -
G660 (abc)i a2(b — a)(c T a)

29 1

S+ a)s+b)(s+o)

30 !
s2+a?
N
s2+a?

32 !
2 — g2

33 S5
52_a2

31

34 1
s(s? + a?)
1
1
(2 + a2)?
s
(2 + a?)?
38 s
(2 + a?)?

35

36

37

—bt

ct

tTRa—ne—bn° T2a—ob-0°

1 2 ab+ac+ be 1,
@b [(ab+ ac+ bc)” — abc(a+ b+ )] (@b +2abct
_ 1 e _ e—ht _ 1 e
a’(b—a)(c—a) b*(a—b)(c—b) Ala—c)(b—o)
1.
— sinat
a
cos at
1 sinh at
a
cosh at

1
—2(1 — cos at)
a
1 .
—S(at — sin at)
a
1
P (sinat — at cos at)
a
t
ﬂ sin at

|
— (sinat + at cos at)
2a
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TABLE 7.3 (continued) LT Pairs

F(s) A
39 & —a t cos at
(2 + a?)*
40 s 2 2y €O at — cos bt
(52 + aZ)(SZ + bZ) ((l 7é ) bZ — a2
1 1
41 _ — e sin bt
(s —a)” + b? b
42 % e cos bt
(s—a)” +b*
1 —e n 2n—r—1 o d
43 - o1 2
e i o (T2 s
et 2n—r—1 dr .
14 s W{Zfl ( : >(—2t)’ ! lacos (bt) + bsin (b1)]
(s +a) + 12" "
et 2n—r—2 = dr
—2by (=2t)"' — [sin (bt)]
n—1 drr
3a? ” tV3 /3
45 i 67“’—6()Z<cosa {—ﬁsina [)
46 4a’ sin at cosh at — cos at sinh at
st + 4a*
47 L(sin at sinh at)
st + 4a* 2a?
1 1
48 _ = — (si —si
G 3 (sinh at — sin at)
a_ ﬁ(cos at — cos at)
50  8a%s (1 4 a*t*)sinat — cosat
(2 +a?)’
1/s—1\" ¢ dn
51 B (S . > L,(t) = % d—tn(t“e’f ) [L,(t) is the Laguerre polynomial of degree n]
1 t(n—l)e—ut
52 " whereni itive int
Grar T where n is a positive integer
1 1
53 5 —[1—e —ate™]
s(s+ a) a?
1 1
54 1 R PV —at —at
Gray pe [at — 2 + ate™™ + 2¢™ %]
1 1 1
55 2,2 —at
—_— — |1 —|=za’t t+1
s(s+ a)® a3{ <2a Tt >e ]
1 1
6 {e™ + [(a—b)t —1]e™™}
(s + a)(s + b)* (a — b)?
1 1 1 1 —2b
s7 L L e { A Z}e—br
s(s+a)(s+b) ab®>  a(a—b) b(a—b)  b*(a—b)
58 1

$2(s + a)(s + b)?

1 ,at+i t—l—g n 1 H_Z(ﬂ*h)*h bt
2a—o° Tar\'"a7p) T a0 wa—p )¢

(continued)
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TABLE 7.3 (continued) LT Pairs

s(s + O)[(s + b)* + 2]

1 (a—0by +? 4 .
TovEra oo vl ertd

Fe) 0
1 { 1 ‘o 2c—a—b }e’“
S VR vosre Cc—blc—a) ' (c—allc_by?
(s+a)(s+b)(s+o) N 1 - i o
(b—a)c—a) (a — b)(c — b)?
1 1 1 w
60 - @ —at . f—b); — tan~! (7)
(@ +a) @vat e et ey
1 1 1 1 a 1
6r - o a 1 .
s(s + a)(s2 + w?) Bt (w sma)ter2 costhrae )
1 Lt— 1 ! —at
? Serae T aw' @ R o)
a
+———— cos(wt + ¢); — tan ! (_>
PN s ¢ >
1 1
63 Gralt ol ﬁe’“’[sinwtfwtcoswt]
1 1
64 R — sinh at
$—a a
1 1 1
65 1o 1
2 —a) o sinh at azt
1 1 1
66 T
S —a?) F(coshat 1) 2a2t
1 1 . \/3‘ \/§
67 —_— P —at __ 5t v _ VY
P+ ad 3 {e e (cos 5 at — V/3sin 3 at)}
1
68 Eay F(sinatcoshat—cosatsinhat)
s a a
1 1
69 Py E(sinhatfsinat)
oL —e “sinh wt
(s +a) — @?] ®
2 2
71 s+a a 1 (a—10) +wc’h" , )
s[(s + a)* + 0?] Pto o P+ w? sin (! + &);
=t —1(7) tq(“’)
¢ an b + tan b
1 2ab (a—b+w? _
72 ___sSta 1+at] — ¢ Y sin (0t +
2[(s+ ) + 0?] b2+w2[ ] (B + w?)? o(V? + 0?) ( 2
w (0]
= tan™! (—) 2tan”! <7)
¢ = tan PR + 2tan b
a—c 1 a—Db)? + w?
73 Laz ﬁf“+7+ (_)72wze’l” sin (wt + ¢)
(s + s+ b)” + «?] (c=b)"+w w (c=b)+w
[ [
2 (2
¢ an T an 0
a " (c—a) ot
74 sta b+ w?) (b - )+ w?]

¢ =tan”! (%) + tan™! (%) —tan”! (c i) b)
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TABLE 7.3 (continued) LT Pairs

7-111

F(s) )
75 s+a a,  b—3a [3a—-b a-b, 2a-b]
TR R R I * Ry - N <
76 s+a a-c _, a-b , c—a 7c],bt
P Ee— t
(s+ s+ b)° b-c)? ¢t {2(5 —b) +( by +( b)*
2 2 2
77 s a —at b bt ¢ et
GraGibeto G-at—a° T ne-pn° Ta-ow-o°
2 2 2 2
78 s a ot b b —2uh} "
P —— t
CraGTby b—ar’ +La—b) e
79 S {Z—Zat—l—a—ztz}e”
(s +a)’ 2
2 2
80 $ 4 —at _ @ ; b —tan—) (@
CTaET oD o wz)e — sin (ot + ¢); ¢ = tan (a)

81

82

83

84

85

86

87

88

89

S2

(s + a)(s? + w?)

SZ

(s+ a)(s + b)(s* + w?)

52

(s 4 a?)(s® + w?)

52

(s + w?)?

S2

(s+ a)[(s + b)* + 0?)]

32

(s 4+ a)’[(s + b)* + w?]

s +a
s2(s+b)
s +a
$3(s+b)
s+a
s(s+b)(s+¢)

a2
{(a2 + w?) -

2aw?

¢ = —2tan"! (g)

(12

—at

—at __ w
@+ wz)z} T @t

2
b —bt

b—a) @+’

a
T (@ —a?)

%
(a2 + w?)(b? + w?)

sin (at) —

1
( sin wt + wt cos wt)

|(ah)2+cu2 {
v+

—at 1

= tan~ >

e +ad)©
sin(wt +¢); ¢=— [taIfl (%) +tan™! <%>]

w
(az — w?

sin (wt)

)

(b2 — w?)? + 4b20?
(a— h)2 +w?

)

(bfa)2+w 1+ a2(b—

€

sin (wt + ¢);

) + w?]?
2)? 4 4P w? bt
olla— b + ] e " sin (wt + @)
2bw R
tan » 7w2> — 2tan (a — b)
- 4,4
e
a —b
Etz_ﬁH—Zﬁ [ +a—(a+b)e™]
V* +a) o (& +a) -
b(b — c) Tdb-o

a):| efat

" sin (wt + ¢)

(continued)
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TABLE 7.3 (continued) LT Pairs

F(s) A1)
90 s +a bV +a ot Et+a _, a  alb+o)
s (s+b)(s+c¢) b*(c—b) c2(b—o¢) bc b2c?
91 s +a b*+a b Z+a ot & +a ot
(s+b)(s+o(s+4d) (c—b)(d—b) (b—o)d—c) (b—d)(c—d)
92 s +a a b +a bt +a e & +a ot
s(s+b)(s+)(s+4d) bed  b(b—c)(d—Db) cb—c)c—d) db—d)(d—c)
) a a b* +a -
93 s +a ﬁf*w(hC+Cd+db)+me
PG+ b+ OG+d) : < dz( Ne—d)
¢ +a et +a _dt
e oe-a° TEd-vd-of
2 1
94 ﬁ ﬁ(a+w2)sinwt7ﬁ(a7w2)tcoswt
95 & - t cos wt
(2 + w?)?
2 2
96 Laz if(a w)tsinwtficoswt
s(s2 + w?) w? 2w? w?
97 s(s+a) b* — ab o 2 — ac, & —2bc+ab| _,
(s+b)(s + ) (c— by b—c (b—c
G 4+a) b* —ab o & —ac et d* —ad —
08 STV c—b)(d— by b—o)d— o) b —d)c—d)
(s 4 b)(s + (s + d)* ( X ) ( X )
a(bc — d*) + d(db + dc — 2bc) _,
(b—d)*(c—dy
2
99 S +ais+ag P*—ab+ay _,, ao. ab—ag
D) — it
100 S +ais+a ab—b —a 7ht+@t2+a1h7a0 +b2 —ab+ag
$S(s+b) b? 2b b? b?
1001 St+as+a a9 b*—ab+ag ,, F—actay _,
s(s+b)(s+¢) be b(b—¢) c(c—Db)
102 S+as+a @t+a1bcfao(b+c) b*—atb+ag _,, F—aictag _,
s2(s+b)(s+¢) be b2 b2(c—b) c2(b—c¢)
103 2 +ays+ap b? —ab+ag " E —ajc+a ot d> — a;d + ag ot
(s+b)(s+o)(s+4d) (c—b)(d—b) b—o)d—c) (b—d)(c—d)
104 S+ ais+ag ay v —aib+ ag e & —aic+ay . &> —aid +ap o
s(s+b)(s+o)(s+4d) bed  b(c—b)(d —b) cb—o)d—o) db—d)(c—d)
105 32+a15+2a0 @_b27a1b+a0 te’bt+b27a°e’b’
s(s+b) »? b b?
106 S tais+a a, a1b — 2ay N v —ab+ a . 2a9 — albefb,

2(s+ b)?

» b b? b
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TABLE 7.3 (continued) LT Pairs

F(s)

107 @+ ais+ag
(s + b)(s + ¢)?

108 s’

(s+b)s+c)(s+d)?

3
109 S

(s+b)(s+c)(s+d)s+f)°

3
110 S

(s+b)*(s+0o)?

111 s’

(s+ d)(s + b)*(s + ¢)?

3
112 S

(s 4 b)(s + ¢)(s? + w?)

113 s

(s+ b)(s + c)(s + d)(s? + w?)

S0
b? 7“1h+aoe—bt & —aic+ap - & —2bc+arb—ay _,
(c —b)? (b—c) (b—c)?
v —bt c¢ ety & dt

b—o0d—0° Te—nd-of T@-bhe-aD*
d[d® —2d(b + ) + 3bc]
(b— d(c— d)?
v’ - é
b-0d—b(f -0 (c-bd-af o
& —dt £ —ft
d—h)(c—d)(f—d)ze +(ffb)(cff)(dff)te
3f?
le—pie-nd-n
LPU=Ne=N+C-NE=N+c=NE=PI] 4
b— e —frd—1)
Py BPBe=b) o Bb—0 _,
v N (o

—ct

"

— @ e 4 v te
(b—d)*(c—a) (c—b)*(b—d)
{ 307 h3(c+2d73h)] _ J
+ e bt
(c=b*(d—b) (c—b*(d—b) (b—0o)(c—d)
+[ 3¢ N 63(b+2d—3c)]efct
(b= d—c) (b—0(d—0)
v ety ¢ e
(b —o)(b* + w?) (c = b)(c? + w?)

wZ

——————————sin (0t + ¢)

V(0 + 0?)(E + »?)

= () - (2

tefct

—ct

b by é
b-—0d-bP+)’ Tc—bd-—0@ta)
+ d3 efdt
(d —b)(c — d)(d* + w?)
2

_ [0) _
V@ ron@ren Y

oo () o (3 v )

—ct

(continued)
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TABLE 7.3 (continued) LT Pairs

F(s) A1)
b b BB+ 30?) o
3 _ —bt —bt .
114 s Eawe B 1) e oD sin (wt + ¢)
(s + b)*(s? + w?)
b (0}
oo (P (@
¢ = tan (w) tan (b)
115 s’ cos (wt) cosh (wt)
st + 4wt
3 1
116 s -
e 5 [cosh (wt) + cos (wt)]
s R ay  ap(b+c)—atbc —b 4+ ab? —a b+ ag p”
117 § tas" +ais+ap ch - e b2(c — b)
s2(s+b)(s+0)
-+ a —ajc+ag -
c2(b—o¢)
s ) ﬂ_fb3+azhzfa1h+ao 7bt_fc3+azc27alc+a0 et
118 S @S tastdo bed  b(c—b)(d—b) db—o)d—c)
ss+b)(s+o)(s+d)
_fd3+a2d27ald+ao _dt
d(b—d)(c—d)
, , ar aglbc+bd+cd)] -V +a?—arb+ag _y,
19 Stasdtasta i Pl—bd-b
2(s+b)(s+ o) (s +d)
—4a —ac+ay _ _d3+azdzfa1d+a0 e
E(b—c)(d—o) d*2(b—d)(c—d)
s ) fh3+azh27a1b+aoefbt *C3+“2€2*91C+“Oem
120 S T a8 +astd (c—b)(d—b)(f—b) b-—ad—o(f —c
(s+b)(s+c)s+d)(s+f)
-+ ayd®> —a1d+ay — P +af’—af +a o
(b—d)(c—d)(f —d) O —=Ne—fHd-f)
s 5 ﬂ77b3+a2b27a1b+a0 7bt7*‘71,+“25 —aic+ay _,
121 S+ @ +ais+a bedf  ble—b)d—b)(f —b) b—0d—oFf -0 °
s(s+b)(s+ s+ d)(s+f)
7—d3+a2d2—a1d+aoe, P taf’—af+a o
d(b — d)(c — d)(f — d) fl—f)c=Hd-f)
—b® +ayb® —ab+a - S +ay?® —ajc+ag ot
2 S bas 4 astan C—Od-Bf-bg-b° G-ad-a-ag-a°
(s+D)(s+s+d)s+f)s+g) — B+ ayd —ad+a L 7f3 +azf2*a1f+an o

o ar-ag-a°

—g +a2g —ag+ag

o Qe-9d-9f —9°

(b=e=Hd-Ng—f)

o
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TABLE 7.3 (continued) LT Pairs

F(s) fi
B tal—abtay ,, —S+ad—acta
13 S+ m tasta (c—b)(d—b) (b—od—c’
(s+ b)(s+o)(s+ d)? —d + ad> —ad+ay _y,
(b—d)(c—d)
ap(2d — b — ¢) + ay(bc — d?)
n +a,d(db + dc — 2bc) + d*(d? — 2db — 2dc + 3bc) -
(b—d)*(c—dy
ay Bt al? —ab+a 3 S+ a —aictay _,
4 Stasdtasta bl ble—b)d - b) odb—d— o
s(s + b)(s + ¢)(s + d)* Al rad —adia g 3 2edta
db—dc—d ° db—d)c—d) °
(=@t ard —ard+ ay)[(b — d)(c—d) — d(b — d) — d(c - d)] g
d2(b — d)*(c — d)*
—b +a? —ab+a j S tay®—aic+ay u
(c—b)(d—b)(f —b)* (b—od—0o(f —0o)
125 S+ as+as+a i +7d3+a2d2—a1d+aoe,d[ P raf—af+a -
(s+b)s+ s+ d)s+f) (b—d)(c—d)(f —d)* (b=Hle=fd-f)
(= +af* —aif +ag)l(b—fc—f)
R et Y T R S s Gl DI C et DIl Gt DL Gt D) B
(b=f)c=f)d-f) b= Cc—Hd-f7°
126 s 1
(sfa)3/2 \/Ee (1 + 2at)
127 i—a—+s—b 1 (e — )
2V mt3
1 1 2
128 L et
Jita T ae”terfc(av/t)
129 \/52 %+aea2'erf(a\/f)
s—a T
130 VS 12 g [“ﬂevd)\
s+a? N4 Jo
1 1 .
131 \/g(s — Zea ’erf(a\ﬁ)
1 avt
132 2 e
V(s +a?) aya’ L ¢ dm
133 % (b — aerf(av/D)] — beterfe(by/D)
s—a + /s
134 \/_(\/I_Jr ) e“terfc(av/t)
S S a
1 1
Bs ~terf(vb — av/i
(s+a)Vs+b b—ae ert{ av)

(continued)
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TABLE 7.3 (continued) LT Pairs

E(s) 0]
bz - az 2 b 2
136 @ 2 erf(av/t) — 1 Ylerfe(bv/t
AT h) ¢ Ler (a1 }-ﬁ-e erfc(bV/t)
n!
1—39)" ————H,,(Vt
137 ( +(12) (211)!\/H 2 (\[)
s a
{H,,(t) = Hermite polynomial = & %(e”‘z)
138 (1 — S)” _ Vl!
n+G/2) ﬁ7(2n+ 1)!H2n+1(\[f)
139 Vs+2a ae”[Iy(at) + Io(at)]
NG [1,(t) =j7"](jt) where J,, is the Bessel function of the first kind]
140 1 oy (b,
Vs+avs+b 2
I'(k) £\ a—b
141 — a
ey VG ()
1 B . a—>b a—b
T o oo (52 o (57
/ _ 1
143 Vst2a— s Vs —e I (at)
Vs+2a+ /s t
k
144 : (a—b) = *>0) ’;e—(l/zxﬁb)rlk (—u 5 bt)
Vsta+vs+
145 (Vsta+ o)™ L amayp (L,
VsVs+a av 2
146 ! Jolat)
JFra
w a9, ) @
Vs + a?
1 N RE,
148 k>0 ~ (=
@rar 0 T (k) <2a> Ji-ay (@)
k
149 (Vs +a? — s)* (k> 0) k%]k(at)
2 _ v
150 (s 2s ) w>_1 @hla)
s —a
1 N AGE,
151 k>0 vt
@ oy k>0 X0 <2a> l-aya(at)
1 2 2
152 il erf(\V/1); erf(y)é the error function = \/—E J e “du
0
153 L Jo(at); Bessel function of first kind, zero order
Vs? + a?
5 1 Jilah) J1 is the Bessel function of first kind, first order
Vs ral+s at ! ’
1 N t
155 m o~ In(a ); N =1,2,3,...,]y is the Bessel function

of first kind, Nth order
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TABLE 7.3 (continued) LT Pairs

F(s) [
1 N (" Jy(aw)
_— — du; N =1,2,3, ...,]y is the Bessel function of
156 slVS? + a2 + sV aN Jo u N
first kind, Nth order
1 1
157 —Ji(at); ], is the Bessel function of first kind, first order
Vst +at(V/st+a? +s) a’! !
1 1 . .
158 Ve raera o u—N]N(at); N =1,2,3, ..., Jy is the Bessel function of
first kind, Nth order
1
159 = = Ip(at); Iy is the modified Bessel function of first kind, zero order
s—a
160 e ks Si(t) = 0 whenO<t<k
s k 1 whent>k
161 €* 0  when0O<t<k
5% t—k whent>k
—ks 0 when 0<t<k
162 € _
>0 AT o
st (w ) {(tl(lf}) when >k
163 1767’“ 1 whenO<t<k
s 0 whent >k
164 1 1+ coth ks Sty = 1" when
S(I—e*ks)i 2s > n—1Dk<t<nk(n=1,2,...)
165 1 0 whenO<t<k
ek —a) St)=q1+a+a*+---+a"!
when nk <t < (n+ 1)k(n=1,2,...)
1 MQ@k,t) = (—1)"!
166 =
; tanhks when 2k(n—1) < t < 2nk
n=12,...)
167 1 17]6 {%Mkt-i——— _(2_1)
s 4e) when (n — 1)k < t < nk
68 1 tanh ks H(Q2k,t) [H(Q2k,t) = k+ (r — k)(—1)" where t = 2kn +r;
s2 0<r<2kkn=0,1,2,...]
169 1 28Rk, t +k)—2=2(n—1)
ssinh ks when 2n —3)k <t < (2n — 1)k (t > 0)
170 1 MQk,t43k) +1=1+(=1)"
scosh ks when 2n —3)k <t < (2n— 1)k (t > 0)
1 25k, t) — 1 =2n—1
171 Z cothk g
s cothis { when 2k(n — 1) < t < 2kn
k s .
172 h |sin kt|
2 e %
173 1 when 2n —2)w <t < (2n— )7

(*+ 1A —e™)

sint
0

when 2n — )7 < t < 2nm

(continued)
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TABLE 7.3 (continued) LT Pairs
F(s) f®)
174 1,k Jo2Vkt)
s
175 iefk/s L cos 2v/kt
s art
1 1
176 _—_k/s — h 2V kt
\/Ee T cosh 2vkt
1 1
177 —k/s .
) \/ﬁ sin 2v/kt
1 1
178 k/s .
¢ / T sinh 2v/kt
1 o £ (D)2
179 L ks (45 0) (E) Jur VD)
1 £\ (w=1/2
180 ok/s
¢ (>0 D) waevk
181 5 (k>0) L
2V t? 4t
1
182 05 (k> 0) erfc k.
s 2\/{
1 1 —k?
183 _~ k5 (k>0 _
\/ge (k>0) \/Eexp i
184 732k (k> ) 2\/z RN e[ F
S|~ k erfc Wi
—ky/5
185 ae ak a’t
>0 e erfe( avt + >+erfc( )
Satvo £=0 f ( i i
e kVE
186 uk a t
erfc a\/—+—)
Vs(a+/5) \f =0 < 2Vt
187 e kVslsta) when 0 <t < k
Gta e (1/2)“‘10( avVt? —k?) whent >k
188 e kvere when 0 < t < k
VE T+ @) ]O(a 2 — when t > k
189 e kv when 0 < t < k
@ —a) Io(a\/ 2 —k?) whent >k
KT
190 ¢
— (k>0 Jo(aV't2 + 2kt)
) (k> 0) b
191 gk _ e_k\/m 0 when 0 < t < k
fl(a V2 k) whent>k
192 o kVTTE _ ks 0 when 0 <t <k

_kVE—a?
a’e kvst—a

VE+A) (Vs +a +s)v

v>-1)

(aV2—k2) whent >k

when 0 < t <k
(1/2)w

J(avVt* —k?)  whent >k

r
o
)
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F(s)

S

1
194 1
S og s

1
195 & logs (k > 0)

196 logs
s—a
197 logs
$2+1
198 slogs
$2+1

(a>0)

199 Liog (1 1 ko)(k > 0)
N

s—a

s—b

200 Iog
201 % log (1 + K5%)

202 % log (* + a*)(a > 0)
203 Siz log (s* + a®)(a > 0)

204 log SZ + az

SZ
2 _ 2
205 logs za
§

k
206 arctan —
s

1 k
— arctan—
s s

208 ¢ erfe(ks)(k > 0)

207

1 22
209 ;ek < erfe(ks)(k > 0)

210 Merfe(vks)(k > 0)

211 % erfc(vks)

212 %ekserfc(\/lg)(k > 0)

k

213

erf <\ﬁ)

214 1 K /s k
Vs ¢ ferfe <\/§>

215 —e®Ei(—as)

I'(1) —logt [I"(1)= —0.5772]

o T, )
[TC(k))* T(k)

e"[loga — Ei(—at)]

cos t Si(t) — sin t Ci(t)
— sin t Si(t) — cos t Ci(t)
. t
~Ei(—)
l bt at
; (e” —e")
G (f)
k
2loga — 2Ci(at)
—[atloga + sinat — atCi(at)]
(1 — cosat)
(1 — cosh at)

sin kt

Sl= =N =N QN

Si(kt)

1 t?
m exp| — el
t
erf (ﬂ)
vk
t(t + k)

T
0 when 0<t <k
()™ when t>k

1

vt + k)
L sinkvD)
Tt

1 e—zkﬁ
vVt

1
—; @>0
t+a (a )

(continued)
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TABLE 7.3 (continued) LT Pairs

F(s) )
216 l+ se®Ei(—as) L i (a>0)
a (t+a)
™ .
217 [5 — SI(S)} coss 1
+ Ci(s) sin s 2+1
218 Ko(ks) 0 when 0 < t <k [K,(t) is the Bessel function of the
(# - kz)_l/z when ¢t > k second kind of imaginary argument]
219 Ko(kv/s) Lop(-K
2t 4t
1 1
220~ 5K, (ks) L Vit 20
s
1 1 K2
221 K (k 1 K
/s 1(kv/5) kexp( 4t>
222 L g, (K 2 ky(2v2ki
\/ge 0<s m 0( )
223 ekl (ks) { [t@k— )] when 0<t< 2k
0 when t > 2k
k—t
24 e FI(k —— —  when 0<t<2k
e 1( S) {ka when
0 when t > 2k
1
2 L .
ssinh (as) 2 Zk:o ult — 2k + 1)a]
8
6
= 4
= 2
0 | : , ,
0 a 3a 5a 7a
t
1 o0 k
226 2 (= D*u(t —2k—1)
scoshs Zk:o
2
=
0+ T T T




Laplace Transform

TABLE 7.3 (continued)
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LT Pairs

F(s)

S

1
227~ tanh (E)
s 2

1 as
228 — <1 coth —)
2s + 2

m ma
2s

229 (coth % _ 1)
2

s2

230 _ tanh
§2

()

1
s(14¢e79)

231

u(t) + 2 Zzl (=1 u(t — ak)

Square wave

1
E 0 , , , , ,
= 1 a 2a |3a |4a |5a
t
o0
St
Stepped function
4
= 3
~ 2
1 4
0
0 a 2a 3a 4a
t

mt — ma 2;:1 u(t — ka)

Saw-tooth function

Slope = m
3
0
0 a 2a 3a
t
1 x .
e e — k) -t~ ko)

Triangular wave

E1
=
0
0 a 2a 3a 4a b5a 6a
t
00 k
D, ut =k
Sl 1 1
<
0
o 1 2 3 4 5 6 7

(continued)
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TABLE 7.3 (continued) LT Pairs
E(s) £

Pk . — > o {Si‘”’(t”‘g)] '”(t’kg)

(2 +a>)(1—e %)

Half -wave rectification of sine wave

s1
~ /\
0
0 I
a

2r 3w 4m

a a a
t
® [t oni a0 233 (142} -4)
{(52 T aZ):| COth(ﬂ) [sin (at)] - u(t) + 2 Zkzl sina(t—k —)]ult k ;
Full-wave rectification of sine wave
= 1
% T 2t 3r  4n
a a a a
t
234 le*as u(t —a)
s
s1 oo
=
0
0 a
t
235 %(efus — et u(t —a) — u(t — b)
=1
=
00 b
a
t
236 Ee"“ m- (t _ a) . u(t _ a)
SZ
% Slope =m
0
0 a
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TABLE 7.3 (continued) LT Pairs
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F(s)

S

2

237 [”‘“ + ﬂ] s
N N

238 2 _g4

239 [2 2a a*]
I

m m
240 T _ T pas

R

m 2m _ m .
241 —2——26 as+_ze 2as

s s s

242 B2 (@ + T) e
N N §

mt - u(t — a)
or
[ma + m(t — a)] - u(t — a)

= E Slope =m
0 >

t

mt — [ma+ m(t — a)] - u(t — a)

o M Slope=m
=
0
0 a

(continued)
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TABLE 7.3 (continued) LT Pairs

F(s) f
u3 (1—e7) 052 for 0 < t < 1
33
1—05(t—2)for0<t<2
lfor2 <t
1
=
0
0 1 2 3
¢
244 [(1 - E’S)r 052 for0 < t<1
S

0.75 — (t — 1.5)* for 1 < t < 2
05(t —3)Yfor2<t<3

0for3 <t
1
=
0
0 1 2 3
t
Y L (" —1)-u®) — (" = 1) u(t — a) + Ke "= . u(t — a)
s(s—b)
245 | 1 ST a0 as where K = (" — 1)
s+b s(s—b)
k
= |
s |
o I
0 a ;
TABLE 7.4 Properties of LTs
F(s) f)
L[ e stf(tydt 0
2 AF(s) + BG(s) Af(t) + Bg(t)
3 sF(s) — f(4+0) @
4 S"F(s) = " (+0) = 2D (40) — - = fD(10) 1)
5RO I f@ydr
6 SKO i J7 FOVdNdr
7 Fy(s)Fs(s) Js it = Dh(Ddr =fi x f5

8 —F(s) tf(t)
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TABLE 7.4 (continued)

Properties of LTs
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F(s) A1)
9 (—=1)"F"(s) t'ft)
10 [*F(x)dx 1
K 0]
11 F(s—a) (1)
12 e PF(E) ft — b), where f(t) = 0;t <0
13 F(cs) Lt
7
14 F(es — b) L oenyes(t
<)
15 Jo e f(dt fit + a) = fit) periodic signal
1—e @
16 Joef(dt fit+a) = —fiv)
1+e
17 E(s) £1(#), the half-wave rectification
1—eoas of f(t) in No. 16.
as fa(t), the full-wave rectification
18 ) COthE of f{t) in No. 16.
19 & _ _ _ . _ m P(“n) & t
q(s),q(S) =(G—a)ls—a) - (s—am U gan %
0 PO __60 e B e
@ G-ay 2 G
TABLE 7.5 Proofs of the LT Properties
1. Linearity
This property is the result of the linear operation of an integral.
2. Time Derivative
df (¢ df (¢ o oo . _
{ ( )} I f() e tdt = f(t)e | — [ Fra —f(0) +s [;° f(t)e*dt
= sF(s) — £(0); only for functions that lim,_,f(f)e”™ = 0
00 s e*Si
3. Integral £{fiwf(x)dx} = L [f f(x)dx] e Stdt = [ [f f(x)dx] { . }
e—sr t oo 00 —st d e s® o
_ {_ . LC f(x)dx] 0 +JO - { [ f®) ] = =S [ S
—s0 00
JreS fof(x)d +%J f(Hedt = F(S)+ J f(dt; .[fxf(t)dt = initial
0 —00
value of the integral of f(t) at t = 0; the value of J f(x)dx must be finite

Note that the term (1/s) ffw f(t)dt is the LT of a step function of amplitude ﬁw f(t)dt. This factor
is a very important result in network problems since it shows that initial conditions associated with
integral functions are automatically as step functions in the LT development.

(continued)
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TABLE 7.5 (continued) Proofs of the LT Properties

4. Multiplication by Exponential

1
provided that e+ has zero value.
a

Sle (1)} = J‘OC —(s+a)t gy — [ef(SJra)f'g“] —

5. Multiplication by ¢

—(s+a)

SO = [ if e dt = — ro 92 g - — L pe ] = — L ke
%0 0 ds ds 0 ds

6. Time Shifting

Sf(t — a)u(t — a)} = [[7f(t — a)u(t — a)e~'dt

By setting x = t — a, we obtain fort = 0x = —a,fort = oo, x = 00,dx = dtandt = x + a.

Therefore, the above equation becomes

Sf(ulx)} = J:f(x)u(x)e‘s("*“)dx =e _[Oxf(x)e‘”‘dx = e %'F(s), where a is a positive constant.

7. Complex Frequency Shift
et f(D} = [T e O f(dt = [C e f(t)dt = F(s') = F(s — s0)

8. Scaling

o{f(at)} = [X flat)e'dt = [ f(x)e" /P d(x/a) = éFG) a>0
9. Time Convolution
S{f(0)  h(D)} = { [ FEh(t — x)dx} = L [ FOOR(t — x)dx] e dt

= 77 fGodx [[° h(t — x)e~'dt = [° f(x)dx [;° h(y)e= 0 dy
= Jo fG)e dx [ h(y)e™>dy = F(H(s)
where we sett —x = y,andfort = 0y = —x (but h(y) = 0 for y < 0 and the second integral starts
from 0) and for t = co y = oco. We also find that dt = dy.
10. Initial Value
dj d) *d
4 J PO g = v~ f0) o sF) = f(t) e dt + £(0)
dt o dt
Taking the limit of the above equation, we find

Jim, sF(s) J Ji0) <lim e”) dt + f(0) = £(0)

§—00 §—00

where the exchange of integral and limit operation were performed due to the linearity of the two
operators. The initial value theorem does not apply for functions that have an impulse (delta function)
att = 0.
11. Final Value
T N R A ar() s
L 76 dt = sF(s) — x(0) or lim L 76 dt = j lim (e *)dt

s—0 0 s—0

= I: %dt = f(o0) — f(0) = 1{% [sF(s) — x(0)] = %SF(S) —x(0) or
dim /() = lim, sF(s)
t—00 5s—0

provided that f(t) exists as the value of t approaches infinity.




The z-Transform

The z-transform method provides a powerful tool for solving difference equations of any
order and, hence, plays a very important role in digital systems analysis. This chapter
includes a study of the z-transform, its properties, and its applications.

The z-transform method provides a technique for transforming a difference equation
into an algebraic equation. Specifically, the z-transform converts a sequence of numbers
{y(n)} into a function of complex variable Y(z), thereby allowing algebraic process and
well-defined mathematical procedures to be applied in the solution process. In this sense,
the z-transform plays the same general role in the solution of difference equations that
the Laplace transform (LT) plays in the solution of differential equations and in a roughly
parallel way. Inversion procedures that parallel one another also exist.

8.1 The z-Transform

To understand the essential features of the z-transform, consider a one-sided sequence of
numbers {y(n)} taken at uniform time intervals. This sequence might be the values of a
continuous function that has been sampled at uniform time intervals; it could, of course,
be a number sequence, for example, the values of the amount that are present in a bank
account at the beginning of each month that includes the interest. This number sequence
is written as

()} = {¥(0), y(1), y2), ..., y(n), ...} (8.1)

We now create the series

_y(0)  y(1) | y(2)

Y@ =g+t =)0 +yDz +y@z 7+ (82)

In this expression, z denotes the general complex variable and Y(z) denotes the
z-transform of the sequence {y(n)}. In this more general form, the one-sided z-transform
of a sequence {y(n)} is written as

8-1
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Y@ 29hm) = ymez " (8.3)
n=0

This expression can be taken as the definition of the one-sided z-transform.

Since the exponent of the z’s is equal to the distance from the sequence element y(0),
we identify the negative exponents as the amount of delay. This interpretation is not
explicit in the mathematical form of (8.3), but it is implied when the shifting properties
of functions are considered. This same concept will occur when we apply the z-transform
to the solution of difference equations. Initially, however, we study the mathematics of
the z-transform.

When the sequence of numbers is obtained by sampling a function y(t) every
T seconds—for example, by using an analog-to-digital (A/D) converter—the numbers
represent sample values y(nT) for n=0, 1, 2,.... This suggests that there is a
relationship between the LT of a continuous function and the z-transform of
a sequence of samples of the function at the time constants ... —nT, —(n—1)T,...— T,
0,T,2T,...,nT,(n+1)T,.... To show that there is such a relationship, let y(t) be a
function sampled at time constants T seconds apart. The sampled function is (see 6.2)

o0

i) = y(t)combr(t) = Y y(nT)8(t — nT) (8.4)

n=—0o0

The LT of this equation is

Ys(S)é&’{ys(t)} = &{ Z y(nT)o(t — nT)} = Z y(nT)2{6(t — nT)}

n=—oo n=—0o0

(8.5)

00

— Z y(nT)efnTs

n=—00

Note that the Laplace operator operates on time t. If we make the substitution z = &7, then

Ye@lmr= Y y(nDz " = Y(2) (8.6)

n=—0o0

Hence, Y(z) is the z-transform of the sequence of samples of y(f), namely, y(nT),
with n=0,1,2,.... From this discussion, we observe that the z-transform may be viewed
as the LT of the sampled time function y,(¢), with an appropriate change of variables. This
interpretation is in addition to that given in (8.3), which, as already noted, specifies that
Y(z) is the z-transform of the number sequence {y(nT)} for n =---—2, —1,0,1,2,....
The above equation is the two-sided z-transform.
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Example 8.1

Deduce the z-transform of the discrete function

0 n<o0
1T n=1
yin = 2 n=2
0 n>3

SoLUTION

From the defining equation (8.3), we write

1 2 _ _ 742
YO =-+5=z7"+27="=
z z Z

Observe that this function possesses a second-order pole at the origin and a zero at —2.
Observe that y(n) could be written as y(n) = 6(n — 1) + 26(n — 2). The definition of the
discrete delta function is (see also Chapter 1)

S(n) = {g) ’ ; 8 8.7)

Example 8.2
Deduce the z-transform of the function
f=Ae"" t>0
which is sampled every T seconds apart, that is, at time t=nT.

SoLuTION

The sampled values are
(T} = A Ae™ T, Ae™T, ...

The z-transform of this sequence is written as

e—aT e—aT 2 e—aT 3
- +( ) +( ) -
z z z
The series can be written in closed form by recalling that 1/(1 —x) =1+x'+
X2+X3+"'

Fz)=A




8-4  Transforms and Applications Primer for Engineers with Examples and MATLAB®

x| < 1. Thus, we have that

—anT A A A Az
e M unT}=F2) = PR o e 8.8)
z
The convergence of the series is satisfied if [e=@ 27| = e=T|z7'| < 1 or |z] > ™. W

Example 8.3

Deduce the z-transform of the function
f)=et+272 t>0

which is sampled at time intervals T=0.1 s.

SOLUTION
We use the results of Example 8.2 to write

z 2z z 2z 372 — 2.6283

Fz) = = =
@ z—e 01 +Z —e 02 7-0.9048 + z—0.8187 72— 1.7235z + 0.7408

Example 8.4

Find the z-transform of the given functions when sampled every T seconds:
@) () = ue), (b) £(t) = tu(t), () F(t) = e~P'u(), b > 0, and (d) (1) = sin wt u().

SOoLUTION
@)

uMz "=0+z"4+7z72+...)

NgE

9 (nT)} = Qu(nT)} =

Il
o

n

1
== > (8.9)

(o)

(N} = §Tu Ny = > nTulnNz™" =Tz + 27277 +3727 + - --
n=0

= —Tzi(Z’1 +z 70+ = —TZE[Z”U +z7 )
dz dz
d z Tz
= —Jz7— =1 = 1 N
Zdz [Z 271} z -1y 2> 810
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©
UF (N} = 9le™"Tu(n T} = QuinT)c ™"} ¢ =€”;

oo
1
= ZU(HT)C’”Z’” =147+ = ——
e 1—c'z
b7
o« ze _z T
Tz bl -1 z—el 121> € ®.11
(d)
e/wnT —jwnT
(N} = Hu(nT) sinwnT} = {u —}
oo (o]
Z uln —n -n Z uln : —n —n' o= e—)amT, = e/mnT
n= 2j n=0 J
1 Gz Z zsinwT 2> 1 ©.12)
— — = V4 .
T 2laz—1 cz-—1 72 —2zcoswT + 1

The inequalities that appear in the solutions are found from the fact that the summa-
tions to converge the factor of the geometric series must have an absolute value less
than 1 (see Section 8.2). [ |

8.2 Convergence of the z-Transform

The function F(z) for a specified value of z may be either finite or infinite. The regions of
convergence (ROC) is the set of values of z in the complex z-plane for which
the magnitude of F(z) is finite; whereas the set of values of z for which the magnitude
of F(z) is infinite is the region of divergence. The region of convergence is determined by
considering the defining expression (8.3) and examining the complex values of z for
which >°7° f(nT)z ™" has finite values. If we write z in polar form z = re’, then

Zlf(nT)z I—Zlf(nT)(ref" I*ZIf(nT)r "]
=S Iy (5.1
n=0

since ‘e’ﬂ’"| = [cos? nf + sin® n6]"/? = 1. For this sum to be finite, we find numbers M
and R such that |f(nT)| < MR" for n > 0. Thus,

i [f(nT)z™"| < MiRnr—n = Mi <I:)n (8.14)
n=0 n=0 n=0

For this sum to be finite, it is required that R/r <1 or r> R. That is, F(z) is absolutely
convergent for all z in the region where |z| =7 > R. A separate test is required to
establish if the boundary belongs or not in the ROC.
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Example 8.5

Find the z-transform of the signal specified and discuss its properties.

_J n=012...
f(”)’{o n=-1,-2... (6.15)

The real constant ¢ takes the values: (a) 0<c< 1 and (b) c> 1:

SOLUTION

The time sequences for the two cases are shown in Figure 8.1a and b. The z-transform is
given by

F@ =) z"=3 (9" =1+c"z4("2 +- 42+ (816
n=0 n=0

Initially, we consider the sum of the first n terms (up to (c'2)" " term) of this geometric
series, which is given by

1 — (C—WZ)(N—UM 1= (C—Wz)n

F o= = 8.17
" 1—cz 1—cz ®.17)
1.5 8
— — 6
A\ 1 N
° 2 4
3 S
=l 2] ‘
0 5 10 15 0 5 10 15
() n (b) n
Jy
Region of
convergence

— e
\ Region of
A divergence

(c)
FIGURE 8.1
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Next, we set ¢!z = c~'|z|e/?, where @ is the argument of the complex number ¢~'z.
Hence, we write (c7'2)™" = (cz")" = (cr~'e )" = (c|z| )" ",

Case 1: For values of z for which |cz7"| < 1 (|cz7'| = |c|lz7"| = ¢|z7 | for real ¢), the
magnitude of the complex number (cz~')" approaches zero asn — oo. As a consequence,

1
F@) = lim Fold) = ———=—2— ez <1 or |zl > (8.18)
n—o0 T—c< ' z-c¢

Case 2: For the general case where ¢ is a complex number, the inequality
|cz7"| < 1 leads to |c| < |z|, which implies that the series converges when |z| > |c|
and diverges when |z| < |c|. Thus, we see that the ROC and divergence in the complex
z-plane for F(z) are those shown in Figure 8.1c.

To establish whether the boundary of the circle in Figure 8.1c belongs to the ROC
or not, we apply the L'Hospital’s rule to (8.17). Thus,

N =Y ey
lim Fp(2) = lim (d/d(czj)(] <C24) ) —lim nez )" ;
pae 7—C (d/d(CZ ))(1 — (cz )) Z¢ 1

and, hence, lim,_Fy(2) — oco. Clearly, the boundary belongs to the region of
divergence. |

Example 8.6

Deduce the z-transform and discuss the properties of the impulse functions

y(m:a(n):{g ;;g 6.19
y(n) =80 — N) = {(]) Q ; x (8.20)

SoLuTION

From the basic definition of the z-transform, we write that

Y?) =80z +6Mz "4+ =140+0+--- =1

Since Y(2) is independent of z the entire plane is the ROC. On applying the basic
definition, (8.20) becomes

Y(z) = Zb‘(n Nz =02+ 0z 4 1z N oM =
n=0

Since Y(z) — oo, only for z=0, the entire z-plane is the ROC except for an infinitesimal
region around the region. |

8-7
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Example 8.7

Deduce the z-transform of the function

a’sinnw n>0,a>0
y(n) =

(8.21)
0 n<o0

Indicate the ROC, the region of divergence, and the poles and zeros in the z-plane.
SoLuTioN

The given functions are shown in Figure 8.2a and b for two different values of a. Clearly,
for a=1, the function is a sinusoidal discrete signals. The z-transform is given by

0 0 plhw _ o=jnw
= Z a'sinnwz " = Z a——7"
n=0
o0

n=0 2J
1 1T & 1 1 1
— e/w —1 _ —/w —1 _ _
2 HZ:O 2 nZ:o Zj 1 —agelez=! 1 —gejoz]
—1
z7'asinw
= z| >a 8.22
1 —2az7 ' cosw + a?z2 4 (6.22)
1 20
05 O<a<l (R .rﬂmh
= Il : \
= =
! +9910%00,
0 lluulp a1 -20 a>1
054 20 40 ~40g 20 40
(2) n (b) n
Jy
Region of
convergence

()
FIGURE 8.2
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Next, multiply the numerator and denominator of this expression by z* to find

Ye) za sinw za sin
zZ) = = — —
72 —2a(cosw)z+ a?  [z—a cosw — jasinwllz —a cosw + ja sin ]
za sinw

T 7 — ael)z — ge ) (8.23)

The zeros and poles are shown in Figure 8.2c for the case a < 1.

To examine the ROC, consider the summations in (8.22). It is seen that each
summation converges if |ae/®z~!| = |az7'||e/?| = |az~'| < 1 or |z| > a. This region is
shown in Figure 8.2c.

Book MATLAB"™ m-File: ex_8_2_3
tm-file:ex8 2 3

n=0:35;
y1=0.9."n.*sin(0.1*pi*n) ;
y2=1.1."n.*sin(0.1*pi*n) ;
subplot (2,2,1) ;stem(n,yl,’k.’);
xlabel ('n) ;ylabel ('y (n)') ;

hold on;text (25,0.6,’0<a<l’);
hold on;text (35,0.8,’a)’) ;
subplot (2,2,2) ;stem(n,y2,’k.’);
xlabel ('n') ;ylabel ('y(n)’) ;

hold on;text (10, -20,’a>1")

hold on;text (35,10,'b)’) ; [ |

When the sequence {y(k)} has values for both positive and negative k, the region of
convergence of Y(z) becomes an annular ring around the origin or Y(z) does not have a
region of convergence. Let us consider the sequence

) {3” n>0
n) =
4 4" n<0

This is a bilateral function and the definition of the bilateral z-transform is given by

00

= Y ymz " (8.24)

n=—00

For our specific function,
o0 -1 00 1 00 00
Y(2) = 23”27” + Z 477" = ZS”[” + Z 47" = 23”[” + 24’”2"
n=0 n=-—00 n=0 n=o00 n=0 n=1

The first summation converges as n — oo provided that [3z7!| < 1 or |z]| > 3. If we set
R" =3 for positive n’s, we see that the region of convergence for positive #’s is |z| > R".



8-10 Transforms and Applications Primer for Engineers with Examples and MATLAB®

Similarly, the second summation will converge if [47'z| < 1 or |z| < 4, and the region of
convergence for negative n’s is |z| < R~ with R~ = 4. The sequence y(#) and the region
of convergence depicted by the double-line region are shown in Figure 8.3a and b,
respectively.

The reader can easily show, following parallel steps to the above, that the sequence

" pn>0
y(n) =
3 n<o0

has no region of convergence.
From the foregoing discussion, we conclude that

1. The region of convergence of a two-sided sequence is a ring in the z-plane centered
at the origin.

2. The region of convergence of a sequence of finite duration is the entire z-plane,
except possibly the points z = 0 and/or z = .

3. If the sequence is right-handed—that is, n > 0—then the region of convergence is
beyond a circle of finite radius.

4. If the sequence is left-handed—that is, n < 0—then the region of convergence is
within a circle of finite radius.

The following example shows why it is important to specify the region of convergence.

10 T T T T T
9.0

1/16 1/4 3.0

N Ry ROC

L V%

FIGURE 8.3
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Example 8.8

Specify the ROC for the two sequences

x(n) =d" a>1 n=012--- @)
(8.25)
ym=-a" a>1 n=-1,-2 -3 (b
SoLuTion
The z-transform of the first sequence is
X(Z):f:(az’w)” .z (8.26)
1—az7' z—a :

n=0

For convergence, we must have |az~'| < 1, which implies that the region of conver-
gence is |z| > a.
The z-transform of the other sequence is

Y(Z) - _ Z a7 " = _Za—nzn _ _Za—nzn 1
n=-—1 n=1 n=0
1 z
= — +1= (8.27)
1—a'z z—a

The region of convergence for this function is found as follows: |[a~'z| < 1 or || < a.
We observe that, although the two sequences are completely different in the time
domain (one increases positively with positive time and the other increases negatively
for negative time), they have the same function in their z presentation. However, each
one has its own ROC, and this distinguishes one sequence from the other. The inverse
z-transform is an integral where the integration path is inside the ROC. Therefore,
to find the right time function, the integration must be conducted inside the corre-
sponding ROC. |

8.3 Properties of the z-Transform

The most important properties of the z-transform for one-sided sequences are given next.
The properties are summarized and accompanied by examples to elucidate their use. In
the end of this chapter, as Appendix 8.A.1, we provide the proofs. The one-sided
sequences are of great importance because all detected signals are of finite extend and
their starting point can always be referenced at t=0 (n=0).

Summary of z-transform properties

1. Linearity

9{ax(n) + by(n)} = a3{x(n)} + b3{y(n)}
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2. Right-shifting property
(@)

Py(n —m)} = z7"9{y(n)} = z7"Y(z) zero initial conditions
(b)

m—1
Py(n —m)} =z""Y(2) + Zy(i —m)z~' initial conditions present
i=0
3. Left-shifting property
m—1 )
3y(n+m)} =2"Y(2) = > _yli)z""
i=0
4. Time scaling
a"ymt=Y@'2)=> (@'2)"
n=0

5. Periodic sequence
2N
N -1

{y(n)} =

9{ya)(n)}, N = number of time units in a period
yay(n) = first period
6. Multiplication by n

dY(z)
dz

YPny(n)} = —z
7. Initial value
y(ng) =2z"Y(z)|,_,, ymn)=0 forn<mng

8. Final value
lim y(n) = lirr} (1-2z"YHY(2) provided y(oo)exists

9. Convolution

Hy(n)} = 3{h(n) = x(n)} = 9{2 h(n — m)x(rrt)} = H(2)X(2)
m=0
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10. Bilateral convolution

y(m)} = 3{h(n) *x(n)} = 3{ > hn— m)X(M)} = H(2)X(2)

Example 8.9 (Shifting property)

Find the z-transform of the functions shown in Figure 8.4a and b using the right-shifting
property.

SoLuTION

First, consider the z-transform of the unit step function u(n) shown in Figure 8.4b, which
is given by

oo

1
U(Z)=Zu(n)z’” =14z "4+7724+734+... =3 — = z 1
n=0 —Z zZ—

The discrete-time function in Figure 84a is y(n) = u(n — 2). The z-transform of this
equation is

(M} = uln — 2} = 7 2Qu(n)} = iz z

7Z2z—1 zz-1)

The pole-zero configuration is shown in Figure 8.4c. We observe from this figure that
U(z) does not have poles at zero, whereas the combination of its shifted version y(n)

does possess poles (single) at the origin for this particular shifting. |
1.5 1.5
1 1
g g
K 3 e
0.5 0.5
0 0
0 5 10 0 5 10
(@) n (b) n
jIm{z} jlm{z}

Y(Z) /\/ u (Z)
\J1 Relz)

FIGURE 8.4
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Example 8.10 (Shifting property)

Find the ztransform of an RL series circuit, with a voltage input and the current as the
output. The initial condition is i(0) = 2. Discretize the analog system.

SoLuTION

The KVL is

dity
L? + Ri(t) = v(t)

The discretized form of the above equation is given by

Lw + Ri(nT) = v(nT) or inT)— H:iT’fj(nT -0 = % ] J: va(nT)
Taking into consideration the linearity and shifting property, we obtain
D) — alz” 12 + 10— 0z = Lav) a=——
L T4+ TR/L)
We, finally, obtain the algebraic relation
) = 1 —ZZZ—1 % 1 —aaz—1 v "

Example 8.11 (Time scaling property)

The z-transform of y(n) = sinnw forn=0, 1, 2,...is equal to zsinw/(z> — 2zcosw + 1)
(see (8.12) with T=1). By applying the scaling property, we can write the z-transform of
the function a"y(n) = a” sin nw by inserting a~'zfor z. This substitution leads to

a'zsinw

QPN < —
310" sin nw} = a—2z2 —2a-'zcosw + 1

The result is the same as (8.23), which was deduced by different approach. |

Example 8.12 (Left-shifting property)

Find the z-transform of the output of the system shown in Figure 8.5.
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FIGURE 8.5

SoLuTION

From the diagram, the difference equation that describes the system is
on+1)=3y(n) =yln+1) or yn+1)+3yn) =d6n-+1)

Take the ztransform of both sides of the equation, recalling the linearity and the left-
shifting property, with the result

9fy(n + N} + 39{y(n)} = 9{6(n + 1)}
which, by applying the left-shifting property, yields

_ z[1 4+ y(0)]

Y(@Z2) —zy(0) +3Y(2) =z or Y(2) 713

Example 8.13 (Periodic sequence property)
Find the z-transform of the sequence shown in Figure 8.6.

SoLuTION

Use the periodic sequence Property # 5 with N=4 to find

7 4 2222 4+z741)

Y(z) = = T4z V47 y="00 = 7
@ =% =—0+z"+77) P

1.5

1t
=
Y

0.5F

00 4 6 8 10

FIGURE 8.6
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Example 8.14 (Multiplication by n property)
Deduce the ztransform of the functions nu(n), n2u(n), n(n + 1)u(n), and n(n — Nu(n).

SoLuTION

Since Q{u(n)} = z/(z — 1), then the multiplication by n Property 6, we have

nu(nm} = Zd( z )z z

Az \z=1) Tz —1)?

We can continue this procedure to find

9(n’u(n)} = $inlnu(n)l} = 72% ( z ) _ 2t )

-1 @-17

Because n(n+1)=n’>+n, we use the linearity property and adding the results
above, we find §{n(n + Nu(n)} = §{n*u(n)} + {nu(n)} = 2z%/(z — 1)°. Similarly, for the
last case, we find 3{n(n — Nu(n)} = g{nzu(n)} — 9nu(n} = 2z/(z — 1. [ |

Example 8.15 (Initial value property)

To find the initial value of the function given by (8.23), we proceed as follows:

zlasinw

=0
— 20z cosw + a’z72|,

—00

which agrees with the value deduced from (8.21). |

Example 8.16 (Final value property)

We know that the ztransform of the function y(n) = 0.9"u(n) is Y(z) = z/(z — 0.9) and,
therefore, the final value property is given by

. » oz 1—1
Iim(—2z7") = lim = =0
71 z—09 z-1z—-09 1-0.9

as it should be. [ |

Example 8.17 (Convolution property)

The input signal sequence x(n) and the impulse response h(n) of a system are shown in
Figure 8.7a and b. Deduce the output of the system w(n).

SOLUTION

Figure 8.7a and b show the input function x(n) and the impulse response function h(n)
of the system. Figure 8.7c shows the reflected function x(0 — m) in the m-domain with
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(a) n (b) n
15 15
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s /
T 1 1
= =
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< 05 0.5
"
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-5 0 0 2 4
(c) m n
15 1.5
x(1-0)4(0) +x(1-1)A(1) =
T 1x0+1x0.5=0.5=w(1)
= 1 . 1
= =
N R
= 05 05 T
8
0 : 00
) 0 2 0 2 4
@ m n
15 3
*(2-0)1(0) + x(2-1)h(1) +
5 2(2-2)h(2)=1x0+1x 1.5+
S 1 2 1x1=15=w(2)
= =
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5 . . . . . .
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FIGURE 8.7
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zero shift. In the same figure, we have plotted the impulse function in the m-domain.
From the figure, we see that there is an overlap at 0 and their multiplication gives us
zero result. Hence, the first value of the output at n =0 is w(0) = 0. The output is plotted
on the right-hand side of the same figure as a function of n. The left part of Figure 8.7d
shows the input function x(m) shifted by 1 to the right (a positive number +1 was
introduced) and was plotted in m-domain. The impulse response was also plotted in
the m-domain. Next, we multiplied point by point the two functions and added the
result. The value found is shown as the number 0.5 at n=1 in the right-hand figure.
However, we have plotted the output function w(n) for both shifts n=0 and n=1.
Similarly, the result for shift 2 gives the output to be equal to 1.5. The right-hand figure
of Figure 8.7d gives the output w(n) for shifts O, 1, and 2. Proceed the same way to
obtain the final output function, which is given in Figure 8.7e.

The reader can use the following MATLAB algorithm to obtain the output function w(n):

x=[1 1 1 1]; h=[0 0.5 1 1.5];w=conv(x,h);n=0:6;
stem(n,w,'k'); $ conv is a MATLAB function; [ |

Example 8.18 (Convolution property)

Find the z-transform of the convolution of the following three functions:

x(n) = agdé(n) + a16(n — 1)
y(n) = bpd(n) + b16(n — 1)
q(n) = cd(n) + c16(n — 1)

SoLuTION

The z-transforms of these three functions are
X@)=a+az" Y@)=bo+bz' Q2)=co+cz"

We observe that

from which it follows that

[x(n) = y(m] = q(n) = x(n) = [y(n) = q(n)]
This result shows that convolution is associative. Thus, we write

Zx(n) = y(n) * ()} = X(2)Y(2)Q2) = [dobo + (@1bo + aob)z™" + a1b127%]
(Co +az ) doboCo + (a1boco 4 agbico 4 arbocy)z™!
+ (a1boc1 + dobict + arbic)z? + arbyiz 3
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We next apply the definition of the z-transform to see that this result implies

x(n)*y(n) = q(n) = (Z [@pd(n — m) + a;8(n — m — Nl[ad(n — m) + a;6(n — m — 1)])
m=0
*lcod(n) + ¢c18(n — 1) = (Z [agbod(n — mM)&(m) + a;byd(n — m — 1)8(m)

m=0
+apb18(n — m)d(m — 1) 4+ a,b:6(n — m — 1)8(m — m) *[cod(n) + c16(n — 1)]
= [Aobod(n) + a1b06(n — 1) 4+ aob18(n — 1) + a1 b:8(n — 2)]* [ced(n) + ¢16(n — 1)]

= CloboCoS(ﬂ) + (G]bQCO + Gob]Co + GoboC])a(l’) — 1)
+ (@1boct + agbicy + a1b1¢0)d(n — 2) + a1b16,6(n — 3)

We have left as an exercise to show that the convolution is also commutative. |
Example 8.19 (Convolution property)

Find the output of the relaxed system shown in Figure 8.8a if the input is that shown in
Figure 8.8b. Express the system in its discrete form.

SoLuTioN
A direct application of the KVL yields the equation

diy .. avo (1)

? —+i(t) = v(0), ar
The second equation follows from the first since v, (t) = Ri(t) with R=1 Q. If we assume
the sampling time T=1, then from Section 1.2, we find that dv,(t)/dt =
Vo(n) — vo(n — 1) and, thus, the above equation takes the following discretized form:

Voln) = ]—v(n) +%\/o(n -1

+ V() = v(b)

2
L=1 *
+ - t ot
o) C) R=1 v,(8) L System V_(),
(2)
15
1
1
= =
= = 05
0.5 T
O 0 T ? o e
0 2 4 6 8 0 5 10
(b) n (© n

FIGURE 8.8
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Next, we proceed to determine the impulse response of the system. We use the fact that
the z-transform of the output of the system is equal to the system function H(z) for a delta
function input v(n) = 8(n) (exactly the same approach was used in LT studies). Also, the
inverse transform of H(z) is the impulse response h(n). Therefore, H(z) is given by

o2} = %3{6@} + % Qo -1 or Hp=@D_1_T

(D (1) 2 Vig)=1
zZ 5 7 J’_' 7) =

It follows from (8.2) that

1

2

Since the output of the system is equal to the convolution of the input and its impulse
response, this result can be used in the expression

vo(n) = Z h(n — m)v(m)
m=0

The outputs at successive time steps are

|
S w

1 1 1 7
Vo(2) = h(Qv(0) + h(T)v(1) + h(O)v(2) = 3 x 1 +4_1 x 1 +§ X 1= 3

The output is shown in Figure 8.8c. Observe that the resulting shape of the output is the
same as that for the corresponding continuous system. It is expected that if we had
selected the sampling time interval to be shorter, the output voltage would be closer to
its corresponding analog case and the shorter the sampling time the closer to the
analog case would have resulted. |

8.4 z-Transform Pairs

Just as with other transforms, the z-transform of a discrete function and its inverse are
given as

9{f(n)} 2 F(z) = > fmz™ or F@) =) f(nD)z™"
n=0 n=0

1 (8.28)

9 HF@} 2 {f(n)} = — }sz"*dz

2j
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TABLE 8.1 Properties of the z-Transform (n > 0)

1. ax(n) + by(n)} aX(z) + bY(z)
2. 9y(n — m)} Y () + N y(— i)z D
3. y(n + m)} 2"Y(2) — S y(n)zm

. z
4 Ha"y(m} r(%)
: e ZNZA_] ! Y1 (2); y(1) is the first period of a

periodic sequence y(n) = y(n + N)
6. 9{y(n) < h(n)} Y(2)H(2)
d

7. Hny(n)} 72% Y(2)

" d\"
8. Hn"y(n)} (72 E) Y(z)
9. y(no)} 2™ Y (2)|,_ 5 o is the initial value of the

sequence and Y(z) = > o0 y(no + n)z™"
10. lim, . y(n) lim,_,; (1 —z71)Y(2)

where the integration is done in counterclockwise direction and § ' denotes the inverse
z-transformation. Since the inverse z-transform includes integration in the complex
z-plane, we will not present it here. However, we would like to point out that the
integration path must be inside the ROC for the integral to give us the right answer.
In our studies in this chapter, we will rely on tables to obtain the inverse z-transforms.
Table 8.1 provides some common z-transform pairs.

8.5 Inverse z-Transform

As already discussed in our studies, we assume that an F(z) corresponds to a sequence
{f(n)} that is bounded as n — oco. To find the inverse z-transform, we cast the transform
function into a form that is amenable to a simple tabular lookup using Table 8.2. The
approach parallels that followed in performing similar operations using the LT. The
functions that we will be concerned are rational functions of z- that is are the ratios
of two polynomials. Ordinarily, these are proper fractions since the degree of the
numerator polynomial is less than the degree of the denominator polynomial. If the
functions are not proper functions, we will perform long division until the degree of
the numerator is less than that of the denominator. This results to a power series and a
proper fraction.

8.5.1 Partial Fraction Expansion

If a F(z) is a rational function of z and analytic at infinity, it can be expressed as follows:

F(Z) = Fl(Z) + Fz(Z) + F3(Z) + .- (829)
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TABLE 8.2 Common z-Transform Pairs

Entry Radius of
Number fin), f(nT) for n > 0 F(z) =Y f(n)z™" Convergence |z| > R
1. 8(n) 1 0
2. 8(n—m) z " 0
3. 1 z 1
z—1
4. n Lz 1
(z—-1)
5 2 z(z+1) 1
-1’
2 44z+1
6 n’ sz) 1
(z—1)
z
7 a" la|
z—a
8 na _” la|
(z—a)
az(z + a)
9 n*a" T ]
n
10. Z ez 0
n!
2
z
11. (n+ 1)a" o la|
n 3
12 (n+1)(n+2)a z i lal
2! z—a)
(n+1)n+2)---(n+ m)a" ZmH
13. 1 T ml |al
m: (z—a)
inwT
14. sin noT L 1
22 —2zcoswT + 1
15 cos naT _He—cosel) )
’ 22 —2zcoswT + 1
azsinwT O
16. a"sinnwT —_— a
mnne 22 —2azcos wT + a? lal
T
WT a'zsinwT T
17. @’ sinnoT 22 —2a"zcoswT + a*” la
z2(z — acoswT) 1
18. " T _—
@ cosn® z* —2azcoswT + a? lal
zeTsinwT
19. —anT i T —aT
¢ s ne 22 —2e 9 TzcoswT + e~24T Izl > |e ‘
2(z — e T coswT)
20. —anT T S [g—aT
¢ cosne 22 —2eTzcoswT + e~2eT el > e ‘
21. M z 1
2! (z—1)°
-1 -2
». nln = D(n —2) : 1
3! (z—1)
23 n(n—1)(n—2)---(n—m+l)an,m z 1
N m| (Z _ a)m+l
—anT z —aT
24. e Py 4 e
—aT
25. ne—anT ad }e—aT|

(z—eaT)
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and, therefore,

fnT) = 9 1R} + § R} + § (@)} + - -

For an expansion of the form

F(z) = Fi(2) _ Ay Ay

G G-p eopt

the constants A; are given by

Ay = (z—p)"F(2)|,,

At =L ie = pyEC)

..JFL
(z—p)"

dz o
1 d~ ,
Ak = 7{@ [(Z - P) F(Z)] )
1 dnfl ;
A = (n— 1)%[(2 —p) F(Z)] -

Example 8.20 (Power series method)

Determine the inverse z-transform of the function

SoLUTION

8-23

(8.30)

(8.31)

(8.32)

(8.33)

The function possesses a simple pole at z=0.1 and a zero at z= 0. The ROC is a circle in
the complex z-plane with radius |z| > 0.1. We can proceed by dividing the numerator

by the denominator, which results in the following infinite series in powers of z7':

F@)=1+012" 4017222+ 010323 +---

Thus, we have that

F@)=1+012" 4+ 017222+ 01023 +---

1
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It follows from (8.2) that the corresponding sequence is

2 3
. . . Ce. >
f(n):{1,o1,(o1),(01), n>0 (©.34
0 n<0
which is the sequence
fn)=0.1" n>0 (8.35)
]
Example 8.21 (Partial function expansion)
Find the inverse z-transform of the function
1 1
Flz) = = (8.36)

(1—-02z7)(1+02z"1) 1-0.04z7

SoLuTION

One approach is to proceed as the foregoing example. By long division, the following
polynomial results:

FZ) =14 0.04772 4+ (0.04)°2 4+ --- = (0.2 ">

with region of convergence |z| > 0.2. This series corresponds to the sequence

02" m=2n, n=>0
flm=1<0 m=2n+1 n>0 (8.37)
0 n<0

A different approach calls for separating the function F(2) into partial fraction form. Now,
two factors must be considered: (1) the resulting function must be a proper function
and (2) many entries in Table 8.2 involve z in the numerator of the resulting expression
for F(2). This need is achieved by considering F(z)/z. Thus, we modify F(z) to F(2)/z:

F(2) z A B

z (z—02)(z+0.2) z-— O.2+Z+O.2
where

-0.2
=" _05
=02 —04

V4
z+0.2
71
2

z

0.5, B=
z—0.2

7=0.2
Z

F2)

N z
—-0.2 z+40.2
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From appropriate entries of Table 8.2, the inverse transform is

L02r 402 nxo0

fln) =<2 (8.38)
0 n<0
The reader can easily verify that (8.37) and (8.38) yield identical results. |
Example 8.22
Find the inverse z-transform of the function
1 3
F2) = z (8.39)

(1-0220)72 7-02

SoLuTION

By long division, we obtain

z

F) = 22 4+ 0.22 4+ (0.2)°
@) =7"4+0.27+( )z—o.z

From Table 8.2, the inverse transform is
f(n) = 8(n + 2) + 0.26(n + 1) + (0.2)%(0.2)"

where the last term is applicable for n > 0. Therefore, this equation is equivalent to

2
f(n) = {0-2”+ nz-2 (8.40)
0 n< -2

It is recalled that (8.39) could be expanded into the form
F@) =224+ 022+ (0.2 +(0.2°27 +(0.2*272 + - -

:ZZ{] +;+'_2+..}
V4 Ve

The inverse transform of the bracketed term is 0.2", and the factor z2 indicates a shift to
the left of two sample periods. Thus, (8.40) is realized.
From the above, we note that to find the inverse z-transform, we must

+ Initially ignore any factor of the form z" for n an integer

+ Expand the remaining part into partial fraction form

+ Use z-transform tables or properties to obtain the inverse z-transform of each
term in the expansion

«  Combine the results and perform the necessary shifting required by 7’ omitted in
the first step |
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Example 8.23 (Separate poles)

Find the inverse z-transform of the function

72—3z+8

= e 20+

SoLuTION

Expand F(2)/z in partial fraction form for reasons already discussed:

F(2) 72 —-32+48 A B C D
—= =—+ + +
z Z2z—-2z+2z+3) z z—-2 z4+2 z+3
where
F 2
a9 2
Z |, 3
2 _
B:(f2)@ _Z 3z+8 :i
Z |,y 2z+2z+3)|,., 20
Fi 23748 9
C:(Z—O—Z)E :i _ 2
Z |, , 2Zz-2z+3),._, 4
Fi 23748 26
p—(+3@ :i‘ __ %
Z |,y 2z2-2@+2)|,__, 15
Therefore,

Fo) = 2+3 z +9 z 26 =z
T3 20z—2 4z+2 15z+3

This leads to the following values for {f(n)} using Table 8.2:

Fn) = — 28(m) + 2" 4 (-2 — 2

_2\n
3 20 4 15( 3

If we set n=0, then f{0)=0 and MATLAB below ignores this point. However, if we
divide numerator by denominator, we obtain the sequence z7'(1 —6z '+
30772 — 102272 + - --) which indicates a shifted sequence to the right and MATLAB
ignores the shifting. |

Book MATLAB m-File: ex_8_5_4

tm-file: ex 8 5 4
num= [0 1 —3 8] ;den= [conv (conv ([1 —2],[12]),[13]1)]1;
[r,p,k] =residue (num, den) ;



The z-Transform 8-27

For this particular case, the values of r, p, and k are

r =[5.2000 —4.5000 3000]; p=[—3.0000 —2.0000 2.0000]; k={]
Based on the MATLAB results we write

z z z
+0.3

F(z) =5.2 — 4.5
z+3 z+2 z—2

Note the corresponding numbers between r and p vectors. The inverse z-transform of the
above equation is

f(n) = 5.2(=3)" — 4.5(—2)" + 0.3(2)"
Although the two results look different, the sequence {f(n)} in the two cases are

numerically identical. |

Example 8.24 (Multiple poles)

Find the inverse z-transform of the function

z22—-9

o= e

Observe that the function has a single- and a second-order pole.

SoLuTION

The function F(z)/z is expanded in partial fraction form as follows:

fo_ 79 _A B G G
7 - zie-nte-atoo 8.41)

We can find three of the unknown constants using the relations

N 2-9 _ -9 9
-2, (D@ 4
-9 . 1-9 _ g
Czz=2,o, Tx (=1
Ciz2—9 _4-9_ 5
YT z-,, 20 2

These constants are introduced in (841), leaving a relation involving the one remaining
constant C;. One procedure for finding the constant is to select any two appropriate
values for z, avoiding the roots of the rational polynomial, thereby creating an equation
with the unknown. In particular, if we choose z= 3, we obtain the following expression:

3?2 -9 91 1 1 5 1 23
— —=---38 +GC -z s o G =—
33—1)3-27 43 3-1 3-2 23-2 4
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First, we introduce the values of all the constants found in (8.41), next we multiply both
sides by z and finally we take the inverse z-transform using Table 8.2. The result is

_ st 23, 5
f(ﬂ)—48(n) 8u(n)+42 2nz

Forn=0, 1, 2, 3, and 4, the value of the sequence is {f(n)}={0 1 5 8 4}.

Book MATLAB m-File: ex 8_5_5

sm-file: ex 8 5 5

num= [01 0 —9];

den=[1—-58 —4];

f =dimpulse (num,den, 5) ; $the number 5 indicates the number
$of values desired of £ (n) ;

The values found using the above MATLAB m-file are identical to those found above.
[ |

*8.5.2 Inverse Transform by Integration

If F(2) is a regular function in the region |z| > R, then there exists a single sequence

{finT)} for which 3{f(nT)} = F(z), namely,

K
f(nT) = = fJ;F(z)szz = res. o {F(2)z" "} n=0,1,2,... (8.42)
27j ¢ —

The contour of integration C encloses all the singularities of F(z), as shown in Figure 8.9,
and it is taken in the counterclockwise direction. The abbreviation res stands for residue
of integration.

*8.5.3 Residues for Simple Poles
If F(z) = H(z)/G(z), then the residue at the singularity z=a is given by

Liin {(z — a)F(2)z" '} = lim {(z - a)%z”*} (8.43)

*8.5.4 Residues for Multiple Poles

The residue at the pole z; with multiplicity m of the function F(z)z"! is given by

1 m—1

res,_. {F(2)2" '} = (m — 1) lglg dzm1

[(z - z,-)mF(z)z’“l] (8.44)
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jlmz

z-plane
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° Rez

Contour of

Poles of F(z) integration C

FIGURE 8.9

*8.5.5 Residues for Simple Poles Not Factorable

The residue at the singularity a,,, is

H(z)

nfl
o~ (@) /D) (849

zZ=ap

F(z)z"|

Example 8.25 (Inverse z-transform by integration)

To find the inverse of the transform

z—1
Fo)=——————— 7| >2
@ = Z+2(z-0/2) 12
we proceed with the following approaches:

1. By fraction expansion

(z—=1) A B _ z—=1) _9
@+ 2(z—-0/2) z+2 -(1/2" 7 @-0/)|,., 5
B:( -1 _ 1
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g1 6 o 1T\
=3 {5z+2 52— /2} 52 5<2) =

*2. By integration

- =D ! & n—1
f(nT)fresZ:_z{(Z+2)(Z+2)(Z_(]/2))z }+reszzw/2{ (Z 2) T /2) }

3. By power expansion

I z—1 o)1 5 5 19 5 I G 5 4,19,
o i) e e (o ()
.n=123...

The multiplier z~" in the above equation indicates one-time delay. |

Example 8.26

To find the inverse of the transform

Fiz) = |z| > 5

1. By expansion

5 5,
¥ 'Fer S D =g {<z faz} =9 {Tus} =9 S0 IS )

=9 025004185, 4285224385, 3 . 3=n5" n=0,1,2...

This expansion indicates the difficulty in recognizing the closed form expression.
2. By fraction expansion

52\ ) Az B2
¥ =D =3 {(2—5)2}_9 {Z—5+(Z—5)2}
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Therefore,

5x6 6
=, ——=+——F5 o A=-1
7—5 ©e—-17° (©-5)

and

o Z 22 n n n
f(nT) =9 —;+m =—0B)"+Nn+15"=n" n>0

3. By integration

1 a1 , 572 .,
2= dz— {(Z_S) z—52° ]

=5n2"""| _.=n5" n>0 m
z=5

8.6 Transfer Function

The z-transform provides a very important technique in the solution of difference
equation. As part of this process, the transfer function plays an important role.

Example 8.27 (Transfer function)

Deduce an expression for the impulse response of the circuit shown in Figure 8.10a
using the z-transform technique.

———————————————————————————

NI Lo

wo () Dl O system 1O,
(a)

V(z) m b l(z)‘
b) \TJ .27

v(n) b - i(n)

—{ b, .< }

a; +— z71

()

FIGURE 8.10
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SoLuTION

The controlling equation of the circuit is

ao

The appropriate discrete form of this equation for sampling time T=1is
Llitn) — itn — 1) + Ri(n) = v(n)

from which we obtain

L)+ — it = 1) 2 b + aritn — 1)

in) = ——v
L+R L+R

Taking the ztransform of both sides of the above equation and assuming zero initial
conditions, the above equation becomes

bo

2) = bV@) + a1z Iz) or Iz)= —
1—ayz

V() = HZ2)V(2) (8.46)

This equation relates the input—output relation explicitly in the transformed domain of a
discrete system. The quantity H(2) =1(2)/V(2), or equivalently the ratio of the system
output to its input, is the system transfer function for the discrete system. Further,
the inverse transform of H(z) is the impulse response h(n) of the system. Thus, for our
circuit with a delta function excitation, (3{6(n)} = 1), we have

HZz) = ——— (8.47)

h(n) = bo(ay)” n>0 (8.48)

Figure 8.10b and c show the feedback configuration of the discrete system in the
transformed and the time domains. |

Example 8.28

Determine the response of the first-order system specified by (846) to a unit step
response by z-transform and convolution methods.

SoLuTION

The unit step sequence, which is written as

u(n):{] n=012 ...
0 n<o0
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has the z-transformed value

z 1

U(Z):z—1:1—z—1

The response, by writing y for j, is given by (see 8.46)

z z Az Bz
Y(2) = by :bo[ n }
z—a z—1 z—ay z-—1

where

Thus,

It is recalled that the derivative of the step function response of a system is its impulse
response. To show that the result is consistent with the result of Example 8.27, we
consider the derivative of y(n) in its discrete form representation. Ignoring at first
the constant factor by /(1 — a;), we obtain

=1-d""—14+d"=0-a)d

(1—a))=bed] n>0

We can proceed to find the output in the foregoing example by using the convolution
equation. Here we write, using the results of Example 827,

y(n) =" hin — mu(m) =Y boa;~"u(m)
m=0 m=0
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The output at successive time steps is

=
2
Il

bola] + a;”" +-~~+1>:b0(—

)

where the formula for finite geometric series was used in the last summation. This result

is identical with that above using z-transform method.

When discrete systems are interconnected, the rules that apply to continuous systems are
also applied for discrete systems. For example, if the impulse responses of two systems
connected in cascade are known, the impulse response of the total system is

h(n) = hi(n) * hy(n)

and in the z-domain

|H(2) = Hi(2)H(2) = 3{h(n) * h,(n)}]

Example 8.29

Deduce the transfer function for the system shown in Figure 8.11a.

jlmz jlmz jlmz H()
H,(2) ‘ Hy(2) ‘ A Double
N N
a, Rez { a, Rez ‘ a; Rez
(b)

FIGURE 8.11

(8.49)

(8.50)
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SoLuTION

Consider initially the portion of the system (subsystem) shown between x(n) and y;(n)
described by the difference equation

yi(n) = bx(n) + ay(n — 1)
The z-transform of this expression is

b

Vi@ =X@) + a2 Vi@ or V() =—
1 —aiz—

X@) = Hi2X(©)

The portion of the system between y;(n) and y(n) (a cascaded subsystem with the first
subsystem) is described by a similar expression whose z-transform is

b
Y(2) = g @) = H,2" (@)
— a1z

Substitute the known expression for Y;(2) into this final expression to obtain

b b
Y(2) = (1 ) (1 )X(Z) = Hi(@DH @)X (@) = H2)X(2)

—ayz7! —ayz7!

where

b 2
Hz) = Hi(2H(2) = (*)

T—a1z7!

The pole-zero configurations for each subsystem and for the combined system are
shown in Figure 8.11b. |

Example 8.30

Find the transfer function for the first-order system, shown in Figure 8.12a, and sketch
the pole-zero configuration.

SoLuTION

The difference equation describing the system is
y(n) = box(n) + bix(n — 1)
The z-transform of this equation and the transfer function of the system are

AYD gt = p i 0/ (61/60)

Y@) = boX(@) + b1z 'X(2) or HE)
@) z

The pole-zero configurations is shown in Figure 8.12b. |
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x(n) by D y(n)

jlmz

a(n-1) b, —by/b, jRe z
(a) (b)

FIGURE 8.12

Note: In Example 8.27, by as well as a, (was one in this case) and a, are different than
zero. This type of system is known as the first-order infinite impulse response (IIR) system.
Observe that an analog first-order RL series circuit results is an IIR digital system. In
Example 8.30, ag(=1), by, and b, are different than zero. This type of first-order digital
system is known as the finite impulse response (FIR) system.

Figure 8.13 shows a combined FIR and IIR system. The difference equation describing
the total system is found by the following two equations that are found by inspection
from Figure 8.13. These are

x1(n) —ary(n—1) = y(n), x1(n) = box(n) + bix(n — 1)
Therefore, the difference equation describing the system, by eliminating x,(n), is
y(n) + ary(n — 1) = bpx(n) + byx(n — 1) (8.51)

The @’s and b’s can take either positive or negative values. Taking the z-transform of both
sides of (8.51), we obtain the transfer function of the system, which is

AY(2) by+biz!

x(n) by m x1(n) _/;\ y(n)

x(n—1) y(n-1)

FIGURE 8.13
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8.6.1 Higher Order Transfer Functions

The general case of a system is described by the following difference equation:

y(n) +ary(n — 1) + ary(n — 2) + - - + apy(n — p)
= box(n) + bix(n — 1) + byx(n — 2) + - - + byx(n — q) (8.53)

Taking the z-transform and solving for the ratio Y(z)/X(z) we obtain the transfer
function

Y bo+ bzt + -+ bz 1 1 byz"
H(z) 2 Y@ _bthiz 1 + “_ _ Z"fl? nZ (8.54)
X(z) l1+aiz'4-+az? 1+50 a2

This equation indicates that if we know the transfer function H(z), then the output Y(z)
to any input X(z) (or equivalently, x(n)) can be determined.
If we set ay, a, .. .,a, equal to zero, (8.53) becomes

y(n) = box(n) + bix(n — 1) + byx(n —2) + -+ - + byx(n — q) (8.55)

This expression defines a gth-order FIR filter. The block diagram of a FIR filter is shown
in Figure 8.14.

H(z) =b0+b1z’1+ +qu’q

x(n—-q)

FIGURE 8.14
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*(n
LN

[_a,]

+ -a
[
—a, <

+ 2 i 1

. 1+alz’1+azz’2+~~+upz’”

e —a, e

FIGURE 8.15

For the case when by = 1 and the rest of the b’s are zero, the difference equation (8.53)
becomes

ym) +ary(n — 1) + axy(n — 2) + - - - + apy(n — p) = x(n) (8.56)

This equation defines a pth-order IIR filter. A block diagram representation of this
equation is shown in Figure 8.15.

Finally, if none of the constants is zero in (8.53), the block diagram representation of
the combined FIR and IIR system is that shown in Figure 8.16.

x(n) (n)
T b, + l J
21 21
x(n—1) b, . y(n—1)
—a
. . . bo+ bzl 4+ bzl
¢ . . * H(z)= 0" 1 4
l . . l l+aiz s +a,z?
1 1
| b |
q -a
x(n-q) P [ y(n-p)

FIGURE 8.16
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8.6.1.1 Stability

Using the convolution relation between input and output of a discrete system, we obtain

ly(n)| =

> h(f(n— k)
k=0

< Mi: (k)| < oo (8.57)
k=0

where M is the maximum value of f{n). The above inequality specifies that a discrete
system is stable if to a finite input the absolute sum of its impulse response is finite. From
the properties of the z-transform, the ROC of the impulse response satisfying (8.57) is
|z| > 1. Hence, the poles of H(z) of a stable system lie inside the unit circle.

8.6.1.2 Causality

A system is causal if h(n) =0, for n < 0. From the properties of the z-transform, H(z) is
regular in the ROC and at infinity point. For rational functions, the numerator polyno-
mial must be at most of the same degree as the polynomial of the denominator.

The Paley-Wiener theorem provides the necessary and sufficient conditions that a
frequency response characteristic H(w) must satisfy in order for the resulting filter to be
causal.

The conditions are as follows:

1. H(w) cannot be zero except at a finite set of points.

2. |H(w)| cannot be constant in any finite range of frequencies.

3. The transition from pass band to stop band cannot be infinitely sharp.

4. The real and imaginary parts of H(w) are independent and are related by the
discrete Hilbert transform.

. |H(w)| and ¢(w) cannot be chosen arbitrarily.

(9]

Figure 8.17 illustrates the effect of the position of poles with respect to the unit circle and
the multiplicity of the poles.

8.7 Frequency Response of First-Order
Discrete Systems

Suppose that the input to the system is the function z". Then, using the convolution
property of system response, the output is given by

y(n) = 2"+ h(n) = i h(m)z"™™ = zZ" i h(m)z™™ = z"H(2) (8.58)
m=0 m=0

If we set z = e/ in this expression, we have

y(n) = e/"H(e®) (8.59)
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Therefore, the transfer function for the first-order systems is

by + by e

H(e/®) = g
1+ ae®

(8.60)

This function is the frequency response function.

If we set w = w + 277 in H(-), we find that H(e/®T2™) = H(e/*e/2™) = H(e/*), which
indicates that the frequency response function is periodic with period 2. If, on the other
hand, we had introduced z = /7 (T=sampling time), then the frequency response
function would be of the form

ho + bl eijIDT

H(e/*T) = .
) 1+ aje/oT

(8.61)

If we set o = w + (2/T) in H(-), we find that H(e/©*27/DT) = H(e/*Tel2™) = H(e/*T),
which indicates that the frequency response function is periodic with period 27/T.

Note: Discrete systems with unit sampling time (T = 1) have periodic frequency response
functions with period 2, and those with time sampling equal to T have periodic frequency
response functions with period 27/ T.

Example 8.31

Find the frequency response of a first-order FIR system and plot its amplitude and phase
spectra for bo=1 and b; =0.5. Plot both cases using T=1 and T=2.

SOLUTION

The frequency response function of a first-order FIR system is found from (8.60) by
setting a; = 0. Hence, we have

bo + by sl

1 = by + b1e¥T = by + by coswT — jb; sinwT

H(ef“’T) —

From the above equation, the amplitude and phase spectra are

VHET)H* (eloT) = \/(by + brefeT)(by + breoT) = \/ b3 + 2boby cos wT + b7

by sinwT

hiHEe* )} = —tan™! ————
phiff(e™ )} an bo + by coswT

The plots are shown in Figure 8.17. Note that for T=1 the periodicity of the spectra is
2ar/1 = 27 and for T=2 the periodicity is 27 /2 = . [ |
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2x(n) +x(n—1) Double

ravi
2 2 -1/2

FIGURE 8.18

Example 8.32

Find the frequency characteristics of the system shown in Figure 8.18, which is made up
of two FIR systems in cascade.

SoLuTION

The difference equation describing the system is

y(n) = 4x(n) +4x(n — 1) + x(n — 2)

Magnitude

Phase

FIGURE 8.19
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The system function for this system is
4 +4e—/w7 + eﬁ'ZwT
The frequency responses are obtained from the relationships

12
[HEH* @oeer] = [HAHE ),y | = 33+ 40c0s T +8cos 20D/

Figure 8.19 shows the frequency characteristics of the combined system using the
MATLAB functions abs(H) and angle(H). Note that the periodicity in this case is equal to
27/0.5 = 4.

Note: The amplitude functions are even functions of the frequency and the phase
functions are odd functions of the frequency. [ |

8.7.1 Phase Shift in Discrete Systems

Let assume that a discrete system is described by the difference equation
y(n) = x(nT) + 0.6x(nT — T)

The system function for this is

H(z) 2 % =1+0.6z7"

The amplitude frequency response function is then given by

{H(Z)H(zfl)‘z ]1/22 (1.36 + 1.2 coswT)"/?

—eioT
and the phase is

0.6sinwT

0 — H JjoT = _t -1 _ Ee s
(@) = arg H(e™") an 1+0.6coswT

Since we have shown above that when the input is the complex function e/“7, the output
is H(e/*T)ejonT = ’H (ej‘”T)’eje(“‘)ef‘”T. This indicates that when the input is cos wnT,
then the output is the real part of the output, which is

y(nT) = |H(e"")| cos [wnT + 6(w)]
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ein y(nT) :H(ejmT)ejmT: |H(ejmT) ej[mT+6(a))]
- H(z) >
x(nT) = cos wnT y(nT) = |H(e7"’T) | cos[wnT + O(w)]

x(nT) =sinwnT y(nT) = |H(ef“T) | sin[wnT + O(w)]

FIGURE 8.21

If we set T = 0.5 and w = 0.47 in the above equations, then the input and output is
shown in Figure 8.20. Observe the phase shift to the left and the decrease of the amplitude
of the output signal. The general input-output relations of a discrete system to sinusoidal
inputs are shown in Figure 8.21.

8.8 Frequency Response of Higher Order
Digital Systems

If we set z = /7 in (8.54), we obtain the general frequency response function:

by + bie 7T + bye 70T 4 ... 4 pe 1T
ap + are 0T 4 gye=720T 4 ... 4 g emipeT

H(eij) — = H(Z)|Z:ejw'r (862)
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of a combined system of gth order FIR and a pth order IIR systems. If, for example, we
want to study a third-order systems, then the transfer function is

- bO + ble_ij + bze—jZ(uT

H(z) = - - 8.63
@) ap + aje 7ol + gye=i2eT (8.63)
The amplitude squared is given by
_ b2+ diz+dy+ diz7 + dyz?
H(z))? = H(z)H(z™! =
| ( )l |z:eJ"‘T ( ) ( )’z:eﬂ"T C222 +az+4c+ 61Z71 + (32272 _—
2
_ dy + Z;zl 2d, cosnwT (8.64)
Co+ >y 2¢n cOs nwT
where
k—n k—n
Cn = Z AkAn+k dn = Z bkbn+k (865)
k=0 k=0

For example,

2-0 2-1
Co = E axdork = dodo + a141 + araz, € = E akdi+k = dodr + aiay,
k=0 k=0

2-2
0 = g axdr+k = aAoaz
k=0

Example 8.33

Find and plot the frequency characteristics of a general third-order discrete system
with the following constants: by = 1,01 = 0.8,b, = 0.1,a0 = 1,a; = —0.6,a; = 0.8,
and T =2.

SoLuTION

The frequency characteristics are plotted in Figure 8.22 using the MATLAB functions
abs(H) and angle(H). The transfer function with the given data is

v 14 0.8e772 4 0.1 /4
Heiwy — LH 98¢ "+
1 — 0.6e7/20 4 0.8 /4w
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Magnitude
N

[\

Phase

FIGURE 8.22

Example 8.34

Find the frequency response function of the system shown in Figure 8.23.

SoLuTION

We can solve this problem by two different ways. From the figure, the difference
equations describing the first and second subsystem are respectively,

x1(n— 1)+ 2x(n) = y(n)
— ly(n = 1) + 2y(n)] + x(n) = x;(n)

x(n) —~ %) i

TEIT

FIGURE 8.23
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Substituting x;(n) from the second equation into the first, we obtain
5y(n) +4y(n — 1) + y(n — 2) = 2x(n) + x(n — 1)

By taking the ztransform of the above equation and solving for the ratio output over
input, we obtain the transfer function

24277

Hp)=—""2
@ 5447714272

Since the transfer function for each subsystem is the same, H(z) = 2 + z~', then the
transfer function of the total system is found using the feedback transfer function given
in Chapter 8. |

8.9 z-Transform Solution of First-Order
Difference Equations

We now study the use of z-transform methods in the solution of linear difference
equations with constant coefficients. The following examples will explain how to use
z-transform method for their solution of difference equations.

Example 8.35

Solve the discrete-time problem defined by the equation
y(n) 4+ 2y(n — 1) = 3.5u(n) (8.66)

with y(—1) =0 and u(n) is the discrete unit step function.

SoLuTioN

Begin by taking the z-transform of both sides of (8.66). This is
{y(M} + 2%3{y(n — 1)} = 3.5%{u(n)}

From Section 8.3 and Table 8.1, we write

z z z 6 z 7z
or Y =3.5 == -
z—1 z—1z42 7z—1 3z+42

Y@ +227'Y(2) = 3.5
The inverse z-transform of this equation is
7 n
y(n):gu(n)Jr—(fZ) n=012... [

If you want to use the MATLAB function residue(.), you must solve for the Y(z)/z
function and then multiply both sides by z.
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Example 8.36
Repeat Example 8.35 with the initial condition y(—1) =4.

SoLuTION

We again begin by taking the z-transform of both sides and use the right-shift property
(see Section 8.3):

y(m} 4+ 29y(n — 1)} = 3.59{u(n} or Y@+ 2771Y(2) + 2y(—1) = 3.5U(z)

Upon solving for Y(z), we obtain

3.5 2y(—=1)
Y(2) = U2) —
@ 142771 @ 1+ 2771
—_——
zero-state Zero—\'nput
response response

The inverse transform of the zero-input response is the solution of the homogeneous
difference equation y(n) + 2y(n — 1) = 0, a result that can be readily verified by setting
consecutively n=0, 1, 2,...in the equation. Specifically, the results are

(=1
zero-input response = §~ {—1)177)1} = —2y(—=1)(=2)"u(n)
3.5 1 3.57°
- — -1)y_-- = -1y -7
zero-state response = 9 {] = 2_1} V4 {(z T 1)}

4 z z
=937 —35-—"—
742 z+1
The complete solution is the sum of these two responses. Hence, we write

y(n) = 4=2"" +7(=2)" =3.5un) n=0,1,2 ...
——— —

zero 'mput zero state
response response
and
y(n) =—(=2"— 3.5uh) n=012 ... -
—— ——

transient steadys state

Example 8.37

Determine the output of the discrete approximation of the system shown in Figure
8.24a for a sampling time T. The output for T=0.2 and T=1 are to be plotted, and the
results compared with the output of the continuous system. The input is a unit step
current source i(t) = u(t), and an initial condition v,(0) = 2V.
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SoLuTioN
The differential equation describing the system is
dvo(t)  volt)
= I(t
g o5 @
The analogous discrete form of this equation is
T) = volnT =T
% + 2vp(nT) = i(nT)
From this,
Vo(nT) = r iinT) + ! Vo(nT — T) = boi(nT) + ayvo(nT —T)
T gaT 1427 ° - 1o

The z-transform of this equation gives (see Section 8.3)

bo ay
Vo) = —1@) + — Vo(=T)
11—z 1—ayz
zero state zero input
response

response

8-51
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Since the continuous case v,(0) = 2, we must refer back to the difference equation and
set the appropriate values to find the value of v,(—T). Hence, we obtain

VD(O) = bo/(o) + G}Vo(—T) n= O, or VO(—T) = (2 — bo)/Ch

Thus, we find

zero-input response = 97'< b, # Y < 4 boar _ z
PULTespONse =3 1%z nz—anf "2 U-amz—1 a-17z-a
bo bo(h

u(n) + aju(n)

:1—01 a; — 1

zero-state response = 3_1 {%} = (2 — bp)aiu(n)
—

The solution is the sum of the zero-input and zero-state solutions.
The solution of the continuous case is easily found to be equal to

Vo) = 0.5+ 1.5 t>0

The results for the continuous and discrete cases T=1 and T=0.2 are shown in
Figure 8.24b. |

Example 8.38
Use the z-transform method to find the solution of the following difference equation:
an

3 1 )
y(n)—Zy(n—1)+§y(n—2):23m(2), y=1=2 y=2)=4

SoLuTION

Taking the z-transform of both sides, we get

3 1 2
Y0 =377 VD + 221+ 57 + 477 + 27 =
3 1 1 2z
1214 2 \y) =1 — -
( 4Z +82 ) @ 4Z +Zz +1
Vi) = 72— (1/4)z 273

Z-G/Az+ (/8 @+ NE = /A7 +(1/8)
Performing partial fraction decomposition, we find

.z 8 z 8 z (112/85)2% — (96/85)z
_z—(1/2)+§z—(1/2)7ﬁz—(1/4) 22+

Y(2)
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Therefore, the inverse z-transform gives the following result:

(n)_13 nN" 8 /1 ”+1125m77n 96cos7rn hs0
YN =51\3) T17\a) Tes N2 Tes " = u

8.10 Higher Order Difference Equations

The class of linear discrete systems under discussion is described by the general difference
equation

y(n) +ary(n — 1) + ary(n — 2) + - - + apy(n — p) = box(n) (8.67)

The constant in front of y(n) does not appear since we can always divide by that number
on both sides of the equation. We have seen that such an equation can arise when a
differential equation is transformed into an equivalent difference equation using approx-
imations of the derivatives. Hence,

dy(t) N y(nT) — y(nT —T)

dt T @)
a*y(t) ~ y(nT) — 2y(nT — T) + y(nT — 2T) ) (8.68)
dt? T2
Byt)  y(nT) —3y(nT — T) + 3Y(nT — 2T) — y(nT — 3T)
an T3 ()

We would like to mention again that when the coefficients a;’s are independent of #, the
system is time invariant, otherwise is time varying.
For T'=1, the second-order difference equation can always be written in the form

(n) + ary(n — 1) + azy(n — 2) = box(n)| (8.69)

We can assert that a complete and unique solution to the above equation can be found if
the initial conditions are known, say,

y(=1)=A »(0)=8B (8.70)

where A and B are constants. In this connection, we state certain theorems without proof
(see Finizio and Ladas*).

* N. Finizio and G. Ladas, An Introduction to Differential Equations, Wadsworth Publishing Co., Belmont,
CA, 1982.
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Definition 8.1 If {a(n)} and {b(n)} denote two sequences, the determinant

_ | an) b(n)
Cla(n), b(n)] = an—1) b(n—1) (8.71)
is known as the Casoratian or their Wroskian determinant. |

THEOREM 8.1

Two solutions y;(n) and y,(n) of the linear homogeneous difference equation (the input
box(n) is set equal to zero) are linearly independent if and only if their Casoratian,

_ | nm) ¥2(n)
Clyi(n), y2(n)] = nn—1) pn—1) (8.72)
is different from zero for all values of n=0, 1, 2,... |
THEOREM 8.2

If y1(n) and y,(n) are two linear independent solutions of the homogeneous equation and
¥p(n) is the particular solution to the nonhomogeneous equation (8.69), then the general
solution is

y(n) = yu(n) + y,(n) = Ciyi(n) + Coya(n) + yp(n) (8.73)

where C; and C, are arbitrary constants and can be determined from the initial
conditions. |

THEOREM 8.3

The homogeneous difference equation
y(n) +ary(n—1) +ay(n—2)=0 (8.74)
with constant and real coefficients and with the roots of the characteristic equation
AN +ar+a,=0 (8.75)

denoted A; and A,, has the possible solutions shown in Table 8.3.
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TABLE 8.3 Solutions to Homogeneous Difference Equations

Difference Equation Characteristic Equation
y(n)+ary(n—1)+ay(n —2) =0 MtaAd+a,=0

)\1 7é )\2 y(n) = Cl)\;l + Cz/\;

A=Ay =A y(n) = A + cnA”"
M=a+jbr,=a—jb y(n) = Ce” cos bn 4 C,e™" sinbn

Note: All the ¢;’s and C;’s are constants.

Solution
Assume that y(n) = cA” is a solution of (8.74), then

A"+ a NV a2 =0 or MH+ar+a,=0
which is (8.75). [ |

Example 8.39

Solve the following difference equation: y(n) — by(n — 1) 4+ ay(n — 2) = u(n); a,b > 0.
The constants are to be selected so that the second-order system is (a) critically
damped, (b) underdamped, and (c) overdamped. The started conditions are zero:
Y=1)=0, y(~2) =0.

SoLUTION

Taking the z-transform of both sides of the difference equation and solving for Y(2) we
obtain

72 z
Yo ) =——— —— 8.76
@ 72 —bz+az—-1 (8.76)

The denominator of the first factor, which is the characteristic equation of the difference
equation, has two roots that are specified by

7,=22V " 8.77)

Critically damped case (b> = 4a): We set b=0.8 and, hence, a=08. The two roots
are 04 and 04. Thus, (8.76) becomes

2 z Az N Bz N &2
Z—0422z—1 z—=1 2z—04 (z—04)?
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By straightforward methods, we find A=25/9, B=—1.1111, and C=—2/3. The inverse
transform of this equation is

y(n) = 2—95 —1.1111(0.4)" —%(n + 1)(0.4)

The response to a step function can also be found using the MATLAB function

[y,tl=stepz (num,den) . For this particular case and for n=0, 1, 2,...30, we
write

[y,t] =stepz([100],[1—-0.80.16],30);

Overdamped case (4a < b?): If we select b= 0.9 and a= 0.1, the inequality holds. The
two roots are 0.1298 and 0.7702. The z-transform of the output is given by

V() =5—"— +0.0303——— — 4.0303—
Z -1 701298 707702

and its inverse is

y(n) = 5+ 0.0303(0.1298)" — 4.0303(0.7702)" n=0,1,2, ...

Underdamped case (b’ < 4a): In this case two conjugate roots exist, and these roots
are poles of Y(2). To proceed we write the denominator of Y(2) in the form

2 —bz+a=(z—ce®z—ce (8.78)

By expanding the right-hand side and equating like powers of z, we find that

a=c¢ and b=2ccosb

Thus, if a and b are known, then ¢ and 6 are readily obtained. By combining (8.78) with
(8.76), we write

2

Zz Zz

Y(2) =

(z — celt)z — ce 1) z — 1

This fraction is now expanded into fractional form, which is

1 z ce/? z
Y2) = - = .
1—2ccosf+c2z—1 j2sinO(1 — cel?) z — celt
ce z

j2sin6(1 — ce™) 7z — ce
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4 . . . .
Underdamp case: ¢ =0.85, 0 = /4
e
. 31 Underdamp case: ¢=0.7, 0 = /4 1
=
2N/
2 -
1 . . . .
0 10 20 30 40 50
n
FIGURE 8.25
The inverse z-transform of this equation is
26 —j26
y(n) = 1 uln) — ——— e L A ——
1 —2ccosf + c? j2sin (1 — cel?) j2sin6(1 — ce i)
This expression can be written in more convenient form by writing 1 — ce/? = re /¢,
then, 1 —ce ™ = re/®. Figure 825 shows the underdamp cases for c=085 and
0 =m/4and c=07and 0 = 7/4. [ ]

Example 8.40

Using z-transform, find the solution of the difference equation
yin+2) =5yin+ 1) +6y(n) =4" y0) =0 y(1) =1

SoLuTioN

Taking the z-transform of both sides and referring to the z-transform properties, we get

5 5 _ Z _ z
zY@) — [2y0) + /(1] - 5[2¥(2) — Zy(O) + 6Y2) = —,  or Y) = P

after substituting the initial conditions. Using partial fraction decompositions, we obtain

_ 1 z z _ln ln_
Y(z) = (Z_2 2_4) or yin)=54"=52"=10,1,6,...} -

Example 8.41

Using the z-transform method, find the solution of the difference equation

n+2)—7yn+ 1 +3yn)=8 y0)=-1,y1)=0
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SoLuTION

Taking the z-transform of both sides, we obtain

27Y(z) — 2[2%y(0) + zy(1)] — 7[zY (@) — zy(O)] + 3Y(2) = 28—21 or
=222 -92-1) 4z 4z 1
o=@ ey~ —itzoatr=s

yn) = -4+ 2(%) +3"

Example 8.42
The Fibonacci sequence is obtained by setting the initial conditions y(0) =y(1)=1 and
accepting that any number of the sequence is the sum of the two previous numbers.

Hence, y(n+2)=y(n+ 1) +yn) forn=0,1, 2, 3,...

SoLuTION

The z-transform of the above equation is

2Y(@) = 2290 + zy(1] = 2V(2) — zy(0) + Y(2) or Y(2) =

Using partial fraction expansion, we find

Y(z)=5+ﬁ( : >+5‘\@( ’ ) or

10 \z—((14++v5/2) 10 \z—((1-v9/2
= SHVE (14 VB 5B (1= VB
=" 2 10 2
This represents the law for the general term in the Fibonacci sequence. |

Example 8.43

A ladder network is shown in Figure 8.26. Write the difference equation that charac-
terizes the network. Specify the boundary conditions and solve for the current in any
loop. Assume that each resistor is 1 ().

FIGURE 8.26
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SoLuTION

Applying Kirchoff's law for the (n + 1)th loop, we obtain the equations

—Riln + 1) — Riln + 1) + Ri(+2) — Riln + 1) + Ri(n) =0 or
3Ri(n + 1) — Ri(n) — Riln+2) =0

For the case R=1, we obtain the difference equation
3in+1) —in) —iln+2) =0
The boundary conditions are
i(0) = 4,3i(12) — i(11) =0
Taking the z-transform, we find
[321(z) — 3zi(0)] — I(z) — [2%1(z) — Z%i(0) — zi(1)] = 0
Substituting for i(0) and solving for /(z), we obtain

_ 472 — 122+ i(1)z 4z2(z—3/2) 6 —iMlz

23241  2-20B/2)+1 22-2(3/2)+1

Taking the inverse z-transform and referring to the z-transform table, we get

i(n) = 4 cosh an — 6 — i)

- sinh an  cosh «a =§ or a=0.9624
sinh « 2

To determine i(1), we use the second boundary condition

—i(1)

3(4 cosh 12a — 2 sinh 12a> - (4 cosh 1a — 6fh’m sinh 11a>
o

a sin

Solving for (1), we get i(1) = 1.52. Therefore, the current in the (n 4+ 1)th loop is

‘ 4.48'sinh (0.9624n)
i(n) = 4 cosh (0.9624n) — T sinh (0.9624) "

8.10.1 Method of Undetermined Coefficients

The particular solution of a nonhomogeneous equation is the method of undetermined
coefficients. The method is particularly efficient for input functions that are linear
combinations of the following functions:

1. n¥, where 7 is a positive integer or zero
2. a", where a is a nonzero constant
3. cos an, where a is a nonzero constant
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4. sin an, where a is a nonzero constant
5. A product (finite) of two or more functions of type 1-4

This method works because any derivative of the input function x(n) is also possible as a
linear combination of functions of the five types above. For example, the function 212 or
any derivative of 2n? is a linear combination of the sequences #n?, n, and 1, all of which are
of type 1. Hence, what is required in any case is the appropriate sequences for which any
derivative of the input function x(n) can be constructed by a linear combination of these
sequences. Clearly, if x(n) = cos 3n, the appropriate sequences are cos3nand sin3n.
The following examples clarify these assertions.

Example 8.44

Consider the system shown in Figure 8.27. Find the general solution if the input is
x(n) = 3"u(n) and initial conditions are y(—1)=0and y(—2)=1.

SoLUTION

From Figure 827, and taking into consideration the time shift of the output function,
the controlling difference equation of this system is

Yy —5yn—1)+6y(ln—2)=3" n=0,12 ... (8.79)

The characteristic equation obtained from the corresponding homogeneous equation is
M =51 +6=0
with roots Ay = 2and A, = 3. The two solutions are

) =2" y(n)=3" (8.80)

FIGURE 8.27
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Since one of the homogeneous solutions is proportional to the input function, the
particular solution is of the form y,(n) = Bn3", where B is a constant. Introducing
the particular solution in (8.79), we obtain

Bn3" — 5b(n — 1)3""" 4+ 6B8(n — 2)3"? = 3"
Solving for the unknown, we find that B=3. Hence, the total solution is
y(n) = Ciyr(n) + Goya(n) + yp(n) = 62" + 63" 4 3n(3") (8.81)

Subjecting this solution to the given initial conditions yields

1 1

G 4-C=1
;e 34

1 1 5
G 4-C=2
35 T502 =3

From this system, we find C; =16 and C; = —21. The complete solution is
y(n) = 162" — 21(3") + 3n@3") (8.82)

We now solve this problem by the z-transform method. The z-transform of (8.79) is

z

Y@ =527 Y@ + y(—=D] 4+ 6[z7°Y@) + y(—1)z " + y(—=2)z7°] = P

which can be written as follows:

6% 7z

23 C—2z_3"

Y(2) = —

The terms to the right are expanded (two terms and three terms, respectively) as
follows:

From the tables, the inverse z-transform is
y(n) = 122" —183") + 4(2") — 6(3") + 3(n + 1)3" = 16(2") — 213") + 3n(3")

which is (8.82) as anticipated. n

Example 8.45

Find the solution for the system shown in Figure 8.28. The initial conditions are y(—1) =1
and y(—2)=0.
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2n
x(n)=2.5x 5”‘%\ y(nz

5 4—1 y(n-1)

FIGURE 8.28

SoLUTION

The difference equation describing the system of Figure 828 is
y(n) —5y(n — 1) +6y(n—2)=2.5x5"+2" (8.83)

As found in the example above, the roots are the same and, hence, the general solution
of the homogeneous equation is

Yh(n) = G 2" + 53" (8.84)

We observe that the input 2" is also a solution to the homogeneous equation. This
suggests that we try the following particular solution:

¥p(n) = A5" + Bn2" (8.85)

where the constants A and B are undetermined coefficients. These constants can be
found by substituting (8.85) into (8.83). When this is done, we obtain

A5" + Bn2" — 5[A5"" + B(n — 102" '] 4+ 6[A5"? + B(n — 2)2"71] = 2.5 x 5" + 2"
Rearranging terms, we have

1 1 58 —5Bn 6Bn— 128
A—5A-+6A—)5" B 2" =2. T4 2"
( 55+6 25)5 +(n+ 5 + 7 ) 5x5"+

By equating coefficients of similar terms, we find that
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and, therefore, the total solution is

62.5
y(n) = yp(n) +yp(n) = 62" + 63" + 75” —2n2"
Applying the initial conditions, the constants are C; = —8.667 and C, =6.750. |

Example 8.46

Find the particular solution of the nonhomogeneous equation

y(n) — y(n — 2) = 5n° (8.86)

SoLuTION

The roots of the characteristic equation are readily found to be A; = TandA; = —1.
Since the characteristic equation is A> — 1 =0, we can use the MATLAB function
roots([1 0 -1]1) to find the roots. Thus, the solution to the homogeneous
equation is

v =GO+ G(=1)" n=012 ...

We observe that the function 5n° and its derivatives can be found by the linear
combination of sequences n?,n, and 1. However, 1 is a solution of the homoge-
neous equation; so we choose as a trial, particular solution n times the sequence
2 .

n‘,n, and 1:

Yp(n) = An® + Bn®> + Cn (8.87)

Substitute this trial solution in (8.86) and equate coefficients of equal power terms. The
coefficients are found to be A=5/6, B=5/2, and C=5/3. [ ]
Table 84 gives the suggested forms for the particular solutions for a specified x(n).

TABLE 8.4 Method of Undetermined Coefficients

x(n) yp(n)

n" An™ + Apn™ -+ A+ A

a" Aa"

cos On or sin On Aj cosOn + A, sinOn

n"a" a"(An™ + An™ o Apn+ Ap)

a" cos On or a” sin On a"(A; cosOn + A, sin 6n)
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*8.11 LTI Discrete-Time Dynamical Systems

The mathematical models describing dynamical systems are almost always of finite-order
difference equations. If we know the initial conditions at t=¢t,, their behavior can be
uniquely determined for ¢ > fy. To see how to develop a dynamic system, let us consider
the example below.

Example 8.47

Let a discrete system with input v(n) and output y(n) be described by the difference
equation

y() + 2y(n = 1) + y(n — 2) = v(n) (8.89
If y(ng — 1) and y(ny — 2) are initial conditions for n> ng, then y(n) can be found

recursively from (8.88). Let us take the pair y(n — 1) and y(n — 2) as the state of the
system at time n. Let us call the vector

_ x| _ |yih=2)
”W*[@m}‘bm—n} 689

the state vector for the system. From the definition above, we obtain

x+1)=yh+1-2=yn-1) (8.90)
and
xo(n4+ 1) =yn) =vn) —ylnh —2) —2y(n—1) (8.91)
or
X(n + 1) = v(n) — x;(n) — 2x,(n) (8.92)

Equations 8.90 and 8.92 can be written in the form

xin+11 _ 10 1 |[xn) 0
[mm+n}—{4 _J{bw]+[dwm (8.93)
or

x(n+ 1) = Ax(n) + Bv(n) (8.94)

But (8.91) can be written as

} + v(n) (8.95)
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or
y(n) = €x(n) 4+ v(n) (8.96)
Hence, the system can be described by vector-matrix difference equation (8.94) and an
output equation (8.96) rather than by the second-order difference equation (8.88).
The LTI discrete dynamic system with a number of inputs is, therefore, described by
the state equation

x(nT +T) = Ax(nT) + Bv(nT) (8.97)

and its output is described by the equation

y(nT +T) = Cx(nT) + Dv(nT) (8.98)
where
x(nT) = N-dimensional column vector
v(nT) = M-dimensional column vector
y(nT) = R-dimensional column vector

A = N x N nonsingular matrix
B = N x M matrix
C = R x N matrix
D = R x M matrix

When the input is identically zero, (8.97) reduces to

x(nT +T) = Ax(nT) (8.99)
so that
x(nT + 27) = Ax(nT + T) = AAx(nT) = A’x(nT) (8.100)
and so on. In general, we have
x(nT + kT) = A'x(nT) (8.101)

The state transition matrix from n;T to n,T (n, > ny) is given by
@, T,mT) = A" (8.102)

This is a function only of the time difference n,T — nyT. Therefore, it is customary to
name the matrix

o) = A" (8.103)
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The state transition matrix with the understanding that n = n, — ny. It follows that
the stem states at two times, n,T and n; T, are related by the relation

x(nyT) = @no T, m T)x(ni T) (8.104)

when the input is zero. From (8.102), we obtain the following relationships:

@)
@(nT,nT) = I = identity matrix (8.105)

(b)
e T, mT) = ¢ ' (mT,nT) (8.106)

(@]
@3, N NNy T,ni T) = (N3 T, niT) (8.107)

If the input is not identically zero and x(nT) is known, then the progress (later states) of
the system can be found recursively from (8.97). Proceeding with the recursion, we
obtain

x(nT +2T) = Ax(nT +T) +Bv(nT +T7)

= AAx(nT) + ABv(nT) + Bv(nT + T)
=T + 2T,nTx(nT) + ¢(nT + 2T,nT + T)Bv(nT) + Bv(nT + T)

In general, for k>0 we have the solution

n+k—1
x(nT + kT) = @(nT + kT,nT)x(nT) + Z @nT + kT,iT + T)Bv(iT) (8.108)
i=n
From (8.104), when the input is zero, we obtain the relation

x(n,T) = @n, T — mT)x(nyT) = A" " x(nT) (8.109)

According to (8.108), the solution to the dynamic system when the input is zero is given by
n+k—1
X(T + kT) = @(nT + kT = nT)X(nT) + Y @l(n+ k —i— DTIBV(T)  (8.110)

=n

or

n+k—1
X(nT +KT) = @kDxX(NT) + > ¢ln+k —i—DTIBV(T) k>0 (8.111)



The z-Transform 8-67

To find the solution using the z-transform method, we define the one-sided z-transform
for an R x S matrix function f(nT) as the R x S matrix

Fz)=> fnnz ™" (8.112)

n=0

The elements of F(z) are the transforms of the corresponding elements of f(nT). Taking
the z-transform of both sides of (8.97), we obtain

zX(z) — zx(0) = AX(2) + BV (2)

or
X@) = (@ — A)'zx(0) + (zl — A)"'BV(2) (8.113)
From the output equation (8.98), we see that
Y(z) = CX(2) + DV(2) (8.114)

The state of the system x(nT) and its output y(nT) can be found for n > 0 by taking the
inverse transform of (8.113) and (8.114).
For a zero input, (8.113) becomes

X(@) = (@ — A)~'2x(0) (8.115)
so that
x(nT) = 9~ '{(zl — A)~'2}x(0) (8.116)
If we let ny =0 and n, =n, then (8.109) becomes
x(nT) = ¢(nT)x(0) = A"x(0) (8.117)
Comparing (8.116) and (8.117) we observe that
o) =A"=9 {z-A""'21 n>0 (8.118)
or equivalently,
D7) =AM =l - A) 'z (8.119)

The z-transform provides a straightforward method for calculating the state transition
matrix.
Next, combine (8.119) and (8.113) to find

X(2) = D(2)x(0) + P2z 'BV(2) (8.120)
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By applying the convolution theorem and the fact that
97 D)z} = @(nT — Nu(nT —T) (8.121)
the inverse z-transform of (8.120) is given by

k—1
X(KT) = @(kT)X(O0) + Y _ ¢llk — I — 1)TIBV(T) (8.122)
i=0

The above equation is identical to (8.111) with n=0.
The behavior of the system with zero input depends on the location of the poles of

D)= —-A""z (8.123)
Because
_y _ adj@l - A)
(zl — A~ = Jetel —A) (8.124)

where adj( ) denotes the regular adjoint in matrix theory, these poles can only occur at
the roots of the polynomial

D(z) = det (zI — A) (8.125)

D(z) is known as the characteristic polynomial of A (for the system) and its roots
are known as the characteristic values of A. If all the roots are inside the unit
circle, the system is stable. If even one root is outside the unit circle, the system is
unstable. [ |

Example 8.48

Consider the system

{m(mT—}—T)} [ 0 2] {xw(nT)} {O}
= + v(nT)
xnT +T) 0.22 2| [x(nT) 1
(nT
x>(nT

(8.126)
X1

y(nT) =[0.22 2]{ ﬂ +v(nT)

For this system we have

A:{ng ﬂ B:m, c=[022 2], D=]I]
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The characteristic polynomial is

z 0 0 2 V4 -2
D(z):det(zl—A):detH }—{ ”:det{ }
0 z 0.22 2 -0.22 z-2

=72(7—2)—044=27"—27—-044=(z—2.2)(z+0.2)

Hence, we obtain (see (8.123))

z(z — 2) 2z
z z—2 2 (z—=22z+0.2) (Z—-22z+0.2
D)= — =
z=22+02 1022 = 0.22z 72
(z—22+0.2) Z—-22=+0.2

Because D(2) has a root outside the unit circle at 2.2, the system is unstable. Taking the
inverse transform, we find that

1 11 5

E(z.z)” + E(—0.2)2 6(2 2" —Z(—0.2)
en =1, 1 1 1

— Q2.2 = —(=0.2 —(.2"+—(—0.2)?

1zo< ) 120( ) 12( )+12( )

To check, set n=0 to find ¢(0) = I and ¢(T) = A.
Let x(0) =0 and the input be the unit impulse v(nT) = 8(nT) so that V(z) = 1. Hence,
according to (8.120),

_ -1 v z=2 2y{0y_ 1 2
Xe) = @@z BVQ) = 550 [ 0.22 z} {1 } T Z-22C+02 M
The inverse z-transform gives

.2 — (=0.2! }

5
=2
X(17) 6 [;(2,2)” —=(=0.2)"

!

2
And the output is given by

1 n=20

y(nT) = &(nT) + Dv(nT) = { 5

E(z.z)”“ - %(—o.z)”“ n>0

*8.12 z-Transform and Random Processes

8.12.1 Power Spectral Densities

The z-transform of the autocorrelation function R,,(7) = E{x(t + 7)x(t)} sampled uni-
formly at nT times is given by

Sxx(z) = i Rxx(?’lT)Z_n (8.127)

n=-—00
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The Fourier transform of the correlation function R,.(7) is designated by S, (w).
The sampled power spectral density for x(nT) is defined to be

)
Sxx(e]wT) = Sxx(z)|z:ef‘"7: Z Rxx(”T)e_]wnT (8~128)

n=—00

However, from the sampling theorem we have

. 1 &
Sec(eT) = o > Sulo —nwy), o, =2m/T (8.129)

n=—oo

Because S, (w) is real, nonnegative, and even, it follows from (8.129) that See(e/T) is also
real, nonnegative, and even. If the envelope of R,(t) decays exponentially for |7| > 0,
then the ROC for S,,(z) includes the unit circle. If R, (7) has undamped periodic
components, the series in (8.128) converges in the distribution sense that contains
impulse functions.

The average power in x(nT) is

E(nT)} = Res(0) = 2%] jlﬁsxx(z)% (8.130)

C

where C is a simple, closed contour lying in the region of convergence and the integration
is taken in a counterclockwise sense. If C is the unit circle, then

/2
1 [ . 2
Re(0) = — J Su(eNdw  w, = — (8.131)
w; T
—ws/2
joT do .
Sxx(e/”") — = average power in dw (8.132)
D)

S

Sy(2) is called the cross power spectral density for two jointly wide-sense stationary
processes x(t) and y(t). It is defined by the relation

Sy(2) = Y Ry(nT)z™" (8.133)

n=-—0o0

Because Ry, (nT) = Ryx(—nT) it follows that

Siy(2) = Syx(z71),  Swe(2) = Su(z ™) (8.134)
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Equivalently, we have
Sxx(eij) = Sxx(eiij) (8-135)
If S,.(2) is a rational polynomial, it can be factored in the form

Sul2) = % — YGEGE

[Tl —az™) _ Y gme™ (8.136)
[LL(1-Bz!)  Silobiz ™

¥ >0, |ax| < 1, |ax| < 1,ax and by are real

G(z) =

8.12.2 Linear Discrete-Time Filters

Let R,(nT), R,(nT), and R,,(nT) be known. Let two systems have transfer functions
H;(z) and H,(z), respectively. The output of these filters, when the inputs are x(nT) and
y(nT) (see Figure 8.29), are

v(nT) = i hi(kT)x(nT — kT) (8.137)
k=—00

w(nT) = i hy(kT)y(nT — kT) (8.138)
k=—00

Let n=n+m in (8.137), multiply by y(nT), and take the ensemble average to find

R, (mT) = ZOO: hi(KT)E{x(mT 4 nT — kT)y(nT)}

k=—00

= i hi(kT)Ryy,(mT — kT) (8.139)

k=—00
Hence, by taking the z-transform, we obtain

Sy (2) = H1(2)Sy,(2) (8.140)

x(nT) R v(nT) X y(nT) w(nT)

FIGURE 8.29
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Similarly, from (8.138), we obtain

R,,(mT) = i hy(KT)R,, (mT — kT) (8.141)

k=0
and
Syw(2) = Hy(2)S,(2) (8.142)
From (8.140) and (8.142), we obtain
Sww(2) = Hi(2)Hy(z ")S,(2) (8.143)
Also, for x(nT) = y(nT) and hy(nT) = hy(nT) = h(nT), (8.143) becomes
Sw(z) = H(2)H(z™")S(2) (8.144)

and

va(eij) = H(eij)H(eij71)Sxx(eij) = |H(€ij)‘2 Sxx(eij) (8.145)

8.12.3 Optimum Linear Filtering

Let y(nT) be an observed wide-sense stationary process and x(nT) be a desired wide-sense
stationary process. The process y(nT) could be the result of the desired signal x(nT) and a
noise signal v(nT). It is desired to find a system with transfer function H(z) such that
the error e(nT) = x(nT) — x(nT) = x(nT) — ‘j}’l{Y(z)H(z)} is minimized. Referring to
Figure 8.30 and (8.144), we can write

1
Saa(2) = ————8,(2) = ¥ 8.146
W) = G D =Y (8.146)
Where a(nT) is taken as white noise (uncorrelated). We, therefore, can write

Raa(mT) = v*8(mT) (8.147)

The signal, a(nT), is known as the innovation process associated with y(nT). From
Figure 8.30, we obtain

y(nT) 1 a(nT)
Hy(2)

x(nT)

FIGURE 8.30
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x(nT) = i gnmT)a(nT — kT) (8.148)

k=—00

The mean square error is given by

o 2
E{*(nT)} = E{ |:x(nT) - Y gkDa(nT — kT)] }

k=—00

oS 2
> gkT)a(nT - kT)} }

t=—00

= E{x*(nT)} — ZE{ i gkT)x(nT)a(nT — kT)} + E{

k=—00

“Ra0 -2 Y gUDR(KD) + 7 S 2KT)

k=—0c0 k=—0c0
e Ru(kT)]? 1 &
=Ru(0)—2 ) {yg(kT)f ( )} —= Y R(KT)
k=—0c0 Y Y k=—00

To minimize the error, we must set the quantity in the brackets equal to zero. Hence,
1
gnT) = ?Rxa(nT) —o<n<oo
and its z-transform is
1
G(z) = ?Sxa(z)

But from (8.143) (because v(nT) =x(nT) implies that H,(z) = 1), we have

_ Sy (2)
Sxy(z) =H, (Z I)Sxa(z) or Sxa(z) = H]{Zil) (8-149)
1 S4(2)
Glz) = = 2L 8.150
(2) TN ( )
From Figure 8.30, the optimum filter is given by (see also 8.146)
Swy(2) Swy(2)
H(z) =——G(z) = 2 == (8.151
D=5 " RenE 5,0 :
The mean square error for an optimum filter is
1 o0
E{2(nT)} = Ry (0) — 3 > R (KT) (8.152)

k=—00
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Applying Parseval’s theorem in the above equation, we obtain
S (2)Sxy(271)] dz
z

E&(nT)} = - jﬁ [sx,xz) = izsxa<z>sm(z*>} de_ % [sxx<z> =
2mj v z Syy(2)
c c

=— {; [Sxx(2) — H(2)Sxy(z )] dz (8.153)

21j e k4 z ’

where C can be the unit circle.
*8.13 Relationship between the Laplace
and z-Transforms
The one-sided LT and its inverse are given by the following equations:
F(s) 2 {ff(} = Jf(t)e_“dt Re{s} > o,
R (8.154)
_ -1 — L St
f(t) =2 H{E(s)} = 27 J F(s)e®ds ¢ > o,
c—joo
where o is the abscissa of convergence.
The LT of a sampled function
£ 2 f(Hcombr(t) = £(1) > 8t—nT)= > f(nT)s(t —nT) (8.155)
k=—0c0 k=—00
is given by
F(o) 2 e} = > f(nT)ed(t — nT)}
k=—00
= Z f(nT) J 8(t — nT)e 'dt = Z f(nT)efnTS (8.156)
k=—00 o k=—oc
(8.157)

From the above equation, we find
F(z) = FSS)ls:T”lnz
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and, hence,

F(2)|,_ o= Fi(s) £ e{fi(t)} = {f(t)combr(£)} (8.158)

If the region of convergence for F(z) includes the unit circle, |z| = 1, then

F(w) = F(2)|,_,ur= E f(nT)eij“’T, Fy(s + jows) = F(s) = periodic,
2
- 8.159
ws =5 ( )

The knowledge of F(s) in the strip —w;/2 < o < w;/2 determines F(s) for all s. The
transformation z = ¢’7 maps this strip uniquely onto the complex z-plane. Therefore,

F(z) contains all the information in Fy(s) without redundancy. Letting o = s + jw, then

z=¢"TeT (8.160)
Because |z| = ¢”T, we obtain
<l o<0
lZl={ =1 o=0 (8.161)
>1 o>0

Therefore, we have the following correspondence between the s-plane and the z-plane:

. Points in the left half of the s-plane are mapped inside the unit circle in the z-plane.

. Points on the jw-axis are mapped onto the unit circle.

. Points in the right half of the s-plane are mapped outside the unit circle.

. Lines parallel to the jw-axis are mapped into circles with radius |z| = ¢”T.

. Lines parallel to the o-axis are mapped into rays of the form argz = wT radius
from z=0.

6. The origin of the s-plane corresponds to z=1.

7. The o-axis corresponds to the positive u = Re z-axis.

8. As w varies from —w;/2 to w,/2, arg z = wT varies between —7 and 7 radians.

(S O R S

Let f(t) and g(t) be causal functions with LTs F(s) and G(s) that converge absolutely for
Re s > o7 and Re s > oy, respectively; then

c+joo
e{f (g0} =L. J F(p)G(s — p)dp (8.162)

21j
c—joo

The contour is parallel to the imaginary axis in the complex p-plane with

o=Res>or+0;, and of<c<o—o0, (8.163)
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With this choice, the poles of G(s — p) lie at the right of the integration path. For causal
A(t), its sampling form is given by (8.155). If

g(t) = combr(t) £ ié(t —nT) (8.164)
n=0

then its LT is

o0
1
G(s) = e{g(0)} = s = 8.165
(s) = £{g(1)} ;e —— (8.165)
Because oy = 0, then (8.162) becomes
c+joo
_ 1 F(p)
c—joo
The distance p in Figure 8.31 is given by
9 3T
p=c+Re ESOST (8.167)

If the function F(p) is analytic for some |p| greater than a finite number R, and has zero at
infinity, then in the limit as R — oo the integral along the path BDA is identically zero
and the integral along the path AEB averages to Fy(s). The contour C; + C, encloses all
the poles of F(p). Because of these assumptions, F(p) must have a Laurent series
expansion of the form

F(p):E+E+,..:E+% |P|>R0 (8.168)
p D2 p P2

jlm p
B
]

PLle, |

C, ¢ X Rep
D E
X

Poles of F(p) S~
A

FIGURE 8.31
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Q(p) is analytic in this domain and
|Q(p)| <M < oo [p| >Ry (8.169)
Therefore, from (8.168),

a,= plim PE(p) (8.170)

From the initial value theorem,
a_y = f(0+) (8.171)

Applying Cauchy’s residue theorem to (8.166), we obtain

Ep) fo+)
ZRes{ — T - (8.172)
=P«
By letting z = €T, the above equation becomes
F(z) = F{(S)s=tim: = ZR s{ — T, e |z| > €% (8.173)
P=Pk

Example 8.49
The LT of fit) =tu(t) is 1/s°. The integrand |te~fe 7| < oo for o > 0 implies that the

region of convergence is R{s} > 0. Because f(t) has a double pole at s=0, (8.173)
becomes

B 1 0 d p? T
Fz) = Res{pzm — epTZ])}'p_O_ - % {P2(1 _ epTZW)}L_O_ a0 —z1)?

N

Example 8.50

The LT of fit) =exp(—atu(t) is 1/(s+a). The ROC is Re s> —a and from (8.173), we
obtain
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The inverse transform is

f(nT) = — %S(n) + e y(nT)

If we proceed to find the ztransform from f(nT) = exp(—anT)u(nT), we would have
found F(z)=1/(1 —e™“" —z7"). Hence, to make a causal signal f{t) consistent with F(s)
and the inverse formula, f(0) should be assigned the value f0+)/2.

[tis conventional in calculating with the z-transform of causal functions to assign the
value of 0+) to f(0). With this convention, the formula for calculating F(z) from F(s)
reduces to

2| > e™" (8.174)

/:
Fz) = ; Res{]_e%}

P=Pk

*8.14 Relationship to the Fourier Transform

The sampled signal can be represented by

S = i f(nT)8(t — nT) (8.175)

n=—00

The corresponding Laplace and Fourier transforms are

Ey(s) = i f(nTye T (8.176)
F(w) = i f(nT)eij“’"T (8.177)

If we set z=e¢'" in the definition of the z-transform, we see that

Fy(s) = F(z)|,_pr (8.178)
If the ROC for F(z) includes the unit circle |z| = 1, then

Fi(w) = F(2)|,_jur (8.179)
Because F(s) is periodic with period ws; =27/T, we need only consider the strip
—w;/2 < w < w,/2, which uniquely determines Fy(s) for all s. The transformation

z=-exp(sT) maps the strip onto the complex z-plane so that F(z) contains all the
information in F(s) without the redundancy.
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TABLE 8.A.1 z-Transform Properties for Positive-Time Sequences

1.

10.

Linearity
Z{c,f(nT)} = ¢;F(2) |z| > R;, ¢; are constants
S{SlocfinD)} = SioaFie) Jel > max R
. Shifting property
Z{finT — kT)} =2z—kF(z), f(—nT)=0, forn=1,2,...
Q{f(nT — kT)} = 2 *F(z) + S, f(—nT)z~*="
QUf (T + kD)) = 2°F(z) — Y52) f(nT)2h
Z{f(nT + T)} = z[F(2) — f(0)]
. Time scaling

Ha"Tf(nT)} = Fla T2) =Y 00 o f(nT)(a Tz)™" |z] > aT

. Periodic sequence

N

(T = 75 Fu(2) [2] >R
N =number of time units in a period

R=radius of convergence of F(;)(z)

F(1)(2) = z-transform of the first period

. Multiplication by n and nT

nf(nT)} = —z L2 7| >R
YT (nT)} = —2zTLD || > R
R =radius of convergence of F(z)

. Convolution
9 {f(nT)} =F(2) |z| > Ry
9 {h(nT)} = H(z) |z| > R,
Y AnT) * h(nT)} = F(z)H(z) |z| > max(Ry, R,)
. Initial value

f0T) =lim,_.» F(z) |z| > R, if F(co) exists

. Final value

limy_oo f(nT) = lim,_,; (z — 1)F(z) if f(coT) exists
Multiplication by (nT)*¥
g{nkaf(nT)} = —Tzdizg{(nT)k"lf(nT)} k > 0 and is an integer
Complex conjugate signals
{finT)} =F(z) |z| >R
{f*(nT)} =F*(z*) |z| >R

(continued)



8-80 Transforms and Applications Primer for Engineers with Examples and MATLAB®

TABLE 8.A.1 (continued) z-Transform Properties for Positive-Time Sequences

11. Transform of product
HfnT}=Flz)  |z[>Rs
{h(nT)} =H(z) |z| >Ry

! d
HSODAD) = 3 fi;c FoH(D) D, (9] > Rk Ry < o] < El

Ry
counterclockwise integration
12. Parseval’s theorem
WD} =F@)  |o] >R,
YT} =H)  |o| >R,

o 1 ( ..d
SO = 5 ﬁ% FOHEDS =15 R,

counterclockwise integration

13. Correlation
f(nT) @ h(nT) = >0 f(mT)h(mT — nT) = ZLTF] jgc F(T)H (;) 7 ldr n>1

Both f{(nT) and h(nT) must exist for |z| > 1. The integration is taken in counterclockwise direction.

14. Transform with parameters

0 0
3{ %f(nT, a)} = %F(z, a)
9{limy_,, f(nT,a)} = ulg].? F(z,a)

(3{ J;Ol f(nT, a)da} = f:o' F(z,a)da finite interval

TABLE 8.A.2 z-Transform Properties for Positive- and
Negative-Time Sequences

1. Linearity
311{Zf:o cif,»(nT)} = Zf:o ¢;Fi(2) max R;, <|z|] <min R,

2. Shifting property
Qi fnT£kD} =2 Fz) R, <[|z|<R_
3. Scaling
9l finT)} =F(z) R, <|z] <R_
9ula"" finT)} =Fa "z)  [a"|R, <|z| <|a"|R_
4. Time reversal
i fiInT)} = F(2) R, <|z| <R_

1

Qul fi—nTY} = F(z™") Ri <kl <z
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TABLE 8.A.2 (continued) z-Transform Properties for Positive- and
Negative-Time Sequences

5. Multiplication by nT
9{ (nD} =F(2) R, <|z|<R_

dF
g, {nTf(nT)} = —2T d(ZZ)

R, <l|z|<R_

(=)}

. Convolution
‘311{f1(nT) y'fz(”T)} =F,(2)Fx(2)
ROC Fi(z) U ROC F;(z) max (Ry5,Rip) < |z| < min(R_z,R )

Correlation

N

R, (2) = 9,{i(nT) ® fo(nT)} = Fi(2)F2(z ")
ROC F,(z) UROC Fy(z ") max (R, Riy,) < |z| < min(R_g,R_y)
—anT
9{ finT)} = F(2) R, <l|z|<R_
e " fn DY =Fe'2) || Ry <z <[e”*|R-
. Frequency translation
G(@) = 3,{e™ " f(nT)} = G(2)|,_gjor = F(e/“™)T) = F(w — wy)
ROC of F(z) must include the unit circle
10. Product

o]

. Multiplication by e

e

9 finT)} = F(2) R < |z| <Ry
QTN =HE)  Rup<|o| <R,

1 d
Gl (DR} = Gla) = §1F<T>H(§) L, RyRu<ld<R R

max<R+f, 12 ‘) <7 < m1n<R > M)
- Ry

counterclockwise integration
11. Parseval’s theorem

9 f(nT)} = F(z) Ris< |zl <Ry
9{h(nT)} = H(z) Rip<l|el <Ry

S SODhD) = 3 FOHEDT Ry Ru<EI=1<R R,

1 1
max(Rﬂc, R ) < |z| < min (R —f> R+h>

counterclockwise integration
12. Complex conjugate signals
(311{f(71T) F(Z R+f< |Z‘ < R,f
Qi fX(nT)} = F*(z¥) R < |z <R
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TABLE 8.A.3 Inverse Transforms of the Partial
Fractions of F(z)

Inverse Transform Term in F(z)

Partial Fraction Term Converges Absolutely for Some |z| > |a|

z ak k>0
z—a

z (k+1)d* k>0
(z — a)* T =

Z Lk 1)k +2)a5 k>0
(z—a)’ 2 U

.Zn
(z—a)" 1 k

— Gk +DE+2) - (k+n—1)a k>0
(n—1)!
Inverse Transform Term in F(z)
Converges Absolutely for Some |z| < |a|

z —ak k< -1
z—a

z —(k+1d" k< -1
(z — a)* =

a Lk Dk+2)a5 k< —1
(z—a)’ 2 T
_ Lk k) Gk — Dbk < 1
(z—a)" (n—1) =

TABLE 8.A.4 Inverse Transforms of the Partial Fractions of Fy(z)*

Corresponding Time Sequence

Elementary Transforms (I) Fi(z) Converges (II) Fi(z) Converges

Term Fi(z) for |z| > R, for |z| <R,
L ! A -
z—a = =
z _ _

2. m kdk 1|k21 7kak l‘kgo

z(z + a) _ _
3, . kZak 1\/(21 _k2ak l‘kgo
(z—a)
2(2% + 4az + a?) _ _
. k3ﬂk 1\](21 7k3{1k l‘kgo
(z—a)

* The function must be a proper function.
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TABLE 8.A.5 z-Transform Pairs

8-83

z-Transform

Number Discrete-Time Function f(n), n >0 F(2)=9[fin)] = chzof(ﬂ)f" 2| > R
L. umy = { 1 forn >0 z
T 10, otherwise z—1
2. e on z
z—e ¢
3. N _® .
(z—-1)
4. n? zZ(z+1)
(z—1)
2
5. w z(z* + 4z j— 1)
(z—1)
4 z2(z22 + 1122 + 11z + 1)
6. n -
(z—1)
; s 2(z* +262° + 662% + 26z + 1)
' - 1F
8. * Do (E )p=z4
z—1 dz
—k+1
9. u(n—k) z
z—1
10 e fom) #e 2
z
22—
11. n®=n(n—1) -1
z
12. nP=nn-1) (n—2) 31(2_ 5
®) _ z
13. nP=nn—-1)(n-2)-- (n—k+1) k!m
dk
14. n[klf(n), ¥ =nn+1) n+2) - n+k—1) (_l)kzkd_Zk[]_-(Z)]
dk
15. (=Dfn(n—1) (n=2) - (n—k+1) f_gs1" 2ZF®(2), F¥ () :@F(Z)
16. —(n—1)f,—1 g:(l)(z)
17. (D=1 (n=2) -+ (n—k) fu_s 70z
18. nfin) —z70(z)
15. n’ fin) 259(2) + 27V (2)
20. n fin) —2F7V) - 3227 D) — 27 (2)
21. i ec/z
n!
22. (Ing” Q=
n!
k P k k! (az + o)
. " n =— " _n<
» <n>”‘ <n> ki <* &

(continued)
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TABLE 8.A.5 (continued) z-Transform Pairs

z-Transform

Number Discrete-Time Function f(n), n>0 F2)=9[f(n)] =3 o f(m)z " |z > R
k+1
uo ("EF)e I
k (Z _ C)k+1
5. S(n=1357...) sinh (€)
n! z
c" c
26. —,(1=0,2,46,...) cogh(_)
n! z
zsina
27. sin(an) -—
z> —2zcosa + 1
28. cos(an) M
22 —2zcosa + 1
22 sinf + zsin (@ — )
29. i
sin(an ) z2 —2zcosa + 1
z(z — cosh @)
30. h _—
coshlar) z2 —2zcosha + 1
zsinh
31. inh e
sinh(an) 722 —2zcosha +1
1 z
32. —,n>0 In
n z—1
1—e " z—e @
33, a+ln——,a>0
n z—1
sinan _, sina
34. a+tan ——,a >0
n z—cosa
cosan z
35, >0 n——
n V22 —2zcosa + 1
1 2)... k-1 1\ 7k
36, (n+1D(n+2)...(n+ ) N s
k— D! p
n 1 z z
37. — 1
Zm:l m Z_1 nz 1
n-1 1 el/z
38 Zm:O m! Z_1
39 (_1)("*}’)/2
: ,for n > pand B
2(n—p/2n+p/2) P Iz )
n—p=even=0, forn < porn—p=odd
@ N yn/k _ _ 2 4+ b\ ©
40. (n/k)b , n=mk, (m=0,1,2,...) ( ! )
=0 n # mk z
n d n
41. aPy(x) = (7) o —1)" .z
2'n\dx VZ Tzt @
42, a"T,(x) = a" cos(n cos™" x) 2(z — ax)

z2 — 2xaz + a*
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TABLE 8.A.5 (continued) z-Transform Pairs
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z-Transform

Number Discrete-Time Function f(n), n >0 F2)=9[fin)] = > 02 f(m)z™"|z] > R
Ly(x) oo (1) (%) Z e
43. nl _Zr:0<r> r zfle
“ Ho(x) _ b2l (21" xe1/22
n! k=0 k(n — 2k)!2k
m | ml(1 _ ~2\m/2 m
45. a"PM(x) = a"(1 — x*)"? <i> Py (x), (zmm); = oo0) mil/z
m = integer dx 2mml (22 — 2xaz + a?)
46. LG = 4" Lnlx) ,m = integer D" i e/
n! dx n! (z — 1"t
1, [ F) g/(z))} F(2)
47. --Z'z - ,where F(z) and G(z In——
. { F@ 0@ (2)and G(2) e
are rational polynomials in z of the same order
1 S|
48. — Dl e ) —
mim+ 1)(m+2)---(m+n) (m —1)iz {e ; k!zk}
1. sin (an) £/ in (sm a)
n! z
0. cos (an) 9902 . cos <sm a>
n! z
51. S o fegnk F(2)G(2)
dF
2 Siokigs PG, FE = L
53. 2o Kfignk FAG(2)
a" + (—a)" 12
54. _— —
202 a? 22 —a?
o —p" z
55. —_—
a—p (z—a)(z—PB)
56. n+k)® ket
(n+k) =
57. n—k® | —
(1) —i
(m) mo
58. BF N b e i
m! (Z _ ea)m+
59 LanT 7ot tan! L
. L sinn 5 Htan -
cosa(2n — 1) 1 z+2y/zcosa +1
60. _—, 0 — I
m—1 "= 4z "z 2 zcosa + 1
v n 1 z
61. + - —
(y=17 1-y Q-9 (z—Y(-1)

(continued)
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TABLE 8.A.5 (continued) z-Transform Pairs

z-Transform

Number Discrete-Time Function f(n), n >0 F2)=9[fin)] = >0 f(m)z™"|z] > R
62. Y+ ao n+1+aon+< 1 ﬂo+1) 2(z + ap)
) R A Ve T (e~ M1
63. a" cosn z
z+a
—an z(z — e *cosa)
64. e cos an — —
22 — 2ze ™ cosa + e 2
Can . z* sinh i + ze~ sinh (a — )
6. e ™" sinh (an+¢) 22 — 2ze~® cosha + e«
o y" (@ +B*)"* sin (n6 + ) z
' (y—a +B Blla—y)*+p4" (z— Pz — @) + p?]
6 =tan"" B
a
Y=tan " L
a—y
n—1 n
67. =Y 3 sl 1 %
(y-107 (y-1 (z=y) (-1
1 {n(n -1  4n n 6
2[a-»? -9 a-y'
k K\ k—n)® 2(z — 1)F
o8 Z”:O D (”) k ¢ (z — ex)Ft!
6. J? [ F(p)dp + lim 12
fn+2 ﬁ) =0 00
70. n+1’ fi=0 | Fpdp
1+ ag z(z + ao)
71. 5 > 2 2
1= -a) +p%] (z— 1Dz -z —a) +B7]
(v + ao)y"

(y = DIy —a)* + B
[0 + B21"*[(a + &) + B*1Y/?
Blla — 1)* + B[« — y)* + B>
X sin(nf + ¢ +A) 8
_ _ -1
Y=+ P =—tan a_1
LB
o

0 = tan

LB B
a)+a a—y

A =tan~

z—1\*
72. (n+1)e™" — 2™ TV 4 2Dy _ 1) ( H)
zZ— €
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TABLE 8.A.5 (continued) z-Transform Pairs
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z-Transform

Number Discrete-Time Function f(n), n >0 Fz) =9[fn)] = Z?:Of(n)z’” |z| > R
73. (—1)" 82 o e
n VzZ2 +2zcosa + 1
(n+k)! dk
74. p foiks fu=0, for0<n<k (—1)"22"@[1?((2)]
f B (%0 (1)
7 w0 & [ p O (p) dp
LT 2a°7%
76. —na’ cos—n —
2 (22 + a?)
2.2
77. pgn L 08T _2az
2 (22 —a?)?
.. m 1l+cosmn a2z?
78. a"smsz g
.1+ cosmn T 2a°7*
79. a — 7coszn P
P, -
80. ”n(‘x) e (V1 —x2z7Y)
P (x) .
81. 4 ,m>0,P' =0, forn<m (=1)"e“" (V1 —x2z71)
(n+ m)!
82. ——5, a>0,Re >0 ®(z7 !, a,B), where
(n+a)
O(1,B,0) ={(B,a)
= generalized Riemann zeta
function
1 274
CVI
84. —, (n=1,2,3,4,...) Inz—In(z—¢)
n
Cl’l
85. S =268 In z—ln(z* - &)
86. n’c" —CZ(Z T g)
(z—0)
37 e cz(z® + 4cz + A)
' -9
dF
8. e SAPCD gy =z
dz
—cos T a=2/4 [ n/2 0\ o w4 i Z
89. cosznzizo (2i+1)a (a* —b%) R
d
90. #* f(n), k>0 and integer 7z£]:1(z), Fi(9) = 9[n*f ()]

(continued)
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TABLE 8.A.5 (continued) z-Transform Pairs

z-Transform

Number Discrete-Time Function f(n), n >0 F2)=9[fin)] = >0 f(m)z™"|z] > R
91. (n—1)(n—2)(n—3)4..(n—k+l)anfk 1
(k—1)! (z—a)
kk—1D)(k—2).. . (k—n+1 1\
9. ( )( )...(k—n+1) (1 " _)
n! z
3 2
b—2
93, " cos bn [(z/a) 2+ z/a] cos (z/uz)
[(z/a)” — 2(z/a) cos b+ 1]
3 . _ .
o1 ua sin bn (z/az sin b — (z/a)sinb ;
[(z/a)* — 2(z/a) cos b+ 1]
na" z(a — 2z2) a 2
95. S — 202 (1 - 7) _2
(n+1)(n+2) a? n z az
(-a)" 1 z a
6. S S A— tan~! /ajz — 2 1 (1 —)
9 PEEICTEEY) z/atan alz p n +z
97, a" sin an zeosa o, _a sin «
n+1 a Z—acos o
zsinal 2% — 2az cos a + a*
2a z2
a" cos (m/2)nsin a(n + 1) z . Z°+2az sin a + a?
98. Zpitezsnata
n+1 4a 72 —2az sin a + a?
1
99. @n)l cosh (z71/2)
100. ( )(ﬂz)” Vz/(z —a)
-1/2 z
101. < n/2 >a cos T \/227__02
B e/
102. (x) B,/(x) are Bernoulli polynomials m
2
z
103. W, (x) = Tchebycheff polynomials R w—
of the second kind Z -2+l
H —m
104. sing‘, m=12, ... zsinm/m _1+2z
m z2 —2zcosm/m+11—z"™
. 1 z
105. Q,(x) =sin (n cos™ " x) o |

Source: Jury, E.I,

New York, 1964.
* It may be noted that f,, is the same as f(n)

Theory and Application of the z-Transform Method, John Wiley & Sons, Inc.,
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Hilbert Transforms

9.1 Definition

Hilbert transforms play a useful role in signal and network theory. They are of practical

importance in various signal processing systems such as band-pass systems, minimum-
phase networks, and spectral analysis. Narrow-band signals contain a small band of
frequencies around a center or a carrier frequency. For example, an AM transmission of
voice signals usually involves a carrier frequency of several megahertz with bandwidths
of 3000 Hz. The function

x(t) = A sinwotpT(t—g) T>— (9.1)

T
approximately satisfies the narrow-band condition. The function pr (t - 5) indicates a

pulse of width T and its center is at T/2. Given a real function x(¢) in —co < t < 0, its
Hilbert transform is given by

2(1) = ICix(1)) = %p J T 4 ) s h(t) R = it (9.2)

t—7 w

The letter P in front of the integral sign indicates the principal value of the integral. The
inverse transform is defined as follows:

x(t) = I Hx()) = f%P [

—00

x(7)

t—7

dr| (9.3)

Note that since §{1/7t} = —jsgn w, the Fourier transform (FT) of x(t) is given by
X(w) = §{x(t) * h(t)} = —jX(w)sgn @ (9.4)

This equation shows that we can obtain the Hilbert transform of a function by passing
it through an ideal 90° phase shifter. Figure 9.1 shows the amplitude and phase

9-1
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L Hi
 [H(w)] e e
b3
1 2
w
I
- 5
e)=
x(2) I (1)
— g —
H(w)=—jsgnw

FIGURE 9.1

characteristics of such a system, which is known as a quadratic filter. The name comes
from its ability to produce a sine signal when its input is a cosine signal.

9.2 Hilbert Transforms, Properties,
and the Analytic Signal

Fourier transform
X(w) = ${x()} = F{x(t) « h(1)} = —jX(w) sgnw (9.5)

Transform of cosine signals

I{ cos (wt + @)} = sin (wt + ¢) (9.6)
Proof
1 t— 1 t
5{cos (wf + @)} = - P J cos (w(t — 7) + ¢) gr=Lp J cos (wt + @) coszdT
iy T T T
—|—lP J sin (wt + go)sinan'dT
T T

—00

Since the integrand of the first integral is odd, the integral yields zero. We thus have

o0

sin(wt+go)PJ sin Wt

I({ cos (wt + @)} = dr = sin (wt + @)

—00

since the integral is equal to 7 (see Appendix C).
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Transform of a transform
F{x (1)} = IH{IHx(O)}} = —x(t) (9.7)

Proof

IC{x(t)} :7—1TP J @dT = —{—%p J :‘(_T)qu-} = —x(t)

by (9.3). Additionally, owing to (9.7), we also obtain

H{ sin (wt + @)} = F{H{ cos (wt + @)} = —cos (wt + @) (9.8)

Transform of convolution

g(t) = IH{g(t)} = I{x(t) = h(£)} = x(t) = fq(t) = x(t) = h(t) (9.9)
Proof
(t)f—P J g(_T)T %p J P J xi(g)thiz__f)dﬂifzp J X(E)déP J LA f)df
oo o0 h o0 . A
=P J x(&)dép J ! p—— éTI) dn="P J x(E)h(t — &)dE = x(t) = h(t)

Similarly, the other equality is proven.

Modulated signals

x(t) 2 I {x(t)} = FH{a(t) cos wot} = a(t) sin wot

Sla(t) = {A(“’) ol < B 10
otherwise

Proof:  From (9.4), we find

X(w) £} §{x(1)} = —j(sgn w)X(w) = —j(sgn w)§{a(t) cos wyt}

. Alw — o) | Alw + )
= —jsgnwg > + >

{iA(wwo) w>0

—%A(w—l—wo) w <0

Figure 9.2 shows some of the functions.
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[Fo
A()
1
172 -
1 1
e 2B —»f ®  -@y-B -w) -wy+B wy-B wy wy+B ®
arg ﬁ(w)
— /2
®
—m/2 ———

FIGURE 9.2

If we now take the inverse FT of X(w), we obtain x(t). Hence, we obtain the following:

1 T : 1 T .
X = — —q Jjot e p— —[1 _ Jjot
x(t) e J jsgn wX(w)e’ dw e J [[A(w — wo) /2]’ dw
% 0

0 B
1 ) . ] ejwot . ] efjwot .
—_ Jot gy = — 22 Jét L2 jét
tor | U@+ an/aedo = -1 [ a@etag+ LS [ aweras
“ “B “B
ja(t) . :
=]—a§ )(eff“"’t — &) = q(¢) sin wyt
By using (9.7), we find that

F{a(t) sin wot} = —a(t) cos wyt (9.11)

Let us assume that a modulation signal a,,(f) has the spectrum shown in Figure 9.3a. The
single-sideband spectrum with suppress carrier (e.g., d,(t) cos wyt) is shown in Figure
9.3b. Based on the figure, we can write the modulated signal as follows:

[e'e] 0

1 . . 1 . )

&esp(h) = Ee"“"’ J Apm(w)e™ du + Ee”“’“t J An(v)e!"dv
0 —00

Observe that we can also write

0 o] o]
, 1 . .

J Am(v)efwdv:i J A, (e dv + J A (v)sgn (—v)e! dv

0 ' ) e . 0 4

JAm(u)eJ”’du =3 J A, (w)e du + J A (u)sgn (w)e’ du

0 s %
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“o, —
(@)
Gssp(@)
" N
A e \\\ /// N /A\
\\\ ///
—Wy— W, Gy -Wy+ W, Wy~ O, g wgt @, ©
(b)
Ay (2) Balanced
modulator
COS Wyt
. j Zssp(t)
Ay (t) — <+
/2 =
sin @yt
/2
Phase 1) Balanced
L, L
(o) shift modulator

FIGURE 9.3

Therefore, with the help of (9.4) and the relationship sgn(t) = —sign(—t), we find

1 . T . T .

gssp(t) = Ze_]“"‘t J A, (e dy + J A (v)sgn (—v)e!dv
1. T , T .

+Zefw°’ J A (e du + J A (u)sgn (u)e’ du

Since u and v in these equations are dummy variables, we can then write

1 [ei@ot - =it 1 [ef@ot — g=j@ot]
gSSB(t) = E [f am(t) - E 2—] am(t)

1
=5 [a,,(t) cos wot — a,,(t) sin wyt]
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The above shows that the production of a single sideband signal is accomplished by using
a quadrature filter that introduces a 7r/2 phase shift to every frequency component of the
signal as shown in Figure 9.3c. If the two signals at the summation point are subtracted,
only the upper sideband is present; if they are added, only the lower sideband is present.

The analytic signal (also pre-envelope)
The analytic signal (pre-envelope) is defined by the relation

() = x(t) + jx(1)] (9.12)
Its FT is
. 2X(w) w>0
W@—XW%HHM—Xw%HFﬂ@MMM—{X@) w=0  (9.13)
0 w <0

The above equation indicates that the analytic signal has only positive frequencies. Thus,
if we want to find the analytic signal x(¢), we proceed as follows:

1. Find the Hilbert transform X(¢) and use (9.12).
2. Find X(w) EX F{x(t)} and use the inverse FT:

Y(t) = % J X(w)e™ dw (9.14)
0

The analytic signal simplifies the handling of narrow-band signals and systems analo-
gously to the use of phasors, which simplify the handling of sinusoidally varying signals
in circuit analysis. To show this, let the analytic signal (complex) be presented by the
relation

PY(t) = x(t)e/! (9.15)

The complex function x(t) = x,.(t) + jx;(¢) is called the complex envelope of the signal.
But shifting the spectrum of x(¢) at the origin will result in ¥(w), and this implies that the
frequency spectrum of x(t) at w = wy has a width of 2B centered at w = wy.

From (9.12), we observe that the signal x(f) is equal to the real part of the analytic
signal, hence, by (9.15), we obtain

x(t) = Re{yh(1)} = Re{x(t)e/™!} = %,(t) cos wg — %;(t) sin wg (9.16)

The function X,(f) is the in-phase component of x(¢), and X;(¢) is its quadrature
component. This equation shows that x(¢) is the projection on the real axis of the phasor
x(t) lying on the X, X; plane.

If we were to define the complex envelope by

%(t) = a(t)e/®® (9.17)
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then
x(t) = Re{i(t)} = a(t) cos [wot + p(t)] (9.18)

where a(t) is the envelope of the signal and ¢(¢) is its phase.

Suppose we multiply (9.16) by coswyt and then pass the signal through a low-pass
filter; the result is (1/ 2)]7,(1‘). If we multiply the same equation by —sin wyt and use a low-
pass filter, we obtain (1/ Z)fi(t).

Example 9.1
It is desired to find the complex envelope and the envelope of the narrow-band signal:
f(t) = x(t) cos wgt — y(t) sin wot (9.19)
First, we obtain £(f) and then we use (9.12). We write (see (9.10) and (9.11)
F(t) 2 IO} = x(0) sin wot + y(¢) cOs wot
Then, the pre-envelope is

P (1) = x(8) cos wot — y(0) sin wot + jx(1) sin wot + jy(t) Cos wot
= x()(cos wot + j sin wot) + jy(1)( cos wot + j sinwot) = [x(t) + jy)]1e

Therefore, the envelope and the complex envelope are, respectively,

W (0] = V320 + Y20 F(6) = x() + jy (@) n
Narrow-band filters
¥, (1) = h(t) =, (1) (9.20)

Let h(t) be the impulse response of a LTI narrow-band filter. Therefore, if the input is
x(t) then the output is y(f) = x(t) * h(t). The analytic output signal is found as follows
(see also 9.9):

iy () = x(t) = h(£) + jI{x(1) = h(D)} = x(2) = h(£) + jh(e) * X(t)
= h(t) = [x(t) + j&(£)] = h(t) = (1)

Example 9.2

1
To find the spectrum of the analytic function of the function x(t) = T we proceed
as follows: T
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But
Sf’{e“'} = L = (see Fourier properties) & L = 2qe ol
1+ w? T+1t2
Also
slacd LW — isgnws — —jsgnw)me o
s = —jsgn (w)8 el G jsgn (w)me
Hence,

V(w) = [1 + sgn wlme™ ! 921) m

Hilbert transform and the delta function

From the identity 2u(w) = 1 + sgn (w) and the definition of the relation of the analytic
signal’s frequency and its time representation, we find

1 T . 1 T ;
Yt) = ' 2u@®)) = 1) + éffl{sgnw} =— J le/' dw + — J sgn we’”' dw
2 2

Using the Fourier properties and the FT table, we write

o) =30 +j— 250 +3() = (0} = —

v

The same result is found by taking the inverse Hilbert transform of the delta function:

J°° o(7) P 1

r=_—
oo T(t—T) Tt

Parseval’s theorem

From the relation &{x(t)} é)A((t) = —jsgnwX(w), we obtain the result |X(w) }2:
|—sgn wX(w)|*= |X(w)|*. Therefore, the energy of the signal and the energy of its Hilbert
transform are, respectively,

oo oo

1 1. 1

E. = sz(t)dt:— J |X(w)[*dw, E;=— j X(w)| do = — J |X(w)|*dew = E,
2m 27 2w

Orthogonality

x(t)x(t)dx =0

8
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Example 9.3

1+ t2 1+ t2

9-9

1 t
From the result SC{—}:{—} we conclude that the integral

{o.¢)
t
J ———= dt is zero since the integrand is an odd function.
0+

Autoconvolution

To show the autocorrelation relationship,

Ge(8) 2 () % x() = —gas (1) = —3(1) % 2(0)

we proceed as follows:

(9.22)

From the FT properties, we have §{g..(t)} = X(0)X(w) = X*(w). Furthermore,

o0

gex(t) 2 &(1) * &(t) = J 20Xt — x)dx,  FHg(D)} 2 Glo) = X()X ()

= —jsgn (@)X (0)[—jsgn (W)X ()] = —Ge(w) = G(w) = gult) = —gis(t)
Example 9.4
Because §(t) *8(t) = 8(t) and FB(1)} = lé(r) then 8(t) = —8(0) *8(1) = — L (see
Tt at  mt
Figure 9.4). |

Example 9.5

The spectrum of the analytic signal  #(t) = &' = coswot + jSin wet =

cos wot + jH{ cos wot} is found as follows:

1 1
S} = F{ cos wot} + j&F{ sin wot} = (a) + wp) + 55((1} — wy)

1
+ilJs 5(w+wo)*1 O(w — wg)| = 6w — wo)

Example 9.6
The Hilbert transform of a pulse is

t+a
Ipal(t) 0=In ‘ ‘

t—a

(9.23)
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-1
=21
3L ()
. . - - . - : /'
-2 -15 -1 -05 0 05 1 15 2
t
* = - >

FIGURE 9.4

The above relation is found as follows:

o0 a
1 1 1 1
Hipa(t)} = — —P J 2 J L J LI
T X—t T X t
—00 —a t+e

1 -
== [—Inpx — 1|7 = In]x — t]{,.]

1

£ t+a
=—[—Inle|+Injt+a| —In|t —a| +In|e]] = InH +|n‘—
N

T t—a

In1=0
Hilbert transforms of periodic signals

Let x(f) be periodic, that is, x(t+ T) = x(t) for any t. The constant T is the period of the
periodic signal. The generating function of the signal is defined as follows:



Hilbert Transforms 9-11

x(t)i{x(t) th<t<ty+T (9.24)
T — .
0 otherwise

Therefore, the periodic signal can be represented by the following relation:
x(t) = x7(t) * combr(t) = x7(t) (9.25)

Cosine expansion

The Hilbert transform of the periodic function is

o0 o0 2
i) = 3{A} + > Cudtf cos (ot + @,} = Y Cusin (nwot + @}, wp = Tﬁ (9.26)

n=1 n=1
The Hilbert transform of a constant is zero since the integrand is an odd function.

Exponential form

The exponential form of a periodic signal is given by

T/2
00 ) 1 .
x(t) = Z_: a,e™ o, = T J x(t)e /mt gt (9.27)
e -T/2
Its Hilbert transform is given by
x(t) = Z a, J({e/" '} = Z (—j)sgn (n)ar, et (9.28)

Proof

@Qn=0 Xxo(t) = i a,J{1} =0

n=—00

byn>0 x.(t)= ianﬁc{ej”wot} = ian[f}{{ cos nwot} + jH{ sin nwt}]

n=1 n=1
o0 o0

= Za,,[ sin nwot — j cos nwyt}] = Z a,(—j)[ cos nwot + j sin nwyt}]
n=1 n=1

Oln(*j)ejnwot

I
gt

3
Il
—
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—1 00 00

On<0 %)= Z a, J {0} = Za,nﬂc{e’j"“")t} = Za,n[sin nwot + jcos nwot]
n=—o00 n=1 n=1

-1

:Za,n(j)[cosnwotfjsinnwot] = Z ay(f)[ cos nwyt + jsin nwyt]

n=1 n=—o00
—1
_ Z an(j)ejnwot
= &) = %) + () + 30 = Y (~))sgn (na,d™!

Differentiation

Starting from a given Hilbert pair, we get a new Hilbert pair using the differentiation of
both sides of the relation. Hence,

(D) S () (9.29)

Example 9.7

Consider the delta pulse and its Hilbert transform. The double Hilbert transform (the
iteration procedure) yields

%{L} = J{I6(1)} = —6(1)
Tt

Y d 1 _ L
RSN AR

) = B Y G
ffc{a(n}_sc{sc{mz}}_ — (9.30)

By differentiating (1) of (9.30), we obtain

or

or

" _ i
506" (0} = ©.31)

Example 9.8

Consider the Hilbert pair:

ﬁc{sintat} _ 1 — ctos at ©.32)



Hilbert Transforms

The iteration operation yields

%{%{sm at}} __sinat _ %{1} B SC{COS at}
t t t t
But I({1/t} = —md(t) see (9.30) and therefore, the above equation becomes
fK{cos at} — () + sin at
t t
The differentiation of (9.32) yields
cos at sin at 1 sinat  cos at
aﬁf{ }—s}c R L
t t? t? t t?

The insertion of (9.34) produces the equation

sin at 1 — cos at
SEL R L

Differentiation of the convolution

From Section 9.1, we have the Hilbert pair:

1 %, 1
M) = = —#&(0) S x(0) = — *x(0)

9-13

(9.34)

(9.35)

(9.36)

We can differentiate the above equations by imposing the derivative only to the first or

the second term. Therefore, the first-term differentiation yields

X() = —% <7Tit) i Sy =2 (Wit) <x(t) or

() = # SR S () = — - e x(t)

From the second Hilbert pair, we write

N B U C N U T C)

which verifies the right-hand expression of (9.37).

Autoconvolution
The autoconvolution operation is defined by the formula

oo

Pu(t) = J x(7)x(t — 7)dt

—00

(9.37)

(9.38)
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The autoconvolution equality for the Hilbert pair x(t) gfc(t) has the form

Prc(t) = —psz () (9.39)
This means that the autoconvolution of the signal and the autoconvolution of its Hilbert
transform differ only with respect to the sign. As proof, consider the Fourier spectra of
x(t) and x(t). Since the spectra of the two signals are X(w) and —j sgn (w)X(w), respect-

ively, the spectra of their autoconvolutions are, respectively (the FT of the convolution of
two signals is equal to the multiplication of their Fourier transforms (FT property)),

(1) # x(t) & X2(w), %(t)* k(1) S [—jsgn (@)X(@)]* = X ()

Both spectra differ only by the sign and, therefore, (9.39) is verified.

Example 9.9

From the Hilbert pair relationship and the convolution of the delta functions, we have
the following relationships:

From the above equalities and the autoconvolution equality (see 9.39), we obtain the
relation

1 1
5t = —— x — (9.40)
wt  at

We observe the compression of the infinite-time support of the function 1/#t to a
single point support of the delta function. |

HT of a product of two signals

Using the FT of the product of two signals f(f) and g(t), we obtain
§ 1 T
x(0) = f(Dg(EX () = 5 j X(@ — )G()dy (9.41)
The HT of this product is given by the standard formula, and hence,

i(1) = (gD} — jsgn (@) % J F(o — y)G(y)dy (9.42)
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9.3 Hilbert Transform Properties and Hilbert Pairs

TABLE 9.1

Properties of the Hilbert Transformation (HT)

Original Signal
or the Inverse HT

x(t)

Hilbert
Transform
x(t) = I{x()}

10.

11.

12.

13.

. Time-domain definition

. Convolution notation

. Fourier spectra

. Linearity

. Scaling

. Time reversal

. Time shift

. Evenness and oddness

. Time derivative

First option

Second option

Convolution

Autoconvolution

Energy equality

Multiplication by ¢

x(t) = % rc &dr

oo T—

() = 7% )

XS X(w)
X(w) = jsgn (w)X(w)

ax; (t) + bx,(t)
x(at) a> 0
x(—at)

x(t —a)

xle(t) +x20(t)
e = even, 0 = odd

X () = 7% <2 (1)

x=1 (;—1) )

x(t) % () = —5(8) * (1)

x(t) #x(t) = —x(t) * xX(t)

x(t) = — JX Lt)alq-

oo T—

() = % «x(t)

(S X(w)
X(w) = —jsgn (0)X(w)

ax; (t) + bx,(t)
X(at)

—x(—at)

x(t —a)

X10(8) + Xze(£)

() = % «xX(t)

d /-
X(t) = pr (;1) #x(t)

x(8) # y(t) = x(t) = y(£)

ﬁ; xX2(Hdt = IO; %%(t)dt (the energy of the dc term is excluded)

tx(t)

tx(t) — % J.oo x(7)dr

—00

(continued)
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TABLE 9.1 (continued) Properties of the Hilbert Transformation (HT)

Original Signal Hilbert
or the Inverse HT Transform
x(t) x(t) = I{x (1)}

14. Analytic signal
P(t) = x(t) + jIx(0)} ()} = —jg(t)

15. Products of analytic signals

P(t) = P, (D, (1) I{(6)} = 4 () I, (D)}
= I, (D}, (1)
16. Iteration Operation Fourier image
No Hfx(t)} = x(t) —j sgn(w)X(w)
Single I{I ()} = —x(1) [—jsgn(w)]* X ()
Double IIAC(I = —2() [~ sgn(@)]*X(w)
Triple IUIATHIH (O = x(D) [—jsgn(@)]*X(w)

TABLE 9.2 Hilbert Transform Pairs

Function Hilbert Transform
1. sin (wt) —cos (wt)
2. cos (wt) sin (wt)
3. efot —jsgn (w)e/!
4. pa(t) (centered pulse of width 2a) 1 ln‘i""J‘
. —a

5. pa(t)sgn(t) 7% In 1 — (a/)]

6. tpa(t)sgn(t) 7£|1 B (a/t)z\
T
1—[t] |t <a 1(, [t—al] ¢ £
{1 s T e
0 [t| > a W{nt+a}+a N A
a t
8, ————
a? + 12 21
_ r2 1 00 '
9. e | e“/*sinwtdo
T Jo
— 21‘
10. 1 —(t/a)® |t|<a = (t/a i
[ ¢/ ) +u a
(o)
1L et l _2e sin wt dw
T )y a*— &?
12. ¢ Mur) L[Fasinel - o cosot
7 Jo 2 _o?
13 sin af sin® (at/2) 1 — cosat
at @t/2)  at
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TABLE 9.2 (continued) Hilbert Transform Pairs

Function

Hilbert Transform

14. a = constant

15.

16.

17.

18.

19.

20.

21.

22.

23.
24.

25.

1

Tt

8'(t)
1

T2

8(t)* 8(t)  8(1)

&' (t) = 8(t) = &'(t)

sin at

t
cos at

t
Z:w 5(t — nT)

cos? (wt)

sin? wt

G+ Z:C:l C, cos (nwt + ¢,) = Fourier series

1
Tt
—o(t)
1
2
8'(t)
1 1
—x — = (¢
Tt * Tt ®
1 1
—x — =5t
w2 ot ®
1 —cosat _ 2sin’(at/2)
t - t
sin at
—7d(t) + ;
1 fo'e} T
T Zniiw cos [T(t — nT)]
0.5 sin 2wt
—0.5sin 2wt

Z:il C, sin (nwt + ¢,,)




Appendix A:
Functions of a
Complex Variable*

A.1 Basic Concepts

A complex variable z defined by
z=x+jy (A1)
assumes certain values over a region R, of the complex plane. If a complex quantity W(z)

is so connected with z that each z in R, corresponds with one value of W(z) in R,,, then
we say that W(z) is a single-valued function of z

W(z) = u(x,y) + ju(x, y) (A.2)

which has a domain R, and a range R,, (see Figure A.1). The function W(z) can be single
valued or multiple valued. Examples of single-valued functions include
W=ay+az+az>+ - +a,z" n integer

W=¢
Examples of multiple-valued functions are

W =2z" nis not an integer
W =logz

W =sin"'z

* All contour integrals are taken counterclockwise, unless specifically indicated.

A-1
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Jy jv=jlIm W(z) R,

FIGURE A.1 Ilustration of the range and domain of complex functions.

Definition A.1 A function W(z) is continuous at a point z=A of R, if, for each
number & > 0, however small, there exists another number 8 > 0 such that whenever

|z—A| <8 then |[W(z)—WQ)|<e (A.3)

The geometric representation of this equation is shown in Figure A.1.

Definition A.2 A function W(z) is analytic at a point z if, for each number &> 0,
however small, there exists another number 8 > 0 such that whenever
W(z) — WQA) dwQ)

|z—A| <& then Y 4 <e (A4)

Example A.1
Show that the function W(2) = ¢” satisfies (A.4).

SoLuTION

From (A4), we obtain

W@ -we) & —er

[im —— = lim

7\ Z—A 7—A Z—A

_ 2

:Iimez1f(z AL )\)7
Z—A 2! 3!
Al
; 7de:/\

which proves the assertion. |
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In this example, we did not mention the direction from which the z approaches A. We
might surmise from this that the derivative of our analytic function is independent of the
path of z as it approaches the limiting point. However, this is not true in general. By
setting A =z and z=z+ Az in (A.4), we obtain an alternative form of that equation,
namely,

(A.5)

diw — 1 W(z + Az) — W(z)
dz Aty Az

For a function to possess a unique derivative, it is required that

aw . AW Au+jAv
— = lim — =lim ————
dz  Az—0 Az &0 Ax +jAy

But because

Ou Ju
ov
AU = an-f—a—Ay

For this to be independent of how Ax and Ay approach zero (that is, for the derivative to
be unique), it is necessary and sufficient that Ax + jAy cancel in the numerator and the
denominator. This requires that

dW_Bu ,8v_8v Ou

d ox oy ax oy
This condition can be met if

Ou Ov v Ou
= = (A.6)
Ox 0Oy Ox Oy

These are the Cauchy-Riemann conditions. If the function satisfies these equations, it
possesses a unique derivative and it is analytic at that point. These conditions are
necessary and sufficient.
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A.1.1 Integration

The integration of a complex function is defined in a manner like that for a real function,
except for the important difference that the path of integration as well as the end points
must be specified. A number of important theorems relate to integration, as we will
discuss later.

Recall that the real integral j: f(x) dx means that the x-axis is broken into tiny
elements Ax from a to b, each element is multiplied by the mean value of f(x) in the
element, and then the sum of all such products from a to b is taken as Ax — 0. The same
general procedure is used to define the integral in the complex plane. Instead of being
restricted to the x-axis, the path of integration can be anywhere in the z-plane, for
example, the arc ABC in Figure A.2. This arc is broken into n elements Az, and the
corresponding mean value of W(z) over each element is written as W,. Now from the
sum Y o WAz, over all values of s from a to b, take the limit Az, — 0, n — oo.
This limit, if it exists, is the integral

b
I= JW(z)dz (A7)

a

The only innovation introduced here is that the path over which the integral is to be
taken must be specified.

Example A.2

Evaluate the integral in (A7) for the function W(z) = 1/z over the semicircles, as shown
in Figure A.3.

SoLuTION

Refer first to Figure A.3a, and introduce the polar coordinates

7y

FIGURE A.2 The path of integration in the complex plane.
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(a) (b)

FIGURE A.3 Integral of the function W = 1/z over two paths.

z=re" dz = jrede

Then

JW(Z)C/Z = J% = de(?

Over the path ACB, 0 varies between 0 and 77, and the integral equals jar. Over the path
ADB, 6 varies from 0 to —ar, and the integral equals —jar. Thus, although the end points
are the same, the integrals over the two paths are different. (The fact that one integral is
numerically the negative of the other has no general significance))

In evaluating the real integral by starting at A and integrating to B and then back to A,
the result will be zero because the integral from A to Bis the negative of the integral from
Bto A. The same result is not necessarily true for complex variables, unless the path from A
to B coincides with the path from B to A. In the present complex integral, the integration
from A to B via C and then back to A via D yields j& — (—jm) = j27r and no zero.

Now consider the integration over the semicircle displaced from the origin, as
shown in Figure A.3b. Introduce the coordinates

z=a+Re¥ dz=jRedy

Then

dz jRe/L’/ ) A
7" J S Ron ¥ =Inla+ReMI" = Inzl; =0
ACBDA 0

The results of these calculations emphasize the fact that the two paths possess different
features. The difference is that in Figure A.3a, the path encloses a singularity
(the function becomes infinite) at the origin, whereas the path in Figure A3b does
not enclose the singularity and W=1/z is analytic everywhere in the region and on
the boundary.
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It is easily shown that the integrals of the function

around a contour encircling the origin of the coordinate axis are each equal to zero;
that s,

1 1 1

where the contour is taken counterclockwise. [ |

Example A.3
Find the value of the integral fOZO zdz from the point (0, 0) to (2, j4).

SoLUTION

Because z is an analytic function along any path, then

20

2|2
szz:— =—6+4,8
21
0
Equivalently, we could write
2 2 4 4 2 2 54 ,
szz:dez—Jydy—H’dey:—i—— — = +vlo
2 0 2 0
0 0 0
16 .
=2—7+j2><4=—6+j8 |

We now state a very important theorem, and this is often referred to as the principal
theorem of complex variable theory. This is the Cauchy first integral theorem.

THEOREM A.1

Given a region of the complex plane within which W(z) is analytic and any closed curve
that lies entirely within this region, then

%W(z)dz =0 (A9)
C

where the contour C is taken counterclockwise.
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The integration over a closed path is called a contour integral. Also, by convention the
positive direction of integration is taken so that when traversing the contour, the enclosed
region is always to the left. The proof of this theorem depends on the fact that everywhere
within C the Cauchy-Riemann equations are satisfied, W(z) possesses a unique derivative
at all points of the path.

COROLLARY A.1

If the contour C, completely encloses Cy, and if W(z) is analytic in the region between C,
and C, and also on C,; and C,, then

Fi; W(z)dz = 1; W(z)dz (A.10)
C

C

Proof: Refer to Figure A.4, which shows the two contours C; and C, and the two
connecting lines D E and G A. In the region closed by the contour A B D E F G A, the
function W(z) is analytic everywhere, and § Wdz = 0 over the path. This means that

J+[+J+}:0 (A.11)
ABD DE EFG GA

where W(z) dz is to be understood after each integral sign. Now allow A to approach D,
and G to approach E, so that DE coincides with AG. Then

]|

DE AG GA

Jy

[N~
Q

FIGURE A.4 To prove the first corollary.
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Also

[~ ]

ABD C EFG C,

where strict attention has been paid to the convention given in the determination of the
positive direction of integration around a contour. Combine (A.11) and (A.12) so that

_ J + J =0 or J W(z)dz = J W(z)dz

G G C G

which was to be proved.

This is an important theorem because it allows the evaluation around one contour by
replacing that contour with a simpler one, the only restriction being that in the region
between the two contours the integral must be regular. It does not require that the
function W(z) be analytic within C;.

COROLLARY A.2

If W(z) has a finite number n of isolated singularities within a region G bounded by a
curve C, then

s=1

N
J W(2dz = 3@ W(z)dz (A.13)
C s

where C, is any contour surrounding the sth singularity. The contours are taken in the
counterclockwise direction.

Proof:  Refer to Figure A.5. The proof for this case is evident from the manner in which
the first corollary was proved.

Jy

FIGURE A.5 A contour enclosing # isolated singularities.
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COROLLARY A.3

The integral Jf W (z)dz depends only on the end points A and B (refer to Figure A.2) and
does not depend on the path of integration, provided that this path lies entirely within the
region in which W(z) is analytic.

Proof: Consider A C B D A of Figure A.2 as a contour that encloses no singularity of
W(z). Then

fofef e o) o
ADB  BCA ADB ACB

Hence, the integral is the same whether taken over path D or C, and thus is independent
of the path and depends only on the end points A and B.

THEOREM A.2 The Cauchy Second Integral Theorem

If W(z) is the function W(z) = f(z)/(z — zo) and the contour encloses the only singularity at
Zo, then

[ f(2)

o de = rf(a) (A.15)
C
or
_ 1 [ f&
f(Zo) = 2—71_] 7 — 7 dz (A16)
C

(the contours are taken in the counterclockwise direction.)

Proof: Refer to Figure A.6. Begin with the second corollary and draw a circle C; about
the point z,. Then

J @ 4, - J S 4 (A17)
Z—2 zZ—2
C G
Let 2 =z — zy= pe’®, which permits writing
f( ) 277f( , ) 2m
z . Z+z). g, . ,
J mdz = J el jpe?’dl = j Jf(z + z9)db

C, 0 0



A-10 Appendix A: Functions of a Complex Variable

Zo

> X

FIGURE A.6 To prove the Cauchy second integral theorem.

In the limit as p — 0, Z — 0, and

2
j Jf(z’ 20y, o = 27jf (20)
0

Combine with (A.17) to find

which proves the theorem.

A.1.2 Derivative of an Analytic Function W(z)

The derivative of an analytic function is also analytic, and consequently itself possesses a
derivative. Let C be a contour within and upon which W(z) is analytic. Then, if a is a
point inside the contour (the prime indicates first-order derivative)

W(a + h) — W(a)

W'(a) = lim (A.18)
|h|—0 h
and can be shown that
Wi(a) = L § Wz (A.19)

2mj | (z - a)
C

where the contour C is taken in a counterclockwise direction. Proceeding, it can be
shown that

W(z)dz

(Z _ a)n+1

n'

W) = -

C

(A.20)

The exponent (n) indicates nth derivative and the contour is taken counterclockwise.
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A.1.3 Taylor’s Theorem

Let f(2) be analytic in the neighborhood of a point z = a. Let the contour C be a circle with
center point a in the z-plane, and let the function f(z) not have any singularity within and
on the contour. Let z=a + h be any point inside the contour; then, by (A.15), we obtain

f(2)dz
flath = 277']4; —a—nh

1 1 h h" hrtl
2mj f(z)dz{zfﬁ(z—a)z+"'+(z—a>"“*(z—a)"“(z—a—h)}

277]
fh"dz
—a)"" N z—a—h)

n;e_a(')

— @) + B + 1 @) o ) 1 2;}} e

But where z is on C, the modulus f(z)/(z— a — h) is continuous and therefore bounded.
Its modulus will not exceed some finite number M. Hence, with |z —a| = R for points on
the circle, we obtain

1 % f(z)h”“dz _ M2aR (|h\""!
2mj —a)"Yz—a—h)|~ 2m \R
9

where |h|/R < 1 and therefore tends to zero as n tends to infinity. Therefore, we have

2 n
flat ) = f@ + BO@ + O+ 0@ (a2

or

10 = @) + - @) + £ Lo +E Do 4 am)

where the numbers in the exponents indicate the order of differentiation. The radius of
convergence is such that it excludes from the interior of the circle that singularity of the
function that is nearest to a.

A.1.4 Laurent’s Theorem

Let C; and C, be two concentric circles, as shown in Figure A.7, with their centers at a.
The function f(z) is analytic with the ring and (a + h) is any point in it. From the figure
and Cauchy’s theorem, we obtain

1 f(2)dz 1 f(z)dz 1 f(@)dz
wa’;(z—a—hﬁ fﬁ(z—a—hﬁ ff(z—a—h)

G Cl C3
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jImz

Rez

FIGURE A.7 Explaining Laurent’s theorem.

where the first contour is counterclockwise and the last two are clockwise. The above
equation becomes

_ 1 f(2)dz e f(z)dz
fath = Y e—a=n 20§ G—a-h (4.23)
G

G

where both the contours are taken counterclockwise. For the C, contour |h| < |(z — a)|
and for the C, counter |h| > |(z — a)|. Hence, we expand the above integral (contours in
the counterclockwise direction) as follows:

) I h e hn+l
fla+h) " 2mj ﬁ;J((Z){z—a+m+m+(z—a)”+1 +(Z—Cl)"ﬂ(z_"_h)}dz

G
1 1 z—a (z—a)" (z—a)""!
+2Trji’;f(2){ﬁ+7+“'+ e +hn+1(z_a_h) dz

G

From Taylor’s theorem, it was shown that the integrals of the last term in the two
brackets tend to zero as n tends to infinity. Therefore, we have

by b
f(a+h):ao+a1h+a2h2+--~+ﬁ+h—§+~-- (A.24)

where (contours in the counterclockwise direction)

1 f(z)dz R Y
_Twﬁ;m bn_zwj+(z &)™ f(2)dz

G G

n
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The above expansion can be put in more convenient form by substituting h=z—gq,
which gives

d &
(z—a) (z—a) (z—a)"

f(z):Co+61(z—a)+cz(z—a)2+...+

(A.25)

Because z = a + h, it means that z now is any point within the ring-shaped space between
C, and C, where f(z) is analytic. Equation A.25 is Laurent’s expansion of f(z) at a point
z+ h within the ring. The coefficients ¢, and d,, are obtained from (A.24) by replacing a,,
b,, and z by ¢, d,, and {, respectively. Here { is the variable on the contours and z is
inside the ring. When f(z) has a simple pole at z=a, there is only one term, namely,
di/(z— a). If there exists an nth-order term, there are n terms of which the last is
d,/(z— a)"; some of the d,’s may be zero.

If m is the highest index of the inverse power of f(z) in (A.25), it is said that f(z) has a
pole of order m at z=a. Then

o0 m dn
fl2) = Z ez —a)" + Z - (A.26)
= “~ (z—a)

The coefficient, d, is the residue at the pole.
If the series in inverse powers of (z — a) in (A.25) does not terminate, the function f(z)
is said to have an essential singularity at z=a. Thus,

o0 ; o0 dn
flz) = ; ez —a)" + ; G (A.27)
The coefficient d, is the residue of the singularity.

Example A.4
Find the Laurent expansion of fiz) =1/[(z— a)(z— b)"] (n > 1, a # b # 0) near each pole.
SoLUTION

First, remove the origin to z=a by the transformation ¢ = (z— a). Hence, we obtain

1 1 1 1
f<2)2(§+c)nﬁ( f)n c=a->b

1+2
c
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If |¢/c| <1, then we have

2
- 1{]_n§+n(n+1)§ }

ol T a2
n nn+1)¢ 1
Ton T e T T

which is the Laurent series expansion near the pole at z=a. The residue is 1/c"=
1/(a—b)".
For the second pole, set { = (z— b) and expand as above to find

_ 1 g I 1 1 1
flz) = (CnH + Zn+2 + cn+3 + ) (C”Z + C”’sz + + Cé‘”)

The second part of the expansion is the principal expansion near z= b and the residue
is —=1/"=—=1/(a—b)". [ ]

Example A.5

Prove that
1
f(2) = exp E (Z - 5)} = Jol) + 2100 + 221 () + - -+ 4+ 2" (x)
1 1 -1
+"'——J1(X)+—2J2(X)—"'+( n) )+
z z z
where
2
Jy(x) = L J cos (N6 — x sin 6)do
2T
0
SoLuTION

The function f(2) is analytic except the point z=a. Hence, by Laurent’s theorem, we
obtain

al

b
fQ)=a0+az+a2 + - +—+—+
z z

where (contours in the counterclockwise direction)

a, = ! exp|> (2 ] % by = ! exp | ( 2 1 7"dz
T PP\ T PR\
G C

1
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where the contours are circles with center at the origin and are taken counterclockwise.
Set C, equal to a circle of unit radius and write z=exp(j6). Then we have

2 2m
1 o . T f
ay = = J esnl=ind gy — — J cos (N — x sin 6)do
| 2
0

o

because the last integral vanishes, as can be seen by writing 27 — ¢ for 6. Thus,
a,=J,x), and b,=(—=1)"a, because the function is unaltered if —z~" is substituted
for z, so that b, = (—1)"J,(x). [ ]

A.2 Sequences and Series

Consider a sequence of numbers, such as those that arise in connection with the
z-transform. Suppose that the sequence of complex numbers is given as 2y, 21, 22,. . . .
The sequence of complex numbers is said to converge to the limit L; that is,

lim z, =L

if for every positive 6 there exists an integer N such that
|Z, —L| <& foralln>N

That is, a convergent sequence is one whose terms approach arbitrarily close to the limit
L as n increases. If the series does not converge, it is said to diverge.

THEOREM A.3

In order for a sequence {z,} of complex numbers to be convergent, it is necessary
and sufficient that for all 8 >0 there exists a number N(6) such that for all n> N and
all p=1, 2, 3,... the inequality |z, , — z,| <8 is fulfilled.

The sum of an infinite sequence of complex numbers z, z;,...is given by
S:ZO+21+ZZ+"':ZZH (A.28)
n=0

Consider the partial sum sequence of n terms, which is designated as S,. The infinite
series converges to the sum § if the partial sum sequence S,, converges to S. That is,
the series converges if for

n
Se= zx lim$, =S (A.29)
n=0

n—oo

When the partial sum S, diverges, the series is said to diverge.
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A.2.1 Comparison Test

Let the terms of the numerical series (A.28) for all n>mny>1 satisfy the condition
|z,| <b,. Then, the convergence of the series of positive terms, > ., b,, implies an
absolute convergence of the above series.

A.2.2 Limit Comparison Test

If the numerical series, > ., v, converges absolutely and for the terms of the numerical

series (A.28) there takes place the relationship

lim
n—oQ

Vn

= g = const < 00

then series (A.28) converges absolutely.
A.2.3 D’Alembert’s Test
If for the terms of the numerical series (A.29), the finite limit

Zn+1
Zn

lim

n—oo

=1

then for 0 << 1, series (A.28) converges absolutely; for I > 1, series (A.28) diverges; and
for I=1, an additional test is required.

A.2.4 Root Test

Consider the sequence

r, = n/ ‘ Zn‘
If this sequence converges to [ as n approaches infinity, then the series (A.28) converges

absolutely if I < 1 and diverges if I > 1.

A.2.5 Uniform Convergence (Weierstrass M Test)

If |u,(2)| < M,,, where M,, is independent of z in a region Uand ) .~ | M,, converges, then
> o2, un(z) is uniformly convergent in U.

Example A.6

, 1
Show that Y72, o is uniformly convergent in the interval 1 < |z| < 2.
z
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SoLuTioN
|n* 4+ 2%| > |n?| — |2%| = n* —4 > 1n? for n>2 (the convergence is not affected by

1 2
dropping the first two terms of the series). Therefore, ——— < — and the series
n?+42z2| — n?

2 2
Zi;ﬁ converges. From the M test with M,, = = implies that the series converges

uniformly. |

A.2.6 Analyticity of a Sequence of Functions

If the functions of sequence {fi(z)} are analytic in a region U and the sum

Fiz) = fi(z)
k=1

is uniformly convergent, then F(z) is analytic in U.

Proof: Because F(z) is uniformly convergent for any &, we can find N such that
|F(z) — Si(2)] < & for all n> N, where S;=partial sum=>,", fi(z). Because F(z) is
uniformly convergent, it implies that f;(z) are continuous and, hence, F(z) is continuous.
Integrating within the region U, we obtain (integration is performed counterclockwise)

ng(z)dz - i %fk(z)dz < sff)dz = &l(C)
k=1 C

C C

where ¢(C) is the length of the contour. Since & — 0 as n — oo implies that
$c F(2)dz = 32, $fr(2)dz = 0, since fi(z)’s are analytic. Hence, F(z) is also analytic.

A.3 Power Series

A series of the form
o0
W(z) =ag+ a1(z — 20) + ar(z — 20)> + - = Zan(z —zp)" (A.30)
n=0

where the coefficients a,, are given by

B ld”W(z)
Tl de

> (A.31)

zZ=2

an

which is a Taylor series that is expanded about the point z = z,, where z; is a complex
constant. That is, the Taylor series expands an analytic function as an infinite sum of
component functions. More precisely, the Taylor series expands a function W(z), which
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is analytic in the neighborhood of the point z=z,, into an infinite series whose coeffi-
cients are the successive derivatives of the function at the given point. However, we know
that the definition of a derivative of any order does not require more than the knowledge
of the function in an arbitrarily small neighborhood of the point z=z,. This means,
therefore, that the Taylor series indicates that the shape of the function at a finite distance
zo from z is determined by the behavior of the function in the infinitesimal vicinity of
z=2zy. Thus, Taylor’s series implies that any analytic function has a very strong inter-
connected structure, and that by studying the function in a small vicinity of the point
z =1z, we can precisely predict what happens at the point z =z, + Az, which is a finite
distance from the point of study.

If zo =0, the expansion is said to be about the origin and is called a Maclaurin series.

A power series of negative powers of (z — z),

W(z) =ag+ai(z —z0) " +ax(z —z0) >+ (A.32)

is called a negative power series.

THEOREM A.4

A positive power series converges absolutely in a circle of radius R" centered at z, where
|z — zo| < R™; it diverges outside of this circle where |z — zo| > R". The value of R* may be
zero, a positive number, or infinity. If R™ = infinity, the series converges everywhere, and if it
is equal to zero, the series converges only at z = z,. The radius R" is found from the relation

R" = lim |——|, if the limit exists (A.33)
n—00 |Apy
or by
n . 1 . L
R™ = lim , if the limit exists (A.34)

n—oo [
ay|

Proof:  For a fixed value z, apply the ratio test, where
zn = an(z — 20)"

That is,

1
Nanaz — 20"

an(z —z)" |

Znt1 Ant1

Zn

|z — 2|

n
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For the power series to converge, the ratio test requires that

An+1 an

an

—R*

lz—2z <1 or |z—2z|< lim
n—oo

lim
n—oo

Ant1
That is, the power series converges absolutely for all z that satisfy this inequality.
It diverges for all z for which |z — zo| > R*. The value of R" specified by (A.34) is reduced
by applying the root test.

Example A.7

Determine the region of convergence for the power series

Wz) = =1—z+Z2 -2+

SOoLUTION

We have a, = (—1)", from which

. (=1)"
R+ = lim W‘ = |]|

n—oo ‘(7

The series converges for all z for which |z| < 1. Hence, this expansion converges for any
value of z within a circle of unit radius about the origin. Note that there will be at least
one singular point of W(z) on the circle of convergence. In the present case, the point
z=—1 s a singular point. |

Example A.8
Determine the region of convergence for the power series

2 3 o)

- Z L Ny
W(z)_ez—1+z+2!+3!+ _Z 7

SoLuTION

We have a,=1/n! from which

Rt = lim

n—oo

=lmMh+1)=c

n—oo

(n+1)!‘

The circle of convergence is specified by R = infinity; hence, W(z) = ¢” converges for all
finite values of z. |
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THEOREM A.5

A negative power series (A.32) converges absolutely outside a circle of radius R~ centered
at zy, where |z — zo| > R ; it diverges inside of this circle where |z — zo| < R™. The radius of
convergence is determined from

R™ = lim iaa , if the limit exists (A.35)
n—oo | a,
or by
R™ = lim \/|a,|, if the limit exists (A.36)

Proof:  The proof of this theorem parallels that of Theorem A.4.

If a function has a singularity at z = zy, it cannot be expanded in a Taylor series about
this point. However, if one deletes the neighborhood of z, it can be expressed in the form
of a Laurent series. The Laurent series is written

W)= -+ a2 - +ao+(11(Z—Zo)+d2(z—20)2+~~-
(z—2) (z—2)
= Z ay(z — zp)" (A.37)

If a circle is drawn about the point z, such that the nearest singularity of W(z) lies on the
circle, then (A.37) defines an analytic function everywhere within this circle except at its
center. The portion Y~ a.(z — 2)" is regular at z = z,. The portion >, | a,(z — z)"
is not regular and is called the principal part of W(z) at z=z,.

The region of convergence for the positive series part of the Laurent series is of
the form

|z = 20| <R (A.38)
while that for the principal part is given by
|z — 2| > R™ (A.39)

The evaluation of R* and R~ proceeds according to the methods already discussed.
Hence, the region of convergence of the Laurent series is given by those points common
to (A.38) and (A.39) or for

R <|z—2 <R" (A.40)

IfR™ > R", the series converges nowhere. The annular region of convergence for a typical
Laurent series is shown in Figure A.8.
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FIGURE A.8

Example A.9

Consider the Laurent series W(2) =", a,z" where

] n
(7) forn=0,1,2, ...
dn 3

2" forn=-1,-2, ...

Determine the region of convergence.

SoLuTION

By (A38) and (A.33), we have Rt =3. By (A.38) and (A.35) we have R~ =2. Hence, the
series converges for all z for which 2 < |z| < 3.

No convenient expression is got for obtaining the coefficients of the Laurent series.
However, because there is only one Laurent expansion for a given function, the
resulting series, however derived, will be the appropriate one. For example,

61/2_1+1—+L L‘F
o z 222 3183

(A.47)
is obtained by replacing z with 1/z in the Maclaurin expansion of exp(2). Note that in
this case the coefficients of all positive powers of z in the Laurent expansion are zero.
As a second illustration, consider the function W(z) = (cos 2)/z. This is found by dividing
the Maclaurin series for cos z by z, with the result

cosz 1 7?2 7 Tz 7
L TSN R I 42
z z( ata ) ER TR (A42)

In this case, the Laurent expansion includes only one term 1/z in descending powers of
z, but an infinite number of terms in ascending powers of z. Thatis,a_;=1and a_,=0
if n#£ 1. |



A-22 Appendix A: Functions of a Complex Variable

A.4 Analytic Continuation

The Taylor theorem shows that if a function f(2) is given by a power in z, it can also be
represented as a power series in z — zo = f[(z — 2y) + 2] where z; is any point within the
original circle of convergence, and this series will converge within any circle about z, that
does not pass beyond the original circle of convergence. Actually, it may converge within
a circle that does not pass beyond the original circle of convergence. Consider, for
example, the function

1
f(z):1+z+22+--~:1—2 for |z < 1

Choose zy=j/2, and the Taylor expansion of

1
f(Z)Z1 N 1] Y , Z=z-3j
“[(==30) 3] (-31) -

in powers of Z’ is

f(Z): 11'+ Zl 2+ Zl
Y () (-9)

This series must converge and be equal to the original function if |2/| < 1/2, because j is
the point of circle |z| =1 nearest to j/2, a requirement of Taylor’s theorem. Actually,
1

1
1—=j| ==/
2]‘ V5

3+

this series converges if || < 5

Suppose that the considered series represented no previously known function. In this
case, the new Taylor series would define values of an analytic function over a range of z
where no function is defined by the original series. Then, we can extend the range of
definition by taking a new Taylor series about a point in the new region. This process
is called analytic continuation. In practice, when continuation is required, the direct use

of the Taylor series is laborious and is seldom used. Of more convenience is the following
theorem.

THEOREM A.6

If two functions f,(z) and f,(z) are analytic in a region D and equal in a region D' within
D, they are equal everywhere in D.
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A.5 Singularities of Complex Functions

A singularity has already been defined as a point at which a function ceases to be analytic.
Thus, a discontinuation function has a singularity at the point of discontinuity, and
multivalued functions have a singularity at a branch point. There are two important
classes of singularities that a continuous, single-valued function may possess.

Definition A.3 A function has an essential singularity at z=z, if its Laurent
expansion about the point z, contains an infinite number of terms in inverse powers of

(z— 2o).

Definition A.4 A function has a nonessential singularity or pole of order m if its
Laurent expansion can be expressed in the form

o0

Wi(z) = Z an(z — zp)" (A.43)

n=—m

Note that the summation extends from —m to infinity and not from minus infinity to
infinity; that is, the highest inverse power of (z — z,) is m.

An alternative definition that is equivalent to this but somewhat simpler to apply is the
following: if lim, ., [(z — 2))" W(z)] = ¢, a nonzero constant (here m is a positive
number), then W(z) is said to possess a pole of order m at z,. The following examples
illustrate these definitions:

1. exp(1/z) (see A.41) has an essential singularity at the origin.
2. cos z/z (see A.42) has a pole of order 1 at the origin.
3. Consider the following function:

eZ

W(z) = @+ D

Note that functions of this general type exist frequently in the Laplace inversion
integral. Because ¢” is regular at all finite points of the z-plane, the singularities of
W(z) must occur at the points for which the denominator vanishes; that is, for

(z—4*Z+1)=0 or z=4, +j, —j

By the second definition above, it is easily shown that W(z) has a second-order
pole at z=4, and first-order poles at the two points +j and —j. That is,

lim ( —4)2[62}—64760
g (z—4)Xz2+1)] 17
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. . e° _ el
imE=)) [(z—mzz T 1)] R

4. An example of a function with an infinite number of singularities occurs in heat
flow, wave motion, and similar problems. The function involved is

W(z) = 1/sinhaz

The singularities in this function occur when sinh az =0 or az = jsm, where s=0,
+1, £2, ... . That each of these is a first-order pole follows from

This can be evaluated in the usual manner by differentiating numerator and
denominator (L'Hospital rule) to find

1 1 1
lim = — =
z—j(sw/a) acoshaz  acoshjsm  acossm

Definition A.5 (Isolated singularities) The point z= z, is an isolated singularity
of W(z) if we can always find & such that the circle |z — zy| =& does not contain another
singularity. If no such & exists, the point z, is known as a nonisolated singularity.

Definition A.6 (Poles) If lim, ., (z —z0)"W(z) = constant # 0, where n is
positive, then the point z= z; is called a pole of order n. If n = 1, z; is called a simple pole.

Example A.10

[t is interesting to study the variation of f(z) close to the pole. For example, the function
W(z)=1/z=(1/ne™ has a simple pole at zero. For any specific angle 8;, the modulus,
[W(z)|, increases to infinity as r — 0, and this is true for all the angles from 0 to 2.

Definition A.7 (Removable singularities) The point z=z, is a removable
singularity of W(z), if lim W(z) exists.

Definition A.8 (Branch points) Multiple-valued functions contain singular points
known as the branch points.
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Example A.11

Investigate the function W(z) =z'/2

SoLuTION

In polar form, we have W = /z=r"/?(cos16 +jsin16) (see Figure A9) where
z=x+jy, r=+/x2+y% and §=tan"'(y/x). If we increase @ by 2, we obtain
W=yz=[cos(30+m) +/sin(30 + )] = —/r[cos16 +jsin$6], which is evident
from Figure A.9b. This implies that W(z) has two values, one value for 0 < 6 < 7 and the
other from 7 <6 <24r. This indicates that W(z) is not analytic on the positive real
axis when the angle ranges from 0 < 6 < 2. If we create a barrier (or cut) to exist along
Ox (see Figure A.9c), then @ cannot take the values 0, 2nar, n=1, 2,. ... Then for the angle
0< 60 <2, Wis single valued and continuous and, therefore, analytic. This angle is
known as the principal branch of the function.

The origin 0 is called the branch point. To make W= +/Z unique on each branch,
the barrier must start from the branch point. The angular position of the barrier is

arbitrary. |
Jy ju
-pl
<\Zp ane / W-plane
A
P
[ 0/2
O x N u
(a) (b)
Jy
0<0<2m
Branch
Principal point
branch
AAAAAA
Branch
cut
(©

FIGURE A.9 Illustrating W(z) = 22
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Example A.12
Investigate phase change in relation to branch points.

SoLuTION

If the contour is that shown in Figure A.10a for the function W(z) =2z'/2, then as z varies
on the contour from A to B it sweeps the angle from 6, to 6,. Then, if it varies from B to
C continuously in the counterclockwise direction, the angle is swept from 6, to 6;.
The angle swept out of OA is zero since it oscillated to B and back. Hence, the value of
the function is that given by W = \/r[cos 36 +jsin36;].

Let us investigate the function W(2) =+/z(z — a), which has two branch points, z=0
and z=a. From Figure A.10b we obtain

L 1 1
W= et = nn COSE(Gw +6) —O—jsini(t% +6,)

If we start from P moving counterclockwise, 8, varies by 27r and 6, returns back to its
original value. Hence,

Wy C bij
B
S P
0, r
. A n : &

0, 0,

(e} x (0] z=a *

(a) , (b)

i

(©

FIGURE A.10 Illustrating Example A.12.
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1 1
W= A |:COS§(01 +2’7T+92) +j$iﬂ§(91 +27T+62):|
1 1
= —/nn {cosz(ﬂq +62)+jsin§(6h +02)}

which implies that the function enters a new branch. When P rotates twice, 6, becomes
0, + 4 and the function has its original value.

From Figure A.10c, we observe that as we trace the contour 6, and 6, change by 27
each. Therefore,

1 1
W =+/nn {cosi(m + 60, + 4m) +jsin§(91 + 6, +47T):|
1 o]
=/nn {COSE(& +92)+/5|n§(91 +92)}

and the function regains its original value. Hence, the branch cut can be from 0 to point
a as indicated in the figure. |

Example A.13 (Essential singularity)
Let us investigate the function W(2) =e'7 as z — 0. We write

0 1,-j0 1 _sing 058 sin @ L. sin@
W=ell7=e & = g = g0 = ¢ |cosT— — jsin——
r r

=u+jy=re? =rcosf; —jrsiné,
where

1

, . sin@
1 = r =

—, U=ncosl; v=—rsinb,
r

cos 6 91

We observe that for a specific value of 0 < 8 < /2 as r — 0, r, = e“*%/" and 6, =sin 6/r
increase rapidly and, thus, the point W=r; cos@, —j r; sin6; =r[cos6, —j sin 6]
rotates with an ever-increasing length and angular velocity (assuming r — 0O linearly
with time). Although the function behaves peculiar near the singularity, it is analytic
there and it is said that the singularity is isolated. |

Definition A.9 (Singularity at c0) A singularity of W(z) at infinity is the same as
that of W(1/¢) at { =0, where z=1/().

Example A.14

The function W(z) =2 has a double pole at oo, since W(1/{)=1({)* has a double
pole at {=0.
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In general, (1) if a function has a branch point at z=2z, it has no other type
of singularity there; (2) if a function has an essential singularity at z=2z, it has no
pole there. |

A.6 Theory of Residues

It has already been shown that the contour integral of any function that encloses no
singularities of the integrand will vanish. (In this section, all the contour integrals are
taken counterclockwise unless it is indicated otherwise.) Now our purpose is to examine
the integral, the path of which encloses one singularity, say at z=z, The Laurent
expansion of such a function is

oo

W@ =) ailz—2)"

n=-—00

and so
ﬂQW(z)dz = Z a, {; (z — z)"dz
C n=Tee g,
But by (A.11), each term in the sum vanishes except for n = —1, with

fj;(z —z) ldz = 2mj
C

In then follows that

n=—o0o

%W(z)dz = i % (z — 29)"dz = 2mja_, (A.44)
C Cn

Because the integral (1/27) §. W(z)dz will appear frequently in subsequent applications,
it is given a name; it is called the residue of W(z) at z, and is abbreviated Res(W).

From the second corollary (A.13), it follows that if W(z) has n isolated singularities
within C, then

n

1 1 n
2_7rj fi;W(Z)dz = Z 2_77] #; W(z)dz = ; Res (W) (A.45)

C s=1 G,

or, in other words, the value of the contour integral equals the sum of the residues within C.
Observe that to evaluate integrals in the complex plane, it is only necessary to find the
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residues at the singularities of the integrand within the contour. One obvious way of doing
this is (see (A.44)) to find the coefficient a_, in the Laurent expansion about
each singularity. However, this is not always an easy task.

Several theorems exist that make evaluating residues relatively easy. We introduce these.

THEOREM A.7

If the lim,_.,, [(z — 20) W (2)] is finite, this limit is the residue of W(z) at z = z,. If the limit
is not finite, then W(z) has a pole of at least second order at z=z, (it may possess an
essential singularity here). If the limit is zero, then W(z) is regular at z = z,.

Proof:  Suppose that the function is expanded into the Laurent series
a_
W(2) = ——+ag + a1z — 20) + a2z — 20)* + - -
Z—2
Then the expression
Zlim [(z—z))W(2)] = Zlim [a_l +ao(z — z0) + ai(z — z0)* + - - ] =a_,

This proves the theorem.
This process was previously used to ascertain whether or not a function had a first-
order pole at z=z,. Thus, referring back to the examples in Section A.5, we have

CcosZ
Res <—> =1
z z=0

e e’
Res {27} =24
(z=4)(Z+ 1)), (G—472

1 1
Res| — =
sinh az oj(smja) GCOSST

Many of the singularities that arise in system function studies are first-order poles. The
evaluation of the integral is relatively direct.

Example A.15

Evaluate the following integral

N fF _<
2a) | (22 + w?)
C
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when the contour C encloses both first-order poles at z= +jw. Note that this is precisely
the Laplace inversion integral of the function 1/(z° + w?).

SoLuTION

This involves finding the following residues

eZ[ ejwl‘ eZ[ e*jw[
Res <72 2> =— Res <72 2> =——=
zZtow ), , 2jw zZtw ), 2jw

Hence,

1 elot _ gjot sin wt
dz = Res = —
2 (#)Zz + w? ‘= Z ©= ( ' ) ®

A slight modification of the method for finding residues of simple poles

ResW(zp) = lim [z — zo)W(2)] (A.46)
7—2y
makes the process even simpler. This is specified by the following theorem. |

THEOREM A.8

Suppose that f(z) is analytic at z=zy and suppose that g(z) is divisible by z — z, but not by
(z — 20)*. Then

d,
EZH ?(Zz(;)) where /() = B9 (&.47)

Proof:  We write the relation (z — z,) h(z) = g(2), then ¢'(2) = (z — zo) W' (z) + h(2) so that
for z=zy, §'(20) = h(zy). Then we have

JE} — 1 { f(Z)} . [@] :f(Zo):f(Zo)
Res [g(Z) LT e ) T )] T R g

which is the given result.

In reality, this theorem has already been used in the evaluation of Res(1/sinh
az); — j(sw/a)- Here flz) =1, g(z) = sinh az, and ¢'(z) = a cosh az.

As a second illustration, consider the previously used function

eZ

Wie) = z—2%22+1)
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Here, we take

Z

74)2, g(Z):Z2+1

fl@) =

Thus, ¢'(z) = 2z and the previous result follows immediately with

e } B el
(z— 2 +1)]  (-4%2j

Equation A.46 permits a simple proof of the Cauchy second integral theorem (A.15). This
involves choosing g(z) = (z — zp) in the integral

Res {

@ 5 f(z())

2_’77'j Z—2
C

= f(z0) (A.48)

Suppose that (A.48) is differentiated n — 1 times with respect to z,. Then we write

@) ) “ %f (2) (A.49)

dzp! - Zo)"

This species is any-order derivative of a complex function expressed as a contour integral.

Our discussion so far has concentrated on finding the residue of a first-order pole.
However, (A.49) permits finding the residue of a pole of any order. If, for example,
W(z) = [f(2)/(z — 25)"], then evidently W(z) has a pole of order # at z =z, because f(z) is
analytic at z=z,. Then f(z) = (z — 2p)"W(z), and (A.49) becomes

1 n—1

RCS(W(Z))| m %

[(z = 20)"W(2)],_,, (A.50)

ey = l,ﬁ;W(z)dz:
0 2771
C

Example A.16

Evaluate the residue at the second-order pole at z=4 of the previously considered
function

e
Ve =

SoLuTION

It follows from (A.50) that

1 d
ResW(z |Z4:]—d—|:z

& } 9!
z 2+]z:4

289
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Example A.17

Evaluate the residue at the third pole of the function

ezt
W(z) =
g z+1)
SoLuTION
A direct application of (A.50) yields
1 dz t 1 2, —t
ReSW(Z)‘Zziw = 5 E(ez) L = Et e

There is no simple way of finding the residue at an essential singularity. The Laurent
expansion must be found and the coefficient a_, is thereby obtained. For example,
from (A41) it is seen that the residue of exp(1/2) at the origin is unity. Fortunately,
an essential singularity seldom arises in practical applications.

Sometimes the function takes the form

where the numerator and the denominator are prime to each other, g(z) has no zero at
z=0 and cannot be factored readily. The residue due to the pole at zero is given by

f(2) f(0)
ResW(z)= —| =— A.52
esW(z) 90, 90 (A.52)

If z=a is the zero of g(2), then the residue at z=a is given by

ResW(z) = (A.53)

If there are N poles of g(z), then the residues at all simple poles of W(z) are given by

i dg(z)
z=0 * ,; |:f<Z)/ (Z ?> ] 7=0m (A.54)

If W(z) takes the form W(2) = f(2) /[h(2)g(2)] and the simple poles to the two functions are
not common, then the residues at all simple poles are given by

_f@
Z Res = ﬁ

N flam) Rt
fes = A.55
2t m; h(am@’(amﬁ;h’(b»g(b» (A.53)
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Example A.18
Find the sum of the residues e*/sin mz at the first N4- 1 poles on the negative axis.

SoLUTION

The simple poles occur at z=—nw/m, n=0, 1, 2, .... Thus

N 6’22 1 N y
R — - — 1 n,—2nmw/m
0= e ™7 25 .

n=0 n=|

Example A.19

Find the sum of the residues of ezz/(z cosh mz) at the origin and at the first N poles on
each side of it.

SoLuTION

The zeros of cosh mz are z= —j(n + 1/2)/m, n integral. Because cosh mz has no zero at
z=0, then (A.55) gives

N—1 6’22
ZRES =1 Z {mzsinh mz}

n=—N ZZ*(”*%)”'/‘/’W

Example A.20

Find the residue of z&°/sin mz at the origin.

SoLuTION

Because near z=0 sin mza2 mz there is no pole at the origin and, hence, the integral
(1/2ar j) fc ze’dz/ sinmz is equal to zero for a contour encircling the origin with radius
less than ar/m. [ ]

A.7 Aids to Integration

The following three theorems will substantially simplify the evaluation of certain inte-
grals in the complex plane. Examples will be found in later applications.
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THEOREM A.9

If ABis the arc of a circle of radius |z| = R for which 0, < 0 <0, and if limp_., (zW(2)) =k,
a constant that may be zero, then

}zle J W(z)dz = jk(6, — 6,) (A.56)

AB

Proof: Let zZW(z) =k + &, where £ — 0 as R approaches infinity. Then,

0,

J W(z)dz = J kl_gdz:(k+8)de0: (k + £)j(0, — 61)
AB AB I

In carrying out this integration, the procedure employed in Example A.2 is used. In the
limit as R approaches infinity, (A.56) follows.

This theorem can be shown to be valid even if there are a finite number of points
on the arc AB for which the limg_,.,(2W(2)) # k, provided only that the limit remains
finite for finite R at these points. This theorem can also be proved true if we choose
limg_,.(z — a) W(z) = k when the integral is taken around the arc 6, <arg(z —a) <8, of
the circle |z —av|=r.

THEOREM A.10

If A B is the arc of a circle of radius |z — zy| = r for which ¢, < ¢ < ¢, (as shown in Figure
A11) and if lim,_,, [(z — 20)W(2)] = k, a constant that may be zero, then

7y

3 ¢1\

2o A

FIGURE A.11
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lim J W(2)dz = kg, — @) (A.57)
AB

where r and @ are introduced polar coordinates, with the point z=z, as origin.

Proof:  The proof of this theorem follows along similar lines to that of Theorem A.9.
Note specifically that Theorem A.9 will allow the evaluation of integrals over infinitely
large arcs, whereas Theorem A.10 will allow the evaluation over infinitely small arcs.

THEOREM A.11

If the maximum value of W(z) along a path C (not necessarily closed) is M, the maximum
value of the integral of W(z) along C is Ml, where | is the length of C. When expressed
analytically, this specifies that

JW(z)dz <Ml (A.58)
C

Proof:  The proof of this theorem is very simple if recourse is made to the definition of
an integral. Thus, from Figure A.12

Wiz = flim >~ Wz < atlim > jaz| = wi
o oo s=1 n—oo §s=1
Jy
A
C
N, e
-R —-r r R

FIGURE A.12
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JORDAN’S LEMMA 7.1

Ift<0 and
f(z) =0 asz— o0 (A.59)

then

Jetzf(z)dz —0 asr— o0 (A.60)
C

where C is the arc shown in Figure A.13a.

Proof: 'We must assume that the angle of C does not exceed 7, 0 <arg z <. This is
not true if ¢ < 0. However, the portion of C in the Re z< 0 region will have length not
exceeding 7r|c|. Hence, because of (A.59) the integration over this portion will tend to
zero. From (A.59) it follows that, given & > 0, we can find a constant r, such that

|f(2)| <& for|z| >

Hence, with z=re’’, r> r, we obtain (< 0)

/2
Jetzf(z)dz _ J etr(cos9+jsin9)f(rej0)jrej9d0
c —7/2
/2 /2
< er J e os0dn < er2 J e"1-20/7) g
—7/2
erm mE
= W(l - < I

Because ¢ is arbitrarily small, the lemma is verified.

jlmz
B 1 cos 0
C
1-=6
r
¢ Rez g 0
A

(a) (b)

FIGURE A.13
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From the above lemma we conclude that if f(z) is analytic everywhere in the Re z>¢
region except at a number of poles, then

J e“f(z)dz = —ijz Resy t<0 (A.61)
=1

Br

where the Br stands for the Bromwich integration from ¢ — joo to ¢+ joo, which is the
line A B in Figure A.13a. Res; are the corresponding residues; the minus sign occurs
because of the direction of integration along the Br line from B to A. The lemma can
easily be extended for ¢t >0 and C can be an arc lying on the Re z < ¢ plane. The residues
are given by

J ¢*f(2)dz =27 ) Resy t>0 (A.62)
k=1

Br

THEOREM A.12 MELLIN 1

Let

(a) @(2) be analytic in the strip a <x <, both alpha and beta being real
®) [T ¢2)dz = [, |b(x + jy)|dy converges

(c) <;;(_z]§c—> 0 uniformly as |y| — oo in the strip a <x <3
(d) 0 =real and positive: if

ctjoo
1 -z
f(H):z—Wj J 0~%d(2)dz (A.63)
c—joo
then
() = [0Hf<a>de (A.64)

0

THEOREM A.13 MELLIN 2

For 6 real and positive, « < Re z< 3, let f(8) be continuous or piecewise continuous, and
integral (A.64) be absolutely convergent. Then (A.63) follows from (A.64).
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THEOREM A.14 MELLIN 3

If in (A.63) and (A.64) we write 0 = e ™', t being real, and in (A.64) put p for z and g(t) for
fle™), we get

c+joo
g(t)zz%j J e p(2)dz (A.65)
c—joo
d(p) = J e Pg(t)dt (A.66)

A.7.1 Transformation of Contour

To evaluate formally the integral
“
I= J cos xt dt (A.67)
0
we set v=uxt that gives dx = dv/t and, thus,

(A.68)

Regarding this as a contour integral along the real axis for x =0 to g, the change to v=xt
does not change the real axis. However, the contour is unaltered except in length.

Let t be real and positive. If we set z={t or { =z/t, the contour in the {-plane is
identical in type with that in the z-plane. If it were a circle of radius r in the z-plane, the
contour in the (-plane would be a circle of radius r/t. When t is complex
z =11/, t = e, s0 { = (r1/ry)e/® %), 1|, 6, being variables while r, and 6, are
fixed. If z = jy = |z|e/" = |z]e/™/? and if the phase of ¢ was 0, = /4, then the contour in
the {-plane would be a straight line at 45° with respect to the real axis. In effect, any figure
in the z-plane transforms into a similar figure in the {-plane, whose orientation and
dimensions are governed by the factor 1/t =¢7/% /r;.

Example A.21

/tdz
7

Make the transformation z={t to the integral | = fc e where Cis a circle of radius ry

around the origin.
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SoLuTION

dzjz=d{/lsol = [, € d—f/ where (' is a circle around the origin of radius ro/r (r=t|). B

Example A.22

Discuss the transformation z=({ — a), a being complex and finite.

SoLUTION

This is equivalent to a shift of the origin to point z= —a. Neither the contour nor the
position of the singularities is affected in relation to each other, so the transformation
can be made without any alteration in technique. |

Example A.23

Find the new contour due to transformation z=¢? if the contour was the imaginary
axis, z=Jy.

SoLUTION
Choosing the positive square root we have ¢ = (jy) )'/2 above and (= ‘/2 below the
origin. Because
Vi= (e/w/Z)*/ et and /= = (e —m/z) — eI/t
the imaginary axis of the z-plane transforms to that in Figure A.14. |
jimz 2 Im
z-plane {-plane
o
&
h//
Rez (‘\\ Re
G,
2.
b4
Br

FIGURE A.14



A-40

Example A.24

Appendix A: Functions of a Complex Variable

. dz o : : .
Evaluate the integral | — where Cis a circle of radius 4 units around the origin, under

the transformation z= ¢

SoLuTION

The integral has a pole at z= 0 and its value is 247j. If we apply the transformation z=/?,
then dz=2¢ di. Also, £ = \/Z = /re?/? if we choose the positive root. From this
relation we observe that as the z traces a circle around the origin, the ¢ traces a half-

circle from 0 to 7. Hence, the integral becomes

&
as was expected. |
A.8 The Bromwich Contour
The Bromwich contour takes the form
. cHjoo
fl)y= 2—77] j € F(z)dz (A.69)
c—joo

where F(z) is a function of z, all of whose singularities lie on the left of the path, and ¢ is
the time, which is always real and positive, ¢ > 0.

A.8.1 Finite Number of Poles

Let us assume that F(z) has n poles at p;, py,..., p, and no other singularities; this case
includes the important case of rational transforms. To utilize Cauchy’s integral theorem,

we must express f(t) as an integral along a closed contour. Figure A.15 shows such a
situation. We know from Jordan’s lemma (see Section A.7) that if F(z) — 0 as |z| — oo

on the contour C then for t >0

and because

Je”F(z)dz —0 t>0 (A.70)
C

J e“F(z)dz — Je”F(z)dz y — 00 (A.71)

Br
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A jImz

c+jy

c=jy

FIGURE A.15

we conclude that f{f) can be written as a limit,

£ e ZL’]T] JeZ’F(z)dz
C

Rez

A-41

(A.72)

of an integral along the closed path as shown in Figure A.15. If we make R large enough
to contain all the poles of F(z), then the integral along C is independent of R. Therefore,

we write
(t%ij “E(2)d
f T e”’F(z)dz
C

Using Cauchy’s theorem, it follows that

JeZtF(z)dz = Z J ¢?'F(z)dz

C k=1 ¢

where C;’s are the contours around each pole.

1. For simple poles we obtain

f©) =) Flz)e* t>0
k=1

Fi(zk) = F(2)(z — z1)|,—,

(A.73)

(A.74)

(A.75)
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jimz

—

2k

—

Rez
Cc
| _—1
FIGURE A.16
2. For a multiple pole of m + 1 multiplicity, we obtain
e“F(z) 2mj dm
J eZtF(z)dz = J mdz = W dzim [CZtFk(Z)”Z:Zk (A76)

Ck Ck

3. Infinitely many poles (see Figure A.16).

If we can find circular arcs with radii tending to infinity such that
F(z) -0 asz— oo onC, (A.77)

Applying Jordan’s lemma to the integral along those arcs, we obtain

n—oo

JeZ’F(z)dz — 0 t>0 (A.78)

Cu

and with C, the closed curve, consisting of C, and the vertical line Re z=, we obtain

f() = lim 2%] JeZ‘F(z)dz t>0 (A.79)

G
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Hence, for simple poles zi, 25, ..., z, of F(z), we obtain
o0
fO = Fz)e™ (A.80)
k=1

where Fi(z) = F(z)(z — zy).

Example A.25
Find f(t) from its transformed value F(z) = 1/(z cosh az), a> 0.

SoLuTION

The poles of the above function are

2k — 1
ZO:O,zk:ij% k=123 ...

We select the arcs C,, such that their radii are R, =jnar. It can be shown that 1/cosh az is
bounded on C, and, therefore, 1/(z cosh az) — 0 as z — oo on C,. Hence,

(—1)F2

ZF(Z)‘Z:O =1, @ *Zk)F(Z)L:Zk = m

and from (A.80) we obtain
f(t)—1+gi I g 2 i Sl e At
w2k 7T = 2k — 1
4 & (=1 2k — 1)t
=14+ —
T T 5 u

A.8.2 Branch Points and Branch Cuts

The singularities that have been considered are those points at which |W(z)| ceases to be
finite. At a branch point, the absolute value of W(z) may be finite but W(z) is not single
valued, and hence is not regular. One of the simplest functions with these properties is

Wi(z) = 2% = /re/? (A.81)

which takes on two values for each value of z, one the negative of the other depending on
the choice of 6. This follows because we can write an equally valid form for z/2 as

Wi(2) = re/OT2m2 = /el = —W,(2) (A.82)
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Clearly, Wi(z) is not continuous at points on the positive real axis because
li #2) = — hile li /2y =
iy, (VreP) = =i while fim (Vre) = vr

Hence, W/(z) does not exist when z is real and positive. However, the branch W(z) is
analytic in the region 0 <6 <2, r — 0. The part of the real axis where x >0 is called a
branch cut for the branch W;(z), and the branch is analytic except at points on the cut.
Hence, the cut is a boundary introduced so that the corresponding branch is single valued
and analytic throughout the open region bounded by the cut.

Suppose that we consider the function W(z) = z'/? and contour C, as shown in Figure
A.17a, which encloses the origin. Clearly, after one complete circle in the positive direction
enclosing the origin, 6 is increased by 27, given a value of W(z) that changes from W,(z)
to Wy(2); that is, the function has changed from one branch to the second. To avoid
this and to make the function analytic, the contour C is replaced by a contour I', which
consists of a small circle y surrounding the branch point, a semi-infinite cut connecting
the small circle and C, and C itself (as shown in Figure A.17b). Such a contour, which
avoids crossing the branch cut, ensures that W(z) is single valued. Because W(z) is single
valued and excludes the origin, we would write for this composite contour C

J W(z)dz = j+ J - J + J =2mj > Res (A.83)
C

r - v 4+

The evaluation of the function along the various segments of C proceeds as before.

Example A.26

If 0<a< 1, show that

X = —
sinam

O3
— XQ
+1 0
N 5

|
3

z-plane z-plane

S
.

(a) (b)
FIGURE A.17

a
yan
=
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SoLuTION

Consider the integral

Za—W
§]+Zdz:J+J+J+J =h+h+h+l=2m> Res

C rr- v H+

which we will evaluate using the contour shown in Figure A.18. Under the conditions

ZG

—0 as|z]l =0 fa>0
142z
a

—0 as|zl — o0 fa<i
z41

the integral becomes by (A.56)

[0 )]
0

r -
and by (A57)
[=0 [
Y I+ 0
Thus,

o —1
(1 — e2m) J %dx =2mj » Res

Jy
A z-plane

FIGURE A.18
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Further, the residue at the pole z= —1, which is enclosed, is

a—1

V4 . .
lim (1 +2) = /o= — _gjma
z=el™ 142
Therefore,
< a—1 Jma
X e T
dx = 2mj———— = —
X+ 1 e/m —1  sinma
0

If, for example, we have the integral (1/2) me % to evaluate with Rev> —1and t
real and positive, we observe that the integral has a branch point at the origin if vis a
nonintegral constant. Because the integral vanishes along the arcs as R — oo, the
equivalent contour can assume the form depicted in Figure A.19a and marked Br,. For
the contour made up of Br, Bry, the arc is closed and contains no singularities and,
hence, the integral around the contour is zero. Because the arcs do not contribute any
value, provided Re v> —1, the integral along Br; is equal to that along Br,, both being
described positively. The angle y between the barrier and the positive real axis may
have any value between 7r/2 and 37/2. When the only singularity is a branch point at
the origin, the contour of Figure A.19b is an approximate one. |

Example A.27

1 edz
Evaluate the integral | = — J ——, where Br, is the contour shown in Figure A.19b.
277/ Br, \/E
4jlmz ' jImz
A
S S z-plane z-plane
Barrier , 4

// B['2 Br1
Y ,
: SR N 2= N

B ‘.‘ v c Rez / z=xe " j?r Rez

\ Barrier /

\\\ R Br,

) —
(a) (b)

FIGURE A.19
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SoLuTION

1. Write z=re’? on the circle. Hence, we get

ku 0 N m
= L o’ d(fefg) _ ﬂ ((cos0-+Ssin0)+i6/2 49
271j etz 2@

2. On the line below, the barrier z=x exp(—jr) where x = |x|. Hence, the integral
becomes

[ e dwe ™ 1 [ i
I S P
’ T 2m J Vxe /2 21 Je X X

o0 r

3. On the line above the barrier z=x exp(jm) and, hence,

0 i - 0
oL [ T

2mj ) xem2 T 0w
r

,

Hence, we have

100
/2+/3=;J ex 1 2dx
r

Asr— 0, — 0 and, hence,

ﬂ\a

o0 (
1
l=h4h+h=— Je*Xx*‘/%fx——
T
0

Example A.28
ezte—a\/f
vz

1
Evaluate the integral f(t) = — J
2
Br

dz, a > 0 (see Figure A.20).

SoLuTION

The origin is a point branch and we select the negative axis as the barrier. We select the
positive of v/z when z takes positive real values so that the integral vanishes as z
approaches infinity in the region Re z > v, where vy indicates the region of convergence,
v < c. Hence, we obtain

z=re —m<O<m z= e’ (A.84)



A-48 Appendix A: Functions of a Complex Variable

4 jImz

—— 0+jy
G R )\ z-plane
A B C,

> Rez
E D r|¢
Br

&)

— o-jy

FIGURE A.20

The curve C=Br+ C; + G, + G5 encloses a region with no singularities and, therefore,
Cauchy’s theorem applies (the intergrand is analytic in the region). Hence,

t e vz
Jez iz =0 (A.85)

C

It is easy to see that the given function converges to zero as R approaches infinity and

therefore the integration over C, + C, does not contribute any value. For z on the circle,
we obtain

emaVz
vz

— 0

Therefore, for fixed t > 0, we obtain

e—a\/f ot rt
Jezz dz| < 2mr— = \irrngr—:O
r—

vz Vi v

(&}

because

J fz)dz| < ML

C

where L is the length of the contour and |(z)] <M for z on C.
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On AB, z = —x, \/Z = jy/x, and on DE, z = —x, \/z = —j\/x. Therefore, we obtain

eZI eiaﬁ d i Xt e/a\/; d T Xt eija\/; d A
— — e — e .86
| vz il e S
AB+DE s
But from (A.69)
e—aVz
Jeﬂ 7 dz = 2mjf (1) (A.87)

and, hence, (A.85) and (A.87) reduce to

00
1 e/a\/)_( e*/a\/)_(
J e jL7dx =0 (A.88)

JVx

If we set x=y?, we have

o0
J o €O av/x

: dx =2 J e cos ay dy (A.89)

But (see Fourier transform of Gaussian function, Chapter 3),

2 J eV cosaydy = \/ie"’z/‘" (A.90)
0

and, hence, (A.89) becomes

1 2
f(t) = —=e@/4 A.91
® \/Ete (A.91)
|
Example A.29
Evaluate the integral | = ] J e'dz where C is the contour shown in Figure A.21
2mj )e V22 -1 o
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jImz
C z-plane
e AZ/‘\
Rez
Ty
-1 1 21
Barrier

FIGURE A.21

SoLuTION

The Br contour is equivalent to the dumbbell-type contour shown in Figure A21,
B1ByA,A1By. Set the phase along the line AbA; equal to zero (it can also be set equal
to ). Then on AA; z=x, from +1 to —1. Hence, we have

x| <1 (A.92)

By passing around the z= —1 point the phase changes by 7 and, hence, on BB, z=x
exp(2mj). The change by 27 is due to the complete transversal of the contour that
contains two branch points. Hence, we obtain

1 1
1 edx 1 edx

b - A.93

’ 2] I Vx2—1 27 J V1—x2 "93)

—1

Changing the origin to —1, we set { =7+ 1 or z={ — 1, which gives

—t t
2m) ) /1 — 24
On the small circle with z=—1 as center, { =r exp (j#) and we get
— rt(cos 6+ sin 0)+(j6/2) de
@:37Je Vi (A.95)
2m Vrelf—2
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When 6 =0 the intergrand has the value ++/re/+/r — 2, and for 6 = 2 the value is
—/re"t [\/r — 2. Therefore, the intergrand changes sign in rounding the branch point
at z=—1. Similarly for the branch point at z= 1, where the change is from —to +. As
r— 0,3 — 0, and thus /5 vanishes. The same is true for the branch point at z=—1.
Therefore, by setting x=cos 6 we obtain

1 T T
1 e 1 1 [ (tcos )
l=h+h=— dx = — efcosedozfj de
1h WJx/]_XZX 'n"[ ™) = k!

e 0 0 =
_ N 1r2+ 31r4+ 531r6+
T T T T T 6426l

1\ *
2o 0 a (5 t>
=1 .= = Ip(t
tataatape t kzzo T
where o(t) is the modified Bessel function of the first kind and zero order. [ |

Example A.30

Evaluate the integral | = dz where Cis the closed contour shown in Figure A.22.

eZI
Jc /ZZ+1
SoLuTION

The Br contour is equal to the dumbbell-type contour as shown in Figure A22, ABG D
A=C,. Hence, we have

1 e
f(t) = =— J dz (A.96)
27Tj ZZ -+ 1
(@]
jImz
C / z-plane
R
oy
G B
Re z
D < A
Br

FIGURE A.22
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But
| eZl‘ ert
<
|\/z2 + 1‘ ViV2—r

on the circle on the +j branch point and, therefore, for t >0

—0 asr—20

’ J e dz‘ - 2ar\/ret
72+ V2 —r

We obtain similar results for the contour around the —j branch point. However,
OnAB z=jw, V1 + 22 =vV1 —w? 0on GD, z = jw, V1 + 2> = =1 — &?

and, therefore, for t >0 we obtain

1 .
j elet j elet 1 cos wt
f(f):fj dw+—J7dw:— dw
2m ) V1 —w? 27 ) V1 —? ™) Vi1 —w?

If we set w =sin 6 (see also Chapter 1)

/2

fit) = l J cos (tsinB)do = Jy(t)
v

—/2

where Jo(t) is the Bessel function of the first kind. |

A.9 Evaluation of Definite Integrals

The principles discussed above find considerable applicability in the evaluation of certain
definite real integrals. This is a common application of the developed theory, as it is often
extremely difficult to evaluate some of these real integrals by other methods. We employ
such methods in the evaluation of Fourier integrals. In practice, the given integral is
replaced by a complex function that yields the specified integrand in its appropriate limit.
The integration is then carried out in the complex plane, with the real integral being
extracted for the required result. The following several examples show this procedure.

A.9.1 Evaluation of the Integrals of Certain Periodic
Functions (0 to 27)

An integral of the form
2

I= JF( cos @, sin)do (A.97)
0
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where the integral is a rational function of cos 6 and sin 6 finite on the range of
integration, and can be integrated by setting z = exp(j6),

1 1
cos@==(z+2zY), sinf=—(z—2z") (A.98)
2 2j
The integral (A.97) takes the form

I= JF(z)dz (A.99)
C

where F(z) is a rational function of z finite on C, which is a circle of radius unity with
center at the origin.

Example A.31

If 0<a< 1, find the value of the integral

2
ae
|[=] ——— A.100
J 1 —2acos6 + a? ( )
0
SOLUTION
Introducing (A.98) in (A.100), we obtain
dz
=] ———M A.101
Jj(] —az)(z—a) (A.101)

The only pole inside the unit circle is at a. Therefore, by residue theory we have

z—a 2

| = 27 li =
W/zmm —anz—a 1-a

A.9.2 Evaluation of Integrals with Limits —co and +co

We can evaluate the integral I = jfooc F(x) dx provided that the function F(z) satisfies the
following properties:

1. It is analytic when the imaginary part of z is positive or zero (except at a finite
number of poles).
2. It has no poles on the real axis.
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3. As |z| — o0, zF(z) — 0 uniformly for all value of arg z such that 0 <arg z <.
4. x is real, xF(x) — 0 as x — %00, in such a way that [~ F(x) dx and ffoo F(x) dx
both converge.

The integral is given by
I:JF@ﬁ&::%ﬁE:R% (A.102)
c

where the contour is the real axis and a semicircle having its center in the origin and lying
above the real axis.

Example A.32

- d
Evaluate the integral | = [~ ﬁ
x

SoLuTION

The integral becomes

/7J dz 7J dz
J@v e+ pe-p7
C C

which has one pole at j of order three (see A.50). Hence, we obtain

] @[ 1 .3 =
S 2d2 [+ 76
Example A.33
o dX
Evaluate the integral | = |~ ——.
valuate the integral | = [ e
SoLuTioN
The integral becomes
/71 dz
)24
C

where C is the contour of the real axis and the upper semicircle. From 22+ 1=0 we
obtain z=exp(jmr/2) and z=exp(—jar/2). Only the pole z=exp(jmr/2) exists inside the
contour. Hence, we obtain

omi i 7 — elm/2
j Zﬂelp/"lw/z ((Z _ e/ar/Z)(Z — e_/ﬁ/z)) =
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Therefore, we have

A.9.3 Certain Infinite Integrals Involving Sines and Cosines

If F(z) satisfies conditions (1), (2), and (3) above, and if m > 0, then F(z)e/™ also satisfies
the same conditions. Hence, [°[F(x)e/™ + F(—x)e ™| dx is equal to 2mj
>~ Res, where Y Res means the sum of the residues of F(z)e/™ at its poles in the
upper half-plane. Therefore,

1. If F(x) is an even function; that is, F(x) = F(—x), then
J F(x) cos mxdx = jm Z Res (A.103)
0

2. If F(x) is an odd function; that is, F(x) = —F(—x), then

J F(x)sin mxdx = Z Res (A.104)
0
Example A.34
. 0o COSX
Evaluate the integral / = [, R dx, a > 0.

SoLUTION

Consider the integral

et
/1 = J Z2J’»—azdz

C

where the contour is the real axis and the infinite semicircle on the upper side with
respect to the real axis. The contour encircles the pole ja. Hence,

e el g
ﬁdZZZWj—A:—EﬂJ

z’+4a 2ja a
C
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However,
oo jZ EX.) o0 . o0
e COS X sinx COS X
——dz= ———dx+j ——dx = ———dx
J Z2+GZ J X2+GZ +j J X2+02 J (X2+GZ)
—00 —0 —0 —00

because the integrand of the third integral is odd and therefore is equal to zero. From
the last two equations, we find that

o0
I J OSX_ 4 _ T a
X2+ a? 2a
—00
because the integrand is an even function. |
Example A.35
) 0o X SINAX
Evaluate the integral / = [; mdx, k>0and a>0.
SoLuTioN

Consider the integral

zeloz
/1 = J 22—"_—b2dz
C

where Cis the same type of contour as in Example A.34. Because there is only one pole
at z=jb in the upper half of the z-plane, then

Because the integrand x sin ax/(x2 +b%) is an even function, we obtain

[o¢]

. X sinax L T o
/1=jjde:j7T€ a o /:Ee ab [

—00

Example A.36

X sinarx
Show that J;OOOO ﬁd){ = 7’7787277—.

Integrals of the Form [~ x* 'f(x)dx, 0 < a < 1
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[t can be shown that the above integral has the value

[ 20 e
| = Jx food =~ ; Res[z7'f(@)]],_,, (A.105)
d -
where f(z) has N singularities and 2~ f(z) has a branch point at the origin. |

Example A.37

X
Evaluate the integral | = [*°——

9 I X+ 1
SoLuTION

Because x~ /2 =x"/27", itis simplified that @ = 1/2. From the integrand, we observe that
the origin is a branch point and the fix) = 1/(x+ 1) has a pole at —1. Hence, from (A.105)

we obtain
= ”J Res z = i =
T—elm/2 "z |,__, jO—em)
7172
We can also proceed by considering the integral | = fCZ?dZ. Because z=0is a

branch point, we choose the contour C as shown in Figure A.23. The integrand has
a simple pole at z=—1 inside the contour C. Hence, the residue at z=—1 = exp(jm)
and is

F1/2

Res|,__, = lim (z+1 =e 3
‘27—1 z—»—1( + )Z—|—1
jImz
D
R Barrier
£ L 4 B '/ Re z
-1 I\ /n G
F

FIGURE A.23
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Therefore, we write

-1/2 )
fire o o[ ] -
z+1

c AB BDEFG  GH  HIA

The above integrals take the following form:
T2 T R jRedd

J ax + J %

+1 14 Re/

& ) 0 )
[(xe/“)’v2 N [ (ee!®)~1/%jgelf dp

1+ xel2m 1+ el
R 2

= j2me ™2

where we have used z=x exp(j2a) for the integral along G H, because the argument of
z is increased by 27 in going around the circle BD E F G.

Taking the limit as & — 0 and R — oo and noting that the second and fourth
integrals approach zero, we find

T2 0 oi2m[2y~1/2 _
dx dx = j2me?
x4+1 + 1
0 %]

or

) T —1/2 ) i —1/2 (i
(1 *e_/")J X = me ™% or J L _J27)
X+ 1 X+ 1 B
0 0

= 1TT ]

A.9.4 Miscellaneous Definite Integrals

The following examples will elucidate some of the approaches that have been used to find
the values of definite integrals.

Example A.38

00

Evaluate the integral / = [~ de, a>o.
X

SoLuTION

We write (see Figure A.24)

dz .
Jm:J+J:2mZ Res
C

AB BDA
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jimz
D
ja
R
Rez
A B
FIGURE A.24
As R — oo
dz Rie/fde 0
= - —
) 722+ a? R2e/20 + g2 R—oo
BDA 0
and, therefore, we have
d T d
X X —ja 1
= —om L o =T
X2+ a’ X +a 2 +a,, 2a a

AB —00

Example A.39

0 SINax

Evaluate the integral I = |, ax.

SoLuTION

A-59

Because sin az/z is analytic near z=0, we indent the contour around the origin as

shown in Figure A.25. With a positive, we write

[o0)

sin ax 1 sinaz 1 elz o)
ax = = 7 = — —— dz
X 2 z 4j z z

0 ABCD ABCD

1 el 1 e 1 1

=— —dz — — z=—|2mj-—0| =

4y z 4j z 4j 1

ABCDA ABCDFA

o

2

because the lower contour does not include any singularity. Because sin ax is an odd

function of a and sin 0 =0, we obtain

SN |

e .

sinx
—dx =
X

0

a>0
a=0
a<0
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‘jImz

E

Rez

FIGURE A.25
Example A.40
ax
Evaluate the integral | = [ :
valuate the integra J5 T

SoLUTION

Because the integrand f(x) is odd, we introduce the In z. Taking a branch cut along the
positive real axis, we obtain

INnz=1Inr+j60 <0 < 2w
The discontinuity of In z across the cut is (see Figure A.26a)
Nz —Inz, = =27

Therefore, if f(z) is analytic along the real axis and the contribution around an infinitesi-
mal circle at the origin is vanishing, we obtain

If further fiz) — O as |z| — oo, the contour can be completed with C D A (see Figure A.26b).
If fiz) has simple poles of order one at points z, with residues Res (f, z,), we obtain

J fx)dx = — Z Res(f, z) In z,
0

k
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jlmz jImz

vl

1

Rez

°Z R
ez
°zy D

(@ (b)

FIGURE A.26

Hence, because 2>+ 1 =0 has poles at z; = &™3, z,= ™, z; = ¢°™/3 then the integral is
given by

X3+1 |3e¥m/3 " 3ei2m " 3e)10m/3 9

/_T d __{jﬂ'/?)Jrjﬂ' /577/3}_277\@
0

Example A.41
Show that [° cosax?dx = [§° sinax’dx = 5134 9> 0

SoLuTION

We first form the integral
oo oo (o o]
F= J cos ax’dx +jJ sinax’dx = J 7’ dx
0 0 0

Because exp(jaz®) is analytic in the entire z-plane, we can use Cauchy’s theorem and
write (see Figure A.27)

F= J d% dz = J e dz + J e/’ dz

AB AC CB
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}jImz

INERNY

» Rez

FIGURE A.27

Along the contour C B, we obtain

/4 /4 /2
_ J ejR2c0528—st\n29jRej9d0 < efﬁzsmzeﬁ,dazg J efRzS"”d’dd)
0 0

O

/2
R R2 o 2
<- | ef¥mgp=—(1—¢"
—2Je 9 =z(1-")
0

where the transformation 26 = ¢ and the inequality sin ¢ > 2¢/ were used (0 < ¢ <
7/2). Hence, as R approaches infinity the contribution from C B contour vanishes.

Hence,
0 .
F= Jefazzdz =elm/4 J e dr = 1+j1 7
2 2\Va
0

AB
from which we obtain the desired result. |
Example A.42
dx
Evaluate the integral | = [, ——
E LW V1 —=x2(1 4 x2)
SoLuTioN

Consider the integral

ﬁ; dz
! V1 —=2722(142?)
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2jlmz

FIGURE A.28

whose contour C is that shown in Figure A.28. On the top side of the branch cut we
obtain / and from the bottom we also get . The contribution of the integral on the
outer circle as R approaches infinity vanishes. Hence, due to two poles we obtain

2
2] = :|—’7T\/_ or /:\/7‘77 ]

[2f "2

Example A.43

(l

Evaluate the integral [ = dx, a, b> 0.

-foc bx_|_]

SoLuTION

From Figure A.29, we find

ez eaz/b .
/:Jebz+1dz Jez+1dz:27rjz Res
C C

There is an infinite number of poles: at z=jar/b, residue is —exp(jm a/b); at z=3jar/b,
residue is —exp(3jar a/b), and so on. The sum of residue forms a geometric series and
because we assume a small imaginary part of a, |exp(27 a/b| < 1. Hence, by consider-
ing the common factor exp(jar a/b), we obtain

2 elmalb 1 T
b’ 1 —erm/b ~ b sin(ma/b)

=—
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A jImz

i

b
jor

b 3

> OJT

]_

. b
"y

\* > /R;‘A/C= Rez

FIGURE A.29

The integral is of the form je/wxf(x)dx whose evaluation can be simplified by Jordan’s
lemma (see also A.60)

Jej“”f(x)dx =0
C

for the contour semicircle C at infinity for which Im(wx) >0, provided |f(Re’)|
<&(R) — 0 as R — oo (note that the bound on |f(x)| must be independent of ).
[ ]

Example A.44

A relaxed R L series circuit with an input voltage source v(t) is described by the equation
Ldi/dt + Ri=w(t). Find the current in the circuit using the inverse Fourier transform
when the input voltage is a delta function.

SoLuTION

The Fourier transform of the differential equation with delta input voltage function is

1

Ljwllw)+ Rllw) =1 or l(w)= Rt ol

and, hence,

, 1T e d
H=— | ——
10 2 J R+ jol @

—00
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If t <0, the integral is exponentially small for Im @ — —oo. If we complete the contour
by a large semicircle in the lower w-plane, the integral vanishes by Jordan’s lemma.
Because the contour does not include any singularities, i(t) =0, t<0. For t>0, we
complete the contour in the upper w-plane. Similarly, no contribution exists from the
semicircle. Because there is only one pole at @ =jR/L inside the contour, the value of
the integral is

T 1 1 &
i(t) = 2mj — —elUR/DE — ot
1 Wj27TjLe Le

which is known as the impulse response of the system. |

A.10 Principal Value of an Integral

Refer to the limiting process employed in Example A.39, which can be written in
the form

R—o0 X

R
lim J e—dx:jﬂ'
“R

The limit is called the Cauchy principal value of the integral in the equation

oo .
e .
—dx = jm
o J

—00

In general, if f{x) becomes infinite at a point x = ¢ inside the range of integration, and if

R c—¢€ R
I% jf(x)dx: 1111(1) Jf(x)dx—&- jf(x)dx
“R “R e

and if the separate limits on the right also exist, then the integral is convergent and the
integral is written as P | where the P indicates the principal value. Whenever each of the
integrals

0

Jf(x)dx Jf(x)dx

—00

has a value, here R — o0, the principal value is the same as the integral. For example, if
flx) = x, the principal value of the integral is zero, although the value of the integral itself
does not exist.
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As another example, consider the integral

b

jdx ) b
L log—
x 84

a

If a is negative and b is positive, the integral diverges at x=0. However, we can still
define

b b
dx . dx dx . & b\ b
Pj——hm J 7—0— J — —(lglir(l) <log_—a+log2) —logm
a e+

This principal value integral is unambiguous. The condition that the same value of &
must be used in both sides is essential; otherwise, the limit could be almost anything by
taking the first integral from a to —& and the second from « to b, and making these two
quantities tend to zero in a suitable ratio.

If the complex variables were used, we could complete the path by a semicircle from
—& to +¢& about the origin, either above or below the real axis. If the upper semicircle
were chosen, there would be a contribution —jr, whereas if the lower semicircle were
chosen, the contribution to the integral would be +jm. Thus, according to the path
permitted in the complex plane we should have

dz b
—=log—+j
Jz og‘a‘ jm

The principal value is the mean of these alternatives.

If a path in the complex plane passes through a simple pole at z=a, we can define a
principal value of the integral along the path by using a hook of small radius & about the
point a and the making ¢ tend to zero, as already discussed. If we change the variable z to
{ and dz/d{ is finite and not equal to zero at the pole, this procedure will define an
integral in the {-plane, but the values of the integrals will be the same. Suppose that the
hook in the z-plane cuts the path at a—& and a+ &', where |¢|=|¢|, and in the
{-plane the hook cuts the path at @ — k and a + «’. Then, if k and «’ tend to zero so
that £/’ — 1, k and «’ will tend to zero so that x/k’ — 1.

To illustrate this discussion, suppose we want to evaluate the integral

I_]T do
" Ja—bcosh
0

where a and b are real and a>b>0. A change of variable by writing z= exp(j6)
transforms this integral to (where a new constant « is introduced)
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o
r=1
FIGURE A.30
I_T 2edy IJ 2dz 1J 2dz
) 2ael —b(e® +1) j) b2 —2az+b  j)bz—a)(z-1)
0 C C

where the path of integration is around the unit circle. Because the contour would pass
through the poles, hooks are used to isolate the poles as shown in Figure A.30. Because no
singularities are closed by the path, the integral is zero. The contributions of the hooks
are —jm times the residues, where the residues are

These are equal and opposite, and they cancel each other. Therefore, the principal value
of the integral around the unit circle is zero. This approach for finding principal values
succeeds only at simple poles.

A.11 Integral of the Logarithmic Derivative

Of importance in the study of mapping from z-plane to W(z)-plane is the integral of the
logarithmic derivative. Consider, therefore, the function

F(z) =log W(z) (A.106)
Then

dE(z) 1 dW() W(2)
dz ~ W) dz W)
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The function to be examined is the following:

Jﬁ@d—[wwa (A.107)

dz ) W)
C C

The integrand of this expression will be analytic within the contour C except for the
points at which W(z) is either zero or infinity.
Suppose that W(z) has a pole of order n at z,. This means that W(z) can be written as

W(z) = (z — 20)"g(z) (A.108)
with 7 positive for a zero and # negative for a pole. We differentiate this expression to get
W(2) = n(z — 29)" 'g(2) + (z — 20)"¢ (2)

and so

Wi n g(2)
W(z) z—2z g(2)

(A.109)

For n positive, W'(z)/W(z) will possess a pole of order one. Similarly, for n negative
W'(z)/ W(z) will possess a pole of order one, but with a negative sign. Thus, for the case of
n positive or negative, the contour integral in the positive sense yields

Wiz) , n g2
l W dz-ilzzoderJg(z) dz (A.110)

But because g(z) is analytic at the point z,, then fc [¢'(z)/g(2)]dz = 0, and by (6.1)

J W@, _ +2mijn (A.111)

W(z)
C

Thus, the existence of a zero of W(z) introduces a contribution 2mjn, to the contour
integral, where n, is the multiplicity of the zero of W(z) at z,. Clearly, if a number of zeros
of W(z) exist, the total contribution to the contour integral is 27jN, where N is the
weighted value of the zeros of W(z) (weight 1 to a first-order zero, weight 2 to a second-
order zero, and so on).

For the case where 7 is negative, which specifies that W(z) has a pole of order n at z,,
then in (A.111) n is negative and the contribution to the contour integral is now —2n,
for each pole of W(z); the total contribution is —27jP, where P is the weighted number of
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poles. Clearly, because both zeros and poles of F(z) cause poles of W'(z)/W(z) with
opposite signs, then the total value of the integral is

J W@, +£2mj(N — P) (A.112)

W(z)
C

Note further that

J W' (2)dz = J dv;lz(z) dz = Jd[log W(z)] = Jd[log|W(z)| + jargW(z))
C C

= log|W(2)| |(2)77 + jlargW(2m) — argW (0)]
=0 + jlargW(27) — argW(0)]

so that
[arg W(0) — arg W(2m)] = 27(N — P) (A.113)

This relation can be given a simple graphical interpretation. Suppose that the function
W(z) is represented by its pole and zero configuration on the z-plane. As z traverses
the prescribed contour on the z-plane, W(z) will move on the W(z)-plane according to
its functional dependence on z. But the left-hand side of this equation denotes the
total change in the phase angle of W(z) as z transverses around the complete contour.
Therefore, the number of times that the moving point representing W(z) revolves
around the origin in the W(z)-plane as z moves around the specified contour is given
by N—P.

The foregoing is conveniently illustrated graphically. Figure A.31a shows the pre-
scribed contour in the z-plane, and Figure A.31b shows a possible form for the variation
of W(z). For this particular case, the contour in the z-plane encloses one zero and no
poles; hence, W(z) encloses the origin once in the clockwise direction in the W(z)-plane.

z-plane

/T
N4

(a) (b)
FIGURE A.31
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Note that corresponding to a point z, within the contour in the z-plane, the point
W(zy) is mapped inside the W(z)-plane. In fact, every point on the inside of the contour
in the z-plane maps onto the inside of the W(z)-contour in the W(z)-plane (for single-
valued functions). Clearly, there is one point in the z-plane that maps into W(z) =0,
the origin.

On the other hand, if the contour includes a pole but no zeros, it can be shown by a
similar argument that any point in the interior of the z-contour must correspond to a
corresponding point outside of the W(z)-contour in the W(z)-plane. This is manifested
by the fact that the W(z)-contour is traversed in a counterclockwise direction. With both
zeros and poles present, the situation depends on the values of N and P.

Of special interest is the locus of the network function that contains no poles in
the right-hand plane or on the jw-axis. In this case, the frequency locus is completely
traced as z varies along the w-axis from —joo to +joo. To show this, because W(z) is
analytic along the this path, W(z) can be written for the neighborhood of a point z; in a
Taylor series

W(z) = ap + ay(z — 20) + az(z — 20)* + -+ -

For the neighborhood z — oo, we examine W(z'), where zZ = 1/z. Because W(z) does not
have a pole at infinity, then W(z') does not have a pole at zero. Therefore, we can expand
W(Z') in a Maclaurin series

W(Z,) = + alz' —+ 012(2,)2 + .-

which means that

o o
W(Z):ao+71+722+‘..
z z

z-plane © = \W(z) plane

(a) (b)

FIGURE A.32
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But as z approaches infinity, W(co) approaches infinity. In a real network function
when z* is written for z, then W(z*) = W*(z). This condition requires that g = ay+ jO
be a real number irrespective of how z approaches infinity; that is, as z approaches
infinity, W(z) approaches a fixed point in the W(z)-plane. This shows that as z
varies around the specific contour in the z-plane, W(z) varies from W(—joo) to
W(+joo) as z varies along the imaginary axis. However, W(—joo) = W(+joo), from
the above, which thereby shows that the locus is completely determined. This is illus-
trated in Figure A.32.



Appendix B: Series
and Summations

Series

The expression in parentheses following certain of the series indicates the region of
convergence. If not otherwise indicated, it is to be understood that the series converges
for all finite values of x.

Binomial

nn—1
(x+y)n :xn+nxn—1y+ ( )xn—2y2

2!
nn—1)(n—2
_,_%xnﬂf 4. O < )
- x? —D(n—-2)x*
(l:l:x)":I:I:nern(n 5 ) in(n )3('” ) (x*<1)
_ nn+Dx*>  nn+1n+2)x3
(I+£x)™"=1Fnx+ ( 2') F ( )3(' ) + (2 <1)
QA+ ' =1Fx+2FL+x FL5 - (x* <1)
Q+x)2=1F2x+3>Fa4 +5x ' Foxr’ + - - (x* <1)
Reversion of Series
Let a series be represented by
y:a1x+a2x2+a3x3+a4x4+a5x5+a6x6+--~ (a; #0)

to find the coefficients of the series

x:A1y+A2y2+A3y3+A4y4+~--

B-1
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A—IA—aZA (2a aa)
1=— Aa=—— A= 143
a a ? ?
1
Ay =— (5a1a2a3 —a 104 — )
a
As = =5 (6ajazas + 3aa; + 14a; — ajas — 21ayajas)
a

3 3 3 4 2 2
Ag = pIn (7a1a2a5 + 7alaza, + 84ajalas — alag — 28a’ata, — 284’ a2a3 42a2)
1

A, = a (Sa ade + 8at 14305 + 4q* a4 + 1204° a2a4 + 180a2a§a§ + 132612 a7

—36a?u§a5 — 72afa2a3a4 - 12aia§ — 33Oa1a§a3)

Taylor
1.

(x—a) (x a)3
Y

f&x) =fa) + (x — a)f'(a) + f (@) +

f'(a)
(x

— a)" (n) 5 .
et Tf (a)+--- (Taylor’s series)

(Increment form)
2.

PN
flx+h :f(x)—l—hf’(x)—i—af (x)—i—%f () +---
2 3
= )+ 2f () + 2 () + 5 )+

3. If flx) is a function possessing derivatives of all orders throughout the interval
a < x < b, then there is a value X, with a < X < b, such that

/ a)2
f(b):f(a)+(b—a)f(a)+ f'(a)
n—1
e 1>( )+ L= oy
ﬂmm)f@+wmn»fm T v

—1)!

+—'f(")(u+0h), b=a+h 0<0<1
n.
or

a)2

£ Va)

fx) =fa) + (x — a)f (@) + ]

f@+-+x-—a"

+Rn
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where

fPa+0-(x—a)
- n!

x—a)", 0<0<1

n

The above forms are known as Taylor’s series with the remainder term.
4. Taylor’s series for a function of two variables

0 0 L Of(x, y) L Of(x, y)
If (h +k8—)f(x, y)=h pe +k ;

Ox dy
0 LR I (L
(hge k5 )f( y=h oI eI,

etc., and if h((9/0x) + k(9/8y))"f(x, y)|y , with the bar and the subscripts
means that after differentiation we are to replace x by a and y by b,

fla+h, b+k) = f(a, b)+(h§+k )f(x, y) :
y=b
1 6 X=a
+~--+m<a—+k )f(x, y:b+---

Maclaurin
. 0 /0 x2 /" 0 .x3 m 0 nilf(nil)(o) R
Sfx) = £(0) + xf'( )+§f( )—l—yf 0)+---+x (n—l)!+ "
where
n (n)g
anm’ 0<o0<1
n!
Exponential
TR SR BN S
e = +ﬁ+a+§+z+”'
2 3 4
e —1+x+x +9;+x + - (all real values ofx)

(xlog, a)?  (x log, a)’

2! 3!

(x—a)’ (x—a)
TR

a*=1+xlog,a+

e=ell+x—a)+
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Logarithmic

1 x—1+1 x—1
og X =——+—
8 x 2 x

2+1 x—1 3+ >1
: x>=
3 X 2

1 1
logex:(xfl)fz(xf1)2+5(x71)37«~ 2>x>0)
log x—2|F= L 1(x=1 3+1 x—1 5+ x> 0)
BT 1 3 k1) T\t *
1, 1, 1,
loge(1+x):x75x +§x fzx 4+ (-1<x<1)

5n°

X +1 X 3+1 X 5+
2a+x 3\2a+x 5\2a+x

a>0, —a<x<+4o0)

1 1 1
1 1)—1 D) =2t
og,(n+1) —log, (n — 1) L+3n3+ + }

log, (a +x) =log,a + 2

og L% _ofe XX, 2 l<x<l1
0 - = X _ _ N _ X
Be 1 % 35 m—1

2 3
w—a) G—af (—a 0<x=-—a

log, x =log,a +

2a? 3a3
Trigonometric
. P B
Smx:x,§+afﬁ+... (all real values ofx)
2 4 46
Cosx:l_a_._ﬁ_a_,_... (all real values ofx)
. 42 x3 42 2x5 C 17x7 L 62¢ 62x° . 272" —1)By 4,4 n
anx = x —+ = Ty X e
315 ' 2835 2n)!
)
K< T and B, represents the nth Bernoulli number.
cotx:__f_x_z_z_xs_ X’ ZZB” 2n—1 _
3 45 945 4725 (2n)!

[x < %, and B, represents the nth Bernoulli number. |
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B-5

- 2+5 +61 o 277 & +Enx2”
sec x = —xt+— -
720" 8064 2n)!
2
T
{xz < i and E, represents the nth Euler number.
csc i ey ik >+ 127 T Bl 4
x_, L % ey B
6 360" ' 15, 120 604, 800 (2n)! "
[x? < 7%, and B, represents the nth Bernoulli number.]
x? x2 x? ;
4x? 452 4x? ,
COS X — I_F l_ﬁ I_W (x <OO)
) +x3 N 1-3 £ 1-3-5 = (2<1 T gin-! <7T)
sin"'x=x+-— x4+ (x , ——<sin"'x < —
2-3 2-4-5 2:4-6-7 2 2
PSS (PO S L B S LI (x> <1,0<cos ' x<m)
cos x=——|x+-— X . X , cos x< T
2 23 2-4-5 2:4-6-7
X o X
tan tx=x-—"—F+ - X <1
3+5 7Jr ( )
T 1 1 1 1
tan lx=——-F-———F—— ... x> 1
2 x 3x* 5x°  7x7 ( )
T 1 1 1 1
tan lx=————-F-————F—— ... x < —1
2 x 3x%2 5x° 7x7 ( )
3 5 7
T X X x
cot 'x=——x+=—-"+——-- X <1
2 Yt st ( )
2 4 6
X X
log sinx=log x — —— — ——— — ... 2 <
& X6 180 2835 e <m)
1 X2 xr %0 1748 2<772
08 COSX = —— —— ——— ———— — ... X< —
& 2 1245 2520 4

X2 7xt 62x°

log, tanx = log, x + — 3 —&—%—i—

2835

X2 3x* 8x° 3x° 5647

sinx __ Lo 5
e —1—|—x+2!

T T

+ )

2 4 6
cosx _ (X 4xT 3lx
¢ _e(l ST

K2 3 ot 37X

e =1+ x4+ Start ot

(x—a)

5!

(x—a)

sinx = sina + (x — a) cosa —

sina —

2! 3!

(x

_ a)4
|

sina+---
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Hyperbolic and Inverse Hyperbolic

Table of expansion of certain functions into power series

PR y2mtl
sinhx=x+—4+—4+=—4+ -+ ——+--- x| <
' atstat Tyt xl < oo
2t 48 x2n
coshx=14+—+—+—+--- x| < o0
tatatat Yot g
1 2 17 62
tanhx =x — =~ + —x° ——x +——x° —
3 15 315 2835
(—prizn — 1y at
Bl 4. x| < —
@2n)! " 1+ 2
T 1+x xS+2x5 x’ N
CcO X = — P R —
x 3 45 945 4725
(_1)n+122n 1
- Bx" £ 0< |x| <7t
B ||
sech x =1 1x2+5x4 LIV L +(71)nEx2”j: \x\<wT
—1__- DA 2008 z
2! 4! 6! 8! @n) " 2
b 1 x+7x3 31x5+
cosechx==-—=+-—"——
6 360 15,120
2=1)"*" ' =1
= 2= B4 0 < |x| < 7*
+ ) n + x| < 7
1 1-3 1-3-5
arg sinhx = x — ——x° X = x4
& 23 a5 24t T
1-3-502n—1)
1" P S x| <1
+(=D 2:4-6...2n(2n+1) I+
1 1-3 1-3-5
arg cosh x = £ |ln(2x) — - - — x>1
& Y = o 344 246618
tanh = x+ 54 Y 2 FES!
arg tanhx = x + — 4+ —+— 4 --- x
& 37577 1
ar cothxfl—o—1 1+1+ + ! + x| > 1
g T x 3x3 5x5 7x7 (2n + 1)x2n+1

* B, denotes Bernoulli’s numbers.
 E, denotes Euler’s numbers.
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Arithmetic Progression of the first order (first differences constant) to n terms,

1
a+(@+d)+@+2d)+@+3d)+ - +{a+(n—-1d} Ena+£n(n— 1)d
g(lst term + nth term).

Geometric Progression to n terms,

at+ar+a’ +ar +---+a" ' =a(l —r")/(1 —7)
=a(r"-1)/(r—1)

If * < 1, the limit of the sum of an infinite number of terms is a/(1—r).
The reciprocals of the terms of a series in arithmetic progression of the first order are
in harmonic progression. Thus,

1 1 1 1

@ atd a+2d  a+(m—1d

are in Harmonic Progression.
The arithmetic mean of n quantities is

1
;(ﬂh +ay+as+-+ay).
The geometric mean of n quantities is

(a1a25 . . . ay)""

Let the harmonic mean of n quantities be H. Then

1 1/1 1 1 1
S e T
H n\a, a as an

The arithmetic mean of a number of positive quantities is = their geometric mean, which
in turn is = their harmonic mean.

n
n
142434 tn="(nt1)=) k
k=0

P42 434+ 4 =—(n+1)2n+1)

Al ol

n
Qe +3n+1) = Zkz
k=0
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2
13+23+33+---+n3:%(n+1)2

2 n
_no _ 3
—4(n +2n+1)—§ k

k=0

2n—1
1—|—3+5—|—7+9+~--+(2n—1):n2:Z(Zk—l—l)

1+8+164+24+32+---+8n—1)=(2n—1)

1+x
143x+ 5%+ 7% +-
(lfx)
b— 2
1+ax+(a+b)x2+(a+2b)x3+---:1+%
— X
1
I S I
(1-x)
1+6 2
1+32x+52x2+72x3+...:L+3x
(1-x)

a[ll — (n+ 1)a" + na"t] i
1—ay Zka

a[(l +a)— (n+ 1%+ 2n® +2n— a"t! — nza"“] n
(1—a)’




Appendix C:
Definite Integrals

00 1

n—1_-—x _ l " 71 N (1+%)n
Jx e dx—J(logx) dx—nH T
0 0

m=1 %
=I'(n),n#0,-1,-2,-3, ... (Gamma function)
Oot” g M (n=0,1,2,3, ... and p > 0)
P Clog py™ Tohsd e ek
0
et gy :L)n (n>0,a>-1)
(a+1)
0
l I(n + 1)
" n+1
m(log— | dx = -1, -1
X (ng) x m ) (m > n>—1)

0
I'(n) is finite if n >0, ['(n+ 1) =nl'(n)

o

I'n) - T'AQ—n) =

sin n

I'(n) = (n— 1)! if n=integer >0

1

F(f) =2 J e Udt =/ = 1.7724538509 . ..
0

2

C-1
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on

F(n+%>:1~35-7“4my7n¢a

where 7 is an integer > 0

1
Jxm71(1 — x)""'dx = B(m,n) (Beta function)

0

Fmr
B(m,n) = B(n,m) = %

where m and n are positive real numbers

1

Jxmfl(l —x)" ldx = J

0 0

x"tdx  T(m)'(n)
1+x)"™" T(m+n)

b
J(x —a)"(b—x)"dx = (b—

a)ymr Dm+1) - Tn+1) (m>—-1Ln>—-1,b>a)

F'm+n+2)

‘[@:_1 (m>1)
xm om—1

0

(1+x)xP_7TCSC‘mT P

0
]de— t (<1)
0= T cot pm p

0
OJoxp‘ldx_ T

1+x sin pm

0

=B(p,1-p) =TI -p) 0<p<1)

X" ldx T
= 0O<m<n)

1+ x" n sin%

[SYS—1

[ a+ 1[I (e~ at1
J(erxb)cimbfc{ I'(c) a>—Lb>0m>0.c> =
0
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o0
dx
=
(14 x)/x
0
o0
adx T . T
3 ==, ifa>00, ifa=0 ——,
a4+ x 2 2
0
1 m+n+l1 m+1 n42
a ) 2a B( 2
my 2 5
x™(a® — x*)2dx = m+1
( ) lam+n+lr( 2 )F 2
0 2 r m+n+3>
2

[va—m = T
1 xmdx o /m T(2H)
Vi T

I(p + DI(=H)

m W2\ —
x"(1 — xYWdx = 2F(p+ +)

135 (m-Dm
T 2.4-6--m 2
_ V7 T
2 T(z+1)
Txp Ydx T T
1+x sin(m— p7r) sin pm

0

T dx B
I+xvx
0

C-3

if a<0

(n>0)

(m+1,n>0)

(p+1,m+1>0)

(p+1,m+1,n>0)

(man odd integer > 1)

(man even, positive integer)

(m any value > —1)

(0<p<l)



C4

P ldx  mwab!

S

a+x  sin pm

T d«  w

l+x psinZ

0 ?

o0

J dx pw
(1+ax)> aPt!sin prr

xPdx T
1+x2 2 cospz—”

O3

xP~ldx T

1 9 gsin 2&
+x q sin 7

S 3

T " ldx  T(m)(n)
14+x)"" " T(m+n)
0

T ¥ ldx  T(mT(n)

(a+ bx)™"  a"b"T'(m + n)

T dx 1-3:5---2n-3) 7
(@+x2)" " 2-4-6---(2n —2) 2a2-1

0

dx B T
J (@ + x2)(b* + x2)  2ab(a + b)
0

/2

| (cos™ x)dx

0
13:57(n=1)

J (sin" x)dx =  Z4o8-m 2

/2

2:4-6-8--(n—1)
0 1-3-5.7---(n)
VEr(3) _
2 (%) (n>-1)
00

Jsin mxdx

X
0

L ifm>0; ifm=0; ——,
2 2

Appendix C: Definite Integrals

(0<p<l)

P>1)

(0<p<l)

(-1<p<1)

0<p<q

(m,n > 0)

(a,b,m,n > 0)

(a>0n=2,3,...)

(a,b>0)

(n is an even integer, n # 0)

(n is an odd integer, n # 1)

ifm<O0
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o0
cos x dx
=
x
0
o0
tan x dx o
X 2

0

T w
Jsin ax - sin bxdx = J cos ax - cos bxdx =0
0 0

/a

J [ sin (ax)][ cos
0

o

[ [sin (ax)][cos (bx)]dx = ——
. 2 —

0

o0
j sin x cos mxdx

X
0

[o¢]

2

0

w ku

.2 o

sin® mx dx = J

0 0

o0

sinfxdx

oo

J cos (x¥)dx = J
0

0

sin ax sin bx
- T dx

C-5

(a # b; a, b integers)

(ax)]dx = J [sin (ax)][cos (ax)]dx = 0
0

2a
b2’

=0,

T
cos® mx dx = 3

x2 2
0
cos mxdx _ Ee*""‘
1+ x2 2

1 |7
sin (x)dx = =4 |—
2V 2

cos x dx T

Tsin xde
-
0 0

vx oo V2

. T
ifm<-—-lorm>1;=—

>

fm=41; =2

>

if a — b is odd, or zero if a — b is even

if m?> <1



C-6
/2
J dx _cos'a
l+acosx +1—a?
0
o0
dx B T
a+bcosx a2 — b2
0
2
dx 2w
J 1+acosx 1— a2
0
T b b
COs ax — Cos xdleog—
X a
0
/2
dx T

a? sin? x + b2 cos2x  2ab
0

/2

.. 2n 71
(sin”" 0)d6 = 2 4n)

3
(2m)2

vcos 0d0 =

) )’

/2

(tan” 0)do =

2 cos(z)

=}

tan~! (ax) — tan! (bx)
x

T a

o 9

dx B m(a® + b?)
(a2 sin® x + b2 cos?x)>  4a’b?
/2
sin" ' x cos™ ' xdx = 7B(E,T)
2°2
0
/2
2.4.6---(2
(sin®"*1 9)d6 = @n)
1-3:-5---2n+1)
0
/2

3~5-~-(2n—1)(z

Appendix C: Definite Integrals

(a<1)

(a>b>0)

@*<1)

(a,b > 0)

(m and n are positive integers)

(n=1,23,...)
(n=1,23,...)
O0<h<l)
(a,b > 0)

The area enclosed by a curve is defined through the equation x/° 4 y"/¢=a"/*



Appendix C: Definite Integrals

where
a>0
¢ is a positive odd integer
b is a positive even integer given by

(%)

)

c7

I = [[[,x""1ym~12z"~1 dv, where R denotes the region of space bounded by the coord-
inate planes and that portion of the surface (x/a)’ + (y/b)? + (z/c)* = 1, which lies in the
first octant and where h, m, n, p, q, k, a, b, and ¢ denote positive real numbers given by

Ixhldx bbjz)”]%ymdyc[l—e)]—(%)‘fﬁZn1dz e T Er(®)rE)

0

pak r(§+%+ﬁ+1)

k
/2
dx T
= b>0
J a? sin® x + b2 cos?x  2ab (a )
0
T dx T
= b>0
J a? sin?x + b2 cos2x ab (a )
0
/2 /2
sin® x dx J dx T (@b >0)
= = a,
a? sin® x + b? cos?x a? 4+ b%ctn®x  2a(a+b)
0 0
/2 /2
cos? x dx J dx T (@b >0)
= = a,
a? sin® x + b? cos? x b2 +a?tan?x 2b(a+b)
0 0
/2
dx 7 (a* + b?) (ab > 0)
(@2 sin? x + b2 cos?x)? 4 a’b?
0
/2
sin® x dx T (ab> 0)
— a
(a2 sin x + b2 cos?x)®  4a*b
/2
cos® x dx o (ab > 0)
(a2 sin® x + b2 cos?x)®  4ab?
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o0 o0
sin (a?x?)dx = J cos (a*x?)dx = ﬂ (a>0)
2a,/2
0 0
it 2 i 2
1
sinTxdx = J cosﬁ dx = 5 (Fresnel’s integrals)
0 0
o0
1 T
sin (x?)dx = F(l +—) sin— (p>1)
p 2p
0
cos (xP)dx = l"(l + 1) cos— p>1)
p 2p
0
i 2
sin a’x? cos mxdx = ﬂ sin T_m (a > 0)
2a 4  4qa®
0
< 2
cos a*x? cos mxdx = ﬂ cos T_m (a>0)
; 2a 4 4qg2
0
Jsmzpmx _1-3:5--(2p=3) mim (p=234,...)
x2 2:4.6---(2p—2) 2
0
sin® mx 3,
3 dx = -—m’m (m>0)
X 8
0
dex:w/z (m>n>0)
x
0
=7/4 (m=n>0)
=0 (n>m>0)
[sinmxsinnxd :llogm+n (m>n>0)
. X 2 m—n
0

COs mx COS nx
X
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o0
sin® ax sin mx T
7dx:—
X 4
0
T
4
=0
[o¢]
sin mx sin nx T™m
72dx=—
X 2
0
™
2
o0
sin® ax sin mx m+2a
5 dx =
X 4
0
o0
cos mx T
S pdx= ™
a’ +x 2a
0
F 2
sin” mx T _
ﬁdx:—(l—e 2may
ac +x 4a
0
T2
cos® mx T _
ﬁdx:—(l—l-e Zmay
a‘ + x 4a
0
o0
x sin mx T
e =™
as +x 2
0
[o¢]
sin mx _
—— x:—z(l—em“)
x(a? + x?) 2a
0

T .
x = —e ™ sinh na
2a

o0
sin mx sin nx
a? + x?
0

7T — .
= —¢e ™sinh ma
2a

dx = —e ™ cosh na

o0
COS MX COS nx T
a? + x? 2a
0

T _
=—e ™ cosh ma
2a

log |m + 2a| +

C-9

2a>m>0)

2a=m>0)

(m > 2a > 0)
(n>m>0)
(m>n>0)

m_zalog|m—2a| —ﬁlOgm (m > 0)
4 2

(a>0;m > 0)

(a>0;m>0)

(a>0;m > 0)

(a> 0;m>0)

(a>0;m > 0)

(@a>0m>n>0)

(@a>0n>m>0)

(@a>0m>n>0)

(a>0;n§m§0)
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o0
X sin mx cos nx T
—— o, dx=—e "4 cosh na
a‘ + x 2
0
7T — .
= ——¢ ™ sinh ma
2
[o¢]
cos mx T _
——d —3(1 + ma)e ™
+ x2) 4a
o0
x sin mx mm

7ma

dx =
a2 + x2)? da

xz COS mx m

r S =T
(@* +x2)° 4a
0

—_—3
I
-
|
3
)
o
Y
N
]

o0
sin® ax cos mx T m
st oy, m

X 2 2
0

=0
[o¢]
1 — cos mx T|\m
J gy = TIm
x2 2
0
o0
sin® ax sin mx mam wm?
dx = —
x3 2 8
0
_ma®
2
o0 o0
J sin mx J cos mx &
Ix = =
Vx Vx V/(2m)
0 0
o0
sin mx
dx = /(27 m)
| = v
0
o0
j sin mx TmP~!
X =
xP 2 sin(p%)l“(p)

Appendix C: Definite Integrals

(a>0m>n>0)

(a>0n>m>0)

(a,m > 0)

(a,m > 0)

(a,m > 0)

—~
Q
1\
ST
\
o
~—

(m > 0)

(m>0)

(0<p<2,m>0)

(a>0)
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i e % _ e*bx b

" dx=log—
J . x oga
0

1-:3:5--2n—1) [m

a2
xZne ax dx — :
2n+lgn a

m! LN
x"Me Ydx = 1—e* g —
amtl r!

T
|

X

(7x27ﬁ) dx — 6*2“\/57’

e

S
2
)

o0
_ 1 T
e /xdx = — | —
2n\\n
0
o0
e ™ T
dx = 4 |—
VX n
0
[o¢]
_ a
e “"cosmxdx:ﬁ
as+m
0

[o¢]
— . m
e “* sin mxdx:ﬁ
as—+m
0

(a,b > 0)

(n>—-1,a>0)

(n pos. integ.,a > 0)

(a>0)

(a>0)

(a>0)
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Zf
Zf

[ — O3

Zf
T
|
Zf

0

o0

0

o0

0

o0

0

e 2ab
xe” [ sin (bx)]dx = @+ 027
—ax az — b2
xe” [ cos (bx)]dx = @10

nl[(a — ib)"! — (a +ib)"™]

x"e” [ sin (bx)]dx = 2 + )

nl[(a — ib)"" + (a + ib)"™]

n _,—ax

x"e" ™[ cos (bx)]dx = 2@+ )T

—ax H
e % sin x _
- Tdx=cotla
x
S ar ;bz
e " cos bxdx:—\z/_e‘l“2
a

gt cos dyb-1 [sin (¢t sin ¢)]dt = [['(b)] sin (be)

e P cos (¢ sin ¢)]dt = [[(b)] cos (b)

—ax® __ efbx”

b

a

e 1
d :—1
X * Cog

1— efaxz
. dx = +/(am)

2
exp [—azxz - b_z] dx = ﬁe_zab
X 2a

dx

eax_l

=

Appendix C: Definite Integrals
(a>0)

(a>0)

(> =—-1,a>0)

(* =—-1La>0)
(a>0)

(ab # 0)

(b>0, —g<¢<§>
w>a—§<¢<;
(a,b,c > 0)

(a>0)

(a,b>0)

(a>0)
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o0
xdx a?
=1 6 (@>0)
0
< —ax __ bx b
Je ¢ dx =log— (a,b>0)
a
0
T a1
x  log2
Je“x+1_ p; (a>0)
0
xdx
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Appendix D:
Suggestions and
Explanations for

MATLAB® Use

It is suggested that before the reader, who does not have much experience with
MATLAB, start using the text, he or she goes over this appendix and tries to execute
the presented material in MATLAB.

Creating a directory

It was found by the author that it is less confusing if, for a particular project, we create
our own directory where our own developed MATLAB m-files are stored. However, any
time we need any one of these files, we must include the directory in the MATLAB path.
Let us assume that we have the following directory path: c:\ap\sig-syt\ssmatlab. The
following two approaches can be used:

>cd'c: \ap\sig-syst\ssmatlab'
or
>path (path, 'c: \ap\sig-syst\ssmatlab') $remember
%$to introduce the path any time you start new
$MATLAB operations; the symbol is necessary
% for the MATLAB to ignore the explanations;
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Help

In case we know the name of a MATLAB function and we would like to know how to use
it, we write the following command in the command window:

>help sin
or

>help exp
etc.

For the case we want to look for a keyword, we write

>1look for filter

Save and load

When we are in the command window and we have created many variables and, for
example, we would like to save two of them in a particular directory and in a particular
file, we proceed as follows:

>cd'c: \ap\matlabdata'

>save datal x dt $it saves in the matlabdata
$directory the

% file datal having the two variables x and dt;

Let us assume now that we want to bring these two variables in the working space to use them.
We first change directory, as we did earlier, and then we write in the command window

> load datal
Then, the two variables will appear in the working space ready to be used.

MATLAB as calculator

>pi’pi-10;
>cos (pi/4) ;
>ans*ans $the result will be (v2/2) x (v2/2) =1/2
because the
$first output is eliminated, only the
%$last output is
$kept in the form of ans;

Variable names

>x=[12345];

>dt=0.1;

>cos (pi*dt) ; $since no assignment takes place there
%$is no variable;



Appendix D: Suggestions and Explanations for MATLAB® Use D-3

Complex numbers

>z=34j*4;%note themultiplication sign;
>zs=z*z;%0r z'2 will give you the same results;
>rz=real(z);iz=1imag(z) :$will give rz=3, and iz=4;
>az=angle(z); abz=abs (z) ;%will give az=0.9273
%rad, and abz=5;

>x=exp(—z)+4;%x=3.9675+7j0.0377;

Array indexing

>x=2:1:6;%x is an array of the numbers {2, 3, 4, %5, 6};
>y=2:—1:-2:%y is an array of the numbers {2, 1, 0, $—1,

$—2};
>z=1[13y];%z is an array of the numbers {1, 3, %2, 1, 0,
$—1, —%2};

$note the required space between array
$numbers;
>Xt2=2%x;%xt2 is an array of numbers of x each
$one multiplied by 2;
>xty=x.*y;%xty is an array of numbers which are
%the result of
$multiplication of corresponding
$elements, that is
${4, 3, 0, =5, —12};

Extracting and inserting numbers in arrays

>x=2:1:6;
>y=[xzeros(1,3)]; $yis an array of the numbers
${2,3,4,5,6,0,0,0};
>z=y(1,3:7); %1 stands for row 1 whichy is and
%$3:7 instructs to
%keep columns
%3 through 7 the result is the array
%s{4,5,6,0,0};
lx=1length(x); %$1x is the number equal to the
gnumber of columns of
$the row vector x, that is 1x=5;
x(1,2:4) =4.5*(1:3) ;%this assignment substitutes
%the elements of x
%at column
$positions 2,3 and 4 with the numbers 4.5%*
$[123]1=4.5, 09,
%and 13.5, note the columns of 2:4 and 1:3
%are the same;
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x(1,2:2:1length(x)) =pi;% substitutes the columns 2 and
%4 of x with

$the value of pi, hence the array is {2, 3.1416,
%$4,3.1416 6}

Vectorization

>n=0:0.2:1;

>s=sin(0.2*pi*n) ;% the result of these two
$commands gives the
$signal s (sine function) at times (values
%$0fn)0, 0.2,
%¥0.4, 0.6, 0.4, 1;

This approach is preferable since MATLAB executes faster than the vectorization
approach rather than the loop approach, which is

>s=[];% initializes all values of vector s to
%$zero;
>forn=0:5% note that the index must be integer;
>s(n+1l) =sin(0.2*pi*n*0.2); % since we want values
%0of severy 0.2
$seconds we must multiply n by 0.2; note
%also that
$for n=0 the variable becomes s (1) and
$this
%$because the array in MATLAB always
%¥starts

$counting columns from 1;
>end;

The results are identical with the previous one.

Matrices

If a and b are matrices such that a is a 2 X 3 matrix and b is a 3 X 3 matrix, then c=a*b
is a 2 X 3 matrix.

4 6
>b=a’;%b is a transposed 2X2 matrix of

. 1 2
%a and is [2 };

. . 1 2
>a=1[12; 46]; $aisa2X2matrix ;

6

>da=det (a) ;%da is a number equal to the
$determinant of a, da=-2;
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>c=al(:);%c is a vector which is made up of the
%$columns of a,
$c=1[1426];
>ia=inv(a); %ia is amatrix which is the inverse
%$of a;
>sal=sum(a,l);%sal is a row vector made up of
$the sum of the
$rows,sal= [5 8];

>sa2=sum(a,2);%sa2 is a column vector made up

%by the sum of the

$columns, sa2= [3 10]/;

Produce a periodic function

>x=[1234];

>xm=x'*ones (1,5) ;%$xm is 4x5 matrix and each of
%its column is x’;

>xp=xm(:)';% xp is a row vector, xp= [xxx x X] ;

Script files

Script files are m-files; when their names are introduced in the command window, we
receive the results. We must, however, have the directory that includes the file in the
MATLAB search directories. You can modify the file in any desired way and get new
results. Suppose that at any time we ask for the file pexp.m, the magnitude and angle of
the exponential function ¢ are plotted. To accomplish this, we first go to the command
window and open a new m-file. At the window, we type the file as shown below. As soon
as we finish typing, we click on “Save as” and save the file in, say, c:\a\pssmatlab. If we
want to see the results, at the command window we just write pexp and hit the enter key.

Script file pexp.m

>w=0:p1/500:pi-pi/500;%they are 500 at pi/500
%appart;

>x=exp (j*w) ;jax=abs (x) ;janx =angle (x) ;
>subplot (2,1,1) ;plot (w,ax,'k') $'k' means plot
%$line in black;

>xlabel (‘'omega rad/s') ;ylabel

(‘Magnitude') ;

>subplot (2,1,2) ;plot (w,anx, 'k') ;

>xlabel (‘'omega rad/s') ;ylabel (‘Angle') ;

If we have the function (2¢/(¢” —0.5)) and want to plot the results as above, we
substitute in the script file the function x with the function: x=2*exp(j*w)/(exp
(j*w) — 0.5).
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In the above MATLAB expression, note the dot before the slash. This instructs MATLAB
to operate at each value of w separately and, thus, give results at each frequency point.

Functions

We will present here an example of how to write functions. The reader should also study
the functions, which are presented through out the book. In Fourier series, for example,
we have to plot functions of the following form:

N
s() = ZA,, cos nwot
n=0

and we want to plot this sum of cosines each one having different amplitudes and
frequencies. Let A=[1 0.6 0.4 0.1], wo=2, and 0 <t < 4. We approach this solution by
vectorizing the summation. The MATLAB function is of the following form:

>function[s] =sumofcos (A,N,w0, rangeoft)

>n=0:N—-1;

>g=A*cos (wO*n'*rangeoft)
$when we want to use this function at the command window
$to find s we write for example:
>A=[10.60.40.1];N=4;w0=2;rangeoft=0:0.05:6;
> [s] =sumofcos (A,N,w0, rangeoft) ;
At the enter key, click the vector s that is one of the variables in
the command windowand it canbe plottedat the wishes of the reader;
wemust secure that the directory inwhich sumofcos functionexists
is in the MATLAB path; after you type the function in the editing
windowyou “saveas’” inthedirectory, forexample, c:\ap\ssmatlab
and filename: sumofcos.m

It is recommended that the reader set small numbers for N (N=4) and range of
£ (0:0.2:1) and produce first the matrix cos(wgn'*t) and, then, see the result A*cos(wg n'*1).

Complex expressions

We can produce results by writing, for example,
>x=[131534528];
>plot (abs (fft (x,256)),'r') ;%will plot in red color the
¥spectrum of the
$vector x of 256 points;

Axes

>axis ([xmin xmax ymin ymax] ) ; $sets the max and min values
%$of the axes;
>gridon;%$turns on grid lines in the graph;
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Two-dimensional (2D) graphics

To plot a sine and a cosine signal
>x=1linspace (0,2*pi, 40) ; $produces 40 equal spaced points
$between 0 and
%27 ;
>y=sin(x);plot(x,y,'r") ;%will plot the sine signal with
%$color red;
>yl=cos(x);plot(x,vyl,'g") ;%will plot the cosine signal
$with color
¥green;

For  other  color lines: 'y'=yellow,'c'=cyan,'b'=blue,'w'=white,
'k'=black
Type of lines:'g:'=green dotted line,'r-'=red dashed line,
'k-x'=black
dashed line with x's,'k—.'=black dash-dot line,
'+'=plus sign, 'ko'=black circles

Add Greek letters: \omega=will produce Greek lower case omega,
\Omega = will produce capital case Greek omega.
The same 1is true for the rest of the Greek
letters. For example, if we want to write the
frequency in a figure under the x-axis, in the
command window = we write:>xlabel ('\omega
rad/s') ;. For an omega with a subscript 01
we write:>xlabel ("\omega {01} rad/s');

Add grid lines: >gridon;%this is done after the command plot;
Adjusting axes: >axis square; %$sets the current plot to be

%¥square rather than the default rectangle;
>axis off;%turn off all axis labeling,
$grid,and tick marks;leave the title and
%any labels placed by the 'text' and

$'gtext' commands;

>axis on; %turn on axis labaling, tick marks
%and grid;

>axis ([xmin xmax ymin ymax]) ; set the
gmaximum and minimum values of the axes
$using values given in the row vector;

Subplots (Example): >n=0:100;x=sin(n*pi*n) ;y=cos (n*pi*n);
Z=X.*Yy; ...
S>Sw=x+y;
>subplot (2,2,1) ;plot (n,x) ;
subplot (2,2,2); . ..
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>plot(n,y);
>subplot(2,2,3) ;plot(n,z);

subplot (2,2,4); . . .
>plot(n,w);

Log plotting: >»semilogx (x) ;%will plot the vector x in log
$scale in x-axis
%and linear scale in y-axis;
>semilogy (x) ;%will plot the vector x in log
$scale in y-direction and linear scale in
%$the x-axis;
>loglog(x) ;%will plot the vector x in log
%scale both axes;

Histogram: >>»x=randn(1,1000) ;hist (x,40) ;colormap ([0 00]);

$will
$plot a Gausian histogram of 40 bars white;if
%$instead we entered the vector [1 1 1] the
$bares would be black; the vector [1 0 0] will
$give red and the vector [0.50.50.5] will
%$give gray;

>x=-3.0:0.05:3;y=exp(—x.*x) ;bar(x,y); ...

>colormap([.5 .5 .5]); $will produce bar-

$figure of the bell curve with gray color;

>sairs (x,y,'k') ;%will produce a stair-like

$black curve;

Add words: >gtext ('the word') ;

After the return, the figure will appear and a crosshair. Move the center at the point in the
figure where the word must start and click.

Add legend: >plot (x1,y1l,'+',x2,y2,'*") ;%$there will be two
$curves in the graph;
>legend ('Function 1','Function 2') ;

The following rectangle will appear in the figure:

~+ Functionl

* Function2

Three-dimensional (3D) plots

Mesh-type figures

If, for example, we desire to plot the function flx) = e~ 252 in the ranges 2 <x <2,
2 <y<2, we proceed as follows:
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>x=-2:0.1:2;y=—2:0.1:2; [X,Y] =meshgrid(x,Vy) ;

>f=exp(— (X.*X+Y.*Y)) ;mesh(X,Y,f) ;colomap ([0 0 0]) ;

The above commands will produce a mesh-type 3D figure with black lines.

D.1 General Purpose Commands

Managing commands and function

help Online help for MATLAB functions and m-files, e.g., > help plot
path Shows the path to MATLAB directories which are available at the command
window

Managing variables and the workplace

clear Removes all the variables and items in the memory. Let us assume that the
memory contains the variables x, y, z then >>clear x z; only y will remain in
the memory

length A number that gives the length of a vector. >>x =1 3 2 5]; then >>length(x);
will give the number 4. If we write >y =length(x); then the variable y is
equal to 4.

size Array dimensions. >>x = [1 3 2 5]; then size(x) will give the numbers 1 4, which
means 1 row and 4 columns. Let us write >>x = [1 2; 3 5; 6 4]; then size(x) will
give the numbers 3 2, which means that x is a matrix of 3 X 4 dimensions

who Produces a list of the variables in the memory

format  This command is used as follows for display: >>format short,pi; will produce the
number 1.1416, >format long,pi; will produce the number 3.14159265358979,
>format long,single(pi); will produce the number 3.1415927

D.2 Operators and Special Characters

Operators and special characters

+ Plus
- Minus
* Number and matrix multiplications

X Array multiplication. >>x=[1 2 3]; y=[2 3 4]; z=x.*y; hence z=[2 6 12]

A Array power. >x=[234];y =x."3; hence y=[827 64]. >x=[24;15]; =x."2;
hence y=[4 16; 1 25]

/ Right division

./ Array division. >x=[2 4 6]; y=[4 4 12]; z=x./y; hence z=[0.5 1 0.5]

: Colon. >»>x=[136278]; y=x(1,3:6); hence y=1[6 2 7 8]
Decimal point
Continuation. >»x=[146 7 8 9...>>2 5 8 1]; the vector x is interpreted by
MATLAB as a row vector having 10 elements

% Comments. >>x =1 4 2 6]; %this is a vector. MATLAB ignores “this is a vector”
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2
! Transpose of a matrix or vector. >x=[2 6 3]; y=x«'; will have y = | 6
3
&  Logical AND
| Logical OR
~  Logical NOT

xor Logical exclusive (XOR)

Control flow

for Repeat statements a specific number of times.
>for n=0:3;
> x(n+ 1) =sin(n*pi*0.1); %observe the n+ 1, if the +1 was not there x(0)
>end; %was not defined by MATLAB

Then x=1[0 0.3090 0.5878 0.8090]

>for n=0:2
> for m=0:1
> x(n+1,m+1)=n"2+m"2;
> end;
>end;
0 1
Thenx= |1 2
4 5

while  Repeat statements an indefinite times of times.
>a=1; num=0;
> while (1 +a)< =2 & (1 +a)> = 1.0001
>a=s/2;
>num =num + 1;
>end;
We obtain 4 =0.0001, and num = 14
if Conditionally execute statements.
if expression
commands evaluated if true
else
commands evaluated if false
end

If there are more than one alternative, the if-else-end statement takes the form
elseif

if expression 1
commands evaluated if expression 1 is true
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elseif expression 2

commands evaluated if expression 2 is true

elseif . ..

else

commands evaluated if no other expression is true

end

D.3 Elementary Matrices and Matrix Manipulation

Elementary matrices and arrays

eye(n,n)
linspace

ones

rand

randn

Zeros

: (colon)
eps

i,j
pi

Identity matrix (its diagonal elements are 1 and all the others are 0)
Linspace(x1,x2) generates 100 equally spaced points between x1 and x2
Linspace(x1,x1,N) generates N equally spaced points between x1 and x2
ones(1,5) generates a row vector with its elements only ones

ones(2,4) generates a 2 X 4 matrix with all its elements ones

Uniformly distributed random numbers. >>x = rand(1,5); x is a row vector of
five elements of random numbers. > x = rand(2,3); x is a 2 X 3 matrix whose
elements are random numbers

Normally distributed random numbers. Applications are similar to rand
above

Creates arrays and matrices of all zeros. >>x = zeros(1,4); x is a row vector of
four elements all with zero value. >>x = zeros(3,4); x is a 3 X 4 matrix with all
of its elements zero

Regularly spaced vector. >x=[1 425 8 3]; y=x(1,3:6); hence y=[2 5 8 3]
Floating-point relative accuracy. To avoid NA response in case there exists a
Z€ro over zero expression at a point, as in the sine function, we for example
write >>n = —4:4; x =sin(n*pi*.1)./ ... ((n*pi+ eps);

Imaginary unit

Ratio of a circle’s circumference to its diameter

Matrix Manipulation

diag

fliplr
flipud

Diagonal matrices and diagonals of a matrix. >x=[1 3 5;...2 6 9; 4 7 0];
y=diag(x); will give a column vector y=[1 6 0]~ >yl = ...diag(x,1); will
give a column vector y1=[3 9]", which is the diagonal above the main
diagonal

>y2 =diag(x, —1); will give the column vector y2=[2 7], which is the
diagonal just below the main diagonal

¥3 = diag(diag(x)); will give a 3 X 3 matrix with the diagonal 1, 6, 0 and the rest
of the elements zero

Flips vectors and matrices left-right

Flip matrices and vectors up-down
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tril Lower triangular part of a matrix including the main diagonal and the rest are

zero. If x=[135;269;4 7 0], then y = tril(x) is the matrix [1 0 0; 3 6 0; 4 7 0]
triu Upper triangular part of a matrix

toeplitz Produces a Toeplitz matrix given a vector. >x=[1 5 2]; y=Toeplitz(x)
produces the matrix y=[152;515;25 1]

D.4 Elementary Mathematics Function

Elementary functions

abs
acos,acosh
acot,acoth
acsc,acsch
angle
asec,asech
asin,asinh
atan,atanh
ceil

conj
cos,cosh
cot,coth
csc,csch
exp

fix

floor

imag
log
log 2
log 10
mod

real
rem

round
sec,sech
sign

sin,sinh
sqrt
tan,tanh
erf,erfc
gamma

Absolute value of a number and the magnitude of a complex number
Inverse cosine and inverse hyperbolic cosine

Inverse cotangent and inverse hyperbolic cotangent
Inverse cosecant and inverse hyperbolic cosecant

Phase angle of a complex number. angle(1 +j) =0.7854
Inverse secant and inverse hyperbolic secant

Inverse sine and inverse hyperbolic sine

Inverse tangent and inverse hyperbolic tangent

Round toward infinity. For example, ceil(4.22) =5
Complex conjugate. conj(2 4 j*3) =2 —j*3

Cosine and hyperbolic cosine

Cotangent and hyperbolic cotagent

Cosecant and hyperbolic cosecant

Exponential. For example, exp(—1) =1/e=0.3679

Rounds toward zero. For example, fix(—3.22) = —3
Round toward minus infinity. For example, floor(—3.34) = —4, and floor
(3.65)=3

Imaginary part of a complex number. For example, imag(2 + j*5) =5
Natural logarithm. For example, log (10) =2.3026

Based 2 logarithm. For example, log 2(10) =3.3219

Common (base 10) logarithm. For example, log 10(10) =1

Modulus (signed remainder after division). For example, mod(10,3) =1,
mod(10,4) = 2. In general mod(x,y) =x — n*y

Real part of complex number

Remainder after division. For example, rem(10,3) = 1,rem(10,5)=0,
rem(10,4) =2

Round to the nearest integer. For example, round(3.22) = 3, round(3.66) = 4
Secant and hyperbolic secant

Signum function. sign(x)=0 for x=0, sign(x)=1 for x>0 and sign
(x)=—-1forx<1

Sine and hyperbolic sine

Square root, e.g., sqrt(4) =2

Tangent and hyperbolic tangent

Error and coerror function

Gamma function, e.g., gamma(6) = 120 or 1*2*3*4*(6 — 1) =120
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D.5 Numerical Linear Algebra

Matrix analysis

det Matrix determinant >>a=1[12; 3 4]; det(a) =1X4—-2X3=-2

norm The norm of a vector, e.g., norm(v) = sum(abs(v)."2)"\(1/2)

rank  Rank of a matrix. Rank(A) provides the number of independent columns or rows
of matrix A

trace  Sum of the diagonal elements, e.g., trace([1 3; 4 12]) =13

eig Eigenvalues and eigenvectors. >>[v,d] =eig([1 3; 5 8]); therefore,

_[—0.8675 —0.3253} J

—0.7202 0
0.4974 —0.9456

0 9.7202
inv Matrix inversion, e.g., > A =1 3; 5 8]; B=inv(A); therefore,

_[-r1429 04286 ] . [1.0000 0
| 07143 —0.1429 |’ | 0  1.0000

D.6 Data Analysis

Basic operations

max Maximum element of an array. >v=[1 3 52 1 7]; x = max(v); therefore, x =7
mean Average or mean value of an array, e.g., mean([1 3 52 8])=19/5=3.8
median Median value of an array, e.g., median([1 352 8])=3

min Minimum element of an array

sort Sorts elements in ascending order, e.g., sort([1 352 8])=[1235 8]
std Standard deviation

sum Sum of an array elements, e.g., sum([1 3 52 8]) =19

Filtering-convolution

conv  Convolution and polynomial multiplication, e.g., conv([1 1 1])=[12 3 2 1], if
we have to multiply these two polynomials (x* + 2x 4 1)*(x +2) we convolve
their coefficients conv([1 2 1],[1 2]) =[1 4 5 2], therefore, we write the
polynomial 2+ 4x*+5x+2

conv2 2D convolution

filter  Filter data with infinite impulse response (IIR) or finite impulse response (FIR)
filter. Let the FIR filter be given by y(n) = 0.8x(n) + 0.2x(n — 1) — 0.05x(n — 2).
Let the input data be x=1[0.5 —0.2 0.6 0.1]. Hence, a=[1], b=[0.5 0.2 —0.05]
and the output is given by y = filter(a,b,x). The result is y = [0.6250 —0.4063
0.8906 —0.1230].

Fourier transforms

abs Absolute value and complex magnitude, e.g., abs(4 + j*3) =5, abs ([—0.2 3.2]) =
[0.23.2]
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angle  Phase angle, e.g., angle(4 +j*3) = 0.6435 rad

fft One-dimensional (1D) fast Fourier transform. >>x=[1 1 1 0]; y = fft(x);. Hence,
y=1[3 0—1.0000i 1.0000 0 +1.0000i]. If we had written z = fft(x,8) we would
have obtained z=[3 1.7071 —1.7071i 0 —1.0000i 0.2929 +0.2929i 1 0.2929—
0.2929i 0 +1.0000i 1.7071 +1.7071i]

fft2 1D fast Fourier transform

fftshift  Shift DC component of fast Fourier transform to the center of spectrum. For
example, we write in the command window: >»x=[1 111 1...0]; y=fft
(x,256); then the command plot(abs(fftshift(y))) will center the spectrum. We
can also write plot(abs(fttshift(fft(x,256))))

ifft Inverse 1D fast Fourier transform

ifft2 Inverse 2D fast Fourier transform

D.7 Two- and Three-Dimensional Plotting

Two-dimensional plots

plot Linear plot. If we have three vectors of equal length such as x with numbers of
equal distance, y and z, we can create the following simple plots: plot(y) will
plot the values of y at numbers 1, 2,...1in the x-direction, plot(x,y) will plot
the y values versus the equal-distance values of the vector x in the x-direction,
plot(x,y,x,z) will plot both vectors y and z on the same graph, we can plot the
two vectors by writing >>plot(x,y); hold on; plot(x,z); if we would like the
second graph to have different colors we write plot(x,z, “g”) for green color

loglog Log-log scale plot. For example, loglog(y) will produce the plot

semilogx  Semilog scale plot. The log scale will be on the x-axis and the linear scale on
the y-axis. The plot is accomplished by writing semilogx(y)

semilogy Semilog scale plot. The log scale will be on the y-axis and the linear scale on
the x-axis. The plot is accomplished by writing semilogy(y)

axis Controls axis scaling. For example, if we want the axes to have specific ranges,
we write after we created a plot using the MATLAB default axis([minx maxx
miny max])

grid Grid lines. After we created the plot, we write grid on

subplot  Create axes in tiled positions. For example, when we write subplot(3,1,1) we
expect 3 X 1 plots in one page starting plot one. Next, we write subplot(3,1,2)
and then proceed to plot the second plot, etc. If we write subplot(3,2,1), we
expect 3 X 2 =6 plots on the page. After we write subplot(3,2,1), we proceed
to plot the first of the 3 X 2 matrix format plots. For example, if we write
subplot(3,2,2) and proceed to plot the figure, we create a plot at line two and
the second plot.

legend Graph legend. For example, if we have two lines on the plot, one red and one
green, and write legend(“one,” “two”), then a rectangle frame will appear on the
graph with aredlineand theletters one and under a green line with theletters two

title Graph title. For example, if we write title(“This is a graph”), then the script in
parenthesis will appear on the top of the graph
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xlabel

gtext

X-axis label. For example, if we write xlabel(“n time”) the n time will appear
under the x-axis

Place text with mouse. After we have created a plot, if we write in the
command window gtext(“this is the 1st graph”) at the return, a crosshair
will appear on the graph and at the click, the phrase in parenthesis will appear
on the graph
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